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Algorithmic randomness and splitting of
supermartingales

Andrej Muchnik*

Abstract

Randomness in the sense of Martin-Lof can be defined in terms of lower semi-
computable supermartingales. We show that such a supermartingale cannot be
replaced by a pair of supermartingales that bet only on the even bits (the first one)
and on the odd bits (the second one) knowing all preceding bits.

1 Randomness and lower semicomputable super-
martingales

The notion of algorithmic randomness (Martin-Lof randomness) for an infinite sequence of
zeros and ones (with respect to uniform Bernoulli distribution and independent trials) can
be defined using supermartingales. In this context, a supermartingale is a non-negative
real-valued function m on binary strings such that

m(x0) + m(z1)
2

m(zx) >

for all strings x. Any supermartingale corresponds to a strategy in the following game.
In the beginning we have some initial capital (m(A), where A is the empty string). Before
each round, we put part of the money on zero, some other part on one, and throw away the
rest. Then the next random bit of the sequence is generated, the correct stake is doubled
and the incorrect one is lost. In these terms, m(z) is the capital after bit string x appears.
(If the option to throw away a portion of money is not used, then the inequality becomes
an equality, and the function m is a martingale.)

We say that a supermartingale m wins on an infinite sequence w if the values of m on
the initial segments of w are unbounded. The set of all sequences where m wins is called
its winning set.

Algorithmic probability theory often uses lower semicomputable supermartingales.
This means that for each = the value m(z) is a limit of a non-decreasing sequence of
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non-negative rational numbers M(x,0), M(z,1),..., and the mapping (z,n) — M(z,n)
is computable.

The class of all lower semicomputable supermartingales has a maximal element (up
to a constant factor). Its winning set contains winning sets of all lower semicomputable
supermartingales; this set is called the set of nonrandom sequences. The complement of
this set is the set of random sequences.

This definition is equivalent to the standard definition given by Martin-Lof (e. g.,
see [I]); sometimes it is called a criterion of Martin-Lof randomness in terms of super-
martingales.

Some authors consider also a larger class of “computably random” sequences that
one gets if lower semicomputable supermartingales are replaced by computable martin-
gales (for simplicity, one can take rational-valued martingales). There is no maximal
computable martingale, and a sequence is called computably random if any computable
martingale is bounded on its initial segments. However, we keep Martin-Lof definition
as the main one; in the rest of the paper “random” without additional adjectives means
“Martin-Lof random”.

2 0Odd/even decomposition of martingales

One can observe that for computable martingales it is sufficient to consider separately
bets on odd steps only and bets on even steps only to get the definition of randomness.
We say that a (super)martingale bets only on even steps (or, in other words, does not bet
on odd steps) if m(xz) = m(2z0) = m(x1) for all strings = of even length. (For instance, a
martingale is not betting at the third step if after the third coin tossing the capital does
not change, that is, if m(z0) = m(x1) = m(z) for every z of length 2. In terms of the
game this means that one half of the capital is put on zero and one half is put on one,
and in any case the capital remains the same.) Similarly, a (super)martingale bets only
on odd steps if m(z0) = m(z1) = m(zx) for every x of odd length.

Now let us give the precise formulation of the observation above: for any computable
martingale t there exist two computable martingales to and t; such that ty bets only on
even steps and t, bets only on odd steps, and the following holds: if t wins on some
sequence w, then either ty or t; wins on w.

This implies that the winning set of ¢ is included in the union of the winning sets of
to and tl.

Proof: Adding a constant if necessary, we may assume that t is strictly positive
everywhere. Then we construct two martingales ¢, and t; as follows: on even steps, %
divides its capital between zero and one in the same proportion as t does, and ¢; does not
bet (puts equal stakes on zero and one); on odd steps, t, and ¢; change roles. Then the
gain of ¢ (the current capital divided by the initial capital) equals to the product of the
gains of £y and t;. Therefore, if both ¢y and t; are bounded on prefixes of some sequence,
S0 is t.

In other words, defining randomness with respect to computable martingales, we may
restrict ourselves to martingales that bet every other step (on even or odd steps only).
A similar statement is true for the Mises — Church definition of randomness (that uses
selection rules, see [I]): it is enough to split a selection rule into two rules; one selects



only even terms, the other selects only odd terms.

It turns out, however, that for lower semicomputable supermartingales (and Martin-
L6f random sequences) the analogous statement is wrong, and this is the main result of
the paper.

Theorem. There exists a Martin-Léf non-random sequence w such that no super-
martingale betting every other step (on even steps or on odd steps) wins on w.

This result will be proved in the next sections. Now let us point out its relations to
the van Lambalgen theorem on randomness of pairs.

Any bit sequence o can be splitted into two subsequences of even and odd terms «y
and ay. It is easy to see that for a (Martin-Lof) random sequence «, both sequences ag
and a; are random. However, the converse statement is not true (trivial counterexample:
even if oy = o is random, the sequence with doubled bits is not).

A well-known theorem of M. van Lambalgen [2] gives a necessary and sufficient condi-
tion for the randomness of «: it is random if and only if ag is random with the a;-oracle
and o is random with the ag-oracle. (Informally, this means that even the player that
can see any elements of a; before betting on oy and vice versa cannot win on any of these
two sequences.) It would be natural to conjecture that there is no need to “look ahead”
(choosing the stakes on the (2n — 1)th step, one does not need to use the bits at positions
2n, 2n + 2, 2n + 4, etc.). Surprisingly, this conjecture is wrong, as the theorem shows.

This can be considered as a paradox: imagine two referrees who toss a coin during
some tournament alternatively (for even and odd days respectively); we would expect
that if each of them does her job well (her subsequence is “on-line random” in the con-
text of the entire sequence, see [3]), then the entire sequence is random. The example
constructed in this paper show that this is not the case if we define randomness in terms
of supermartingales: it may happen the the entire sequence is flaw but the flaw cannot
be attributed to one of the referees.

3 Construction of a game

We present the proof using a certain infinite game of two players called Mathematician
(M) and Adversary (A).

Adversary constructs (enumerates from below) two supermartingales to and ¢; (that
make bets on even and odd steps, respectively). Mathematician constructs a super-
martingale ¢. At each move, the players provide some approximations from below for
their supermartingales; these approximations have only finitely many non-zero values and
are itself supermartingales (betting on admissible steps only, for A’s supermartingales).
The sequence of approximating supermartingales is non-decreasing (the players cannot
decrease the values already announced). Thus the moves of the players are constructive
objects (can be encoded by binary strings, etc.). The players move in turn and can see
moves of each other (so we have a perfect information game). Additionally, the values
of all the supermartingales on the empty string are required to be 1 (this normalization
prevents infinite limit value on any string).

The game is an infinite sequence of moves of the players; it determines three limit
supermartingales. M wins if there exists a sequence w such that M’s supermartingale ¢



wins on w (is unbounded on the prefixes of w) and both A’s supermartingales ty and ¢;
do not win (are bounded on the prefixes of w).

Main Lemma. M has a computable winning strategy in the game.

It is easy to see that this lemma implies the theorem. Actually, the standard argument
(see [1]) shows that there are two maximal (up to a constant factor) lower semicomputable
supermartingales tg and ¢; of the type considered (making bets every other step). Let us
run M’s winning strategy against the enumeration of these two supermartingales by A.
(Note that in this case A does not use the information about M’s moves.)

Since the strategies of both players are computable, the limit supermartingale t is
lower semicomputable. Since M’s strategy wins, there is a sequence w such that ¢ wins
on w but both ty, t; (and therefore any other lower semicomputable supermartingale of
the type considered) do not win on w. The theorem follows.

It remains to prove the Lemma. In the next sections, we redefine this game as a
game on an infinite binary tree and define versions of this game on a finite tree. Then we
explain how to combine winning strategies for the games on finite trees into one winning
strategy for the game on the infinite tree. Finally, we describe a winning strategy on a
finite tree.

4 Games on finite and infinite trees

It is convenient to consider an infinite binary tree that is a “field” of the game described.
The nodes of the tree are binary strings (z0 and z1 are children of x). The players
increase the current values (approximations from below) of their supermartingales (one
value per node for each supermartingale). “After the game ends” (the quotes are used
since the game is infinite), a referee comes and looks for an infinite tree branch with the
properties described in the winning conditions above.

Let us define an auxiliary game on a finite binary tree of a certain height h. As before,
the players make their moves and increase the current values of their supermartingales
(t for M and ¢, t; for A). The supermartingales t, and ¢; satisfy the same restrictions as
before: tg bets on even steps, t1 bets on odd steps. The values of all three supermartingales
in the root (on the empty word) are equal to one all the time. In the other tree nodes, the
supermartingales are equal to zero in the beginning and then the players increase them
step by step.

The game on a finite tree is still infinite. “At the end” of this infinite game, we
consider the limit values of the supermartingales at the leaves of the tree to determine
the winner. The winning condition will be quite technical, but the idea is as follows: M
wins if there exists a leaf where M’s supermartingale ¢ is substantially greater than 1,
while on the entire path to this leaf both A’s supermartingales ty and #; do not exceed 1
significantly (actually, this is a “finite version” of the winning condition on the infinite
tree).

Let us assume for a while (later we will need to consider a more complicated game)
that M has a winning strategy for the following version of the game: M can guarantee
that in one of the leaves t is greater than 2 while ¢y and t; do not exceed 1 on the path
to this leaf.

Then this winning strategy for M can be used as a building block for M’s strategy on



the infinite tree. Indeed, we can start the second game on another finite tree whose root
is the winning leaf in the first tree, but with twice more money. (This means that the
actual M’s moves on the subtree of the infinite tree are twice bigger that M’s moves in
the second finite game. In other words, we apply the winning strategy for the finite tree
doubling all values of ¢.) In the limit, this second game gives a leaf (of the second finite
tree) where M’s supermartingale ¢ exceeds 4 = 2% and A’s supermartingales t,, t; still do
not exceed 1 (on the whole path from the root of the infinite tree). One more copy of
the game is then started from this leaf (with factor 4), it gives 8 = 23 in some leaf etc.
In the limit (where infinitely many finite games are combined), we get an infinite branch
where t goes to infinity while ¢y, and #; are bounded.

This description is oversimpified and ignores some important points. First of all, we
should keep in mind that the game on the finite tree is infinite, and thus M must start
the next round (on the second finite tree grown from the leaf of the first one) when the
first game is still in progress (and therefore, the leaf chosen may be discredited later when
values of tg and ¢; increase).

From the formulation of the winning condition on the finite tree, we see that the
condition (for a certain leaf) can be fulfilled at some moment (¢ is large whereas t, t;
are small yet), and then be violated (when A increases ty or ¢;). Note that after that
the winning condition cannot be fulfilled again, hence a leaf cannot become a winning
candidate for the second time.

Starting a new subtree from the current winning candidate (and discarding this sub-
tree when and if this leaf is discredited), we get a picture like Figure[ll The grey triangles

Figure 1: Active and discontinued games on finite trees

represent subtrees where the game was started and then cancelled (the candidate in their
root was discredited); the white triangles represent active (currently) games. The dots
represent current winning candidates. (We may allow several winning candidates in the
same tree and start new subtree for all of them; however, in the picture above this is not
shown. In fact, we postpone new games and add the next tree of the same level only
when the previous one has been discarded.)

Note also that in reality M should play against A on the infinite tree (and not against
many adversaries on finite trees). However, the moves of A on the infinite tree can be
easily translated into moves of the adversaries in the active games on finite trees.

By the definition of the winning strategy on the finite tree, M’s supermatingale ¢



doubles at each “level” compared to its value at the previous “level”; on the other hand,
A’s supermartingales tg, t; do not exceed 1 along the entire path through the winning
leaves.

Let us see what happens with this picture in the limit. At the first level the winning
candidate may change only finitely many times. Hence, at some moment some candidate
will be “final” and will never be discredited. The game in the subtree starting from this
candidate will never be discarded and a winning leaf should appear there (and stabilize
after finitely many changes), and so on. In the limit, we get an infinite branch where M’s
supermartingale ¢ is unbounded while both A’s supermartingales t,, t; are bounded.

5 Game on a finite tree

Informal discussion

We begin with some informal discussion, which may help to understand the idea behind
the winning strategy for a finite tree game. However, the reader can safely proceed to
the formal statement and proof (that uses a slightly different and more simple, but less
intuitive, argument) if this informal introduction seems unclear.

Let us make several trivial observations. M wants to make the supermartingale ¢
greater than 1 in some leaf. But this means that ¢ must remain less than 1 in some
other leaves (since the average, the root value, is 1). So what M really needs to do is to
find leaves that are not “promising” and not to waste ¢t on them, saving the money for
the other leaves. In particular, M can skip the leaves that have already been discredited
(to or t; exceeds 1 on the path to these leaves). If we put some C' > 1 in all the
leaves except for some “discredited” one, then we are done: there exists some path on
which both A’s supermartingales are bounded by 1 (indeed, at each vertex one of the
supermartnigales does not play and the other loses in some direction) and this path ends
in a non-discredited leaf where we have put C. (To keep the average in the root not
exceeding 1, we let C' = N/(N — 1) where N is the number of leaves.)

So, let us try to construct a strategy for M assuming additionally that A avoids dis-
crediting leaves “in advance”. M starts by placing some C' > 1 in the leftmost leaf x.
Then A must discredit x by making one of t(, t; greater than 1 in z or on the path to z.
Note that if ty or ¢; is greater than 1 below x then some other leaves become discred-
ited at the same time, and this should not happen according to our assumption. So A
has to increase one of its supermartingales in x itself. Moreover, A has to increase the
supermartingale that bets in z’s parent u (say, to): the increase of the other supermartin-
gale will mean its increase in u and therefore also on the way to x’s brother y, so some
leaf would become discredited before M spent money on it (and this should not happen
according to our assumption).

At the second move, M places C' in y. Now A cannot increase t, on the way to vy,
because then two more leaves (x’s cousins z and p) would be discredited prematurely.
Indeed, if ty exceeds 1 on the way to y, then (due to averaging in u; note that ¢y exceeds
1in z) it exceeds 1 in w and also in its father v, since ¢y does not play in v, which makes
other two grandsons of v (z and p in the picture) discredited. Therefore, at some point
t1 exceeds 1 in y (or on the way to y) and therefore in u (or on the way to u).
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Figure 2: The start of the game. The left column indicates which of the supermartingales
plays at a given level.

Then we place C' in the third (from left to right) leaf z and wait until A makes one of
the supermartingales ty and ¢; greater than 1 in z or on the way to z. It could be only
for the same reasons as above (otherwise z’s brother p would be discredited). Next step
is to place C' in p and wait until one of ¢y and ¢; exceeds 1 in p or on the way to p. This
could happen with ty only: indeed, if ¢; exceeds 1 on the way to p, then t; exceeds 1 in
both uw and ¢ (p’s father) and therefore in v (averaging) and w (v’s father where t; does
not play), which discredits four next leaves.

Continuing this process, we see that A is always forced to follow a certain pattern, if A
wants to avoid spreading down the values of t5 and ¢; and hence discrediting some leaves
too early. To understand this pattern, we can imagine that each leaf contains a Boolean
variable: its value (0 or 1) says which of ¢y and ¢; exceeds 1 in this leaf. Note that the
values of these variables spread down by simple AND-OR rules: if the supermartingale
bets in the node and exceeds 1 in both children of this node, it should exceed 1 in the
node itself; the same is true if the supermartingale does not bet in this node and exceeds 1
in at least one of its children.

So the process resembles the evaluating of an AND-OR-tree whose leaves carry
Boolean values and AND/OR-layers alternate. “Early discrediting” corresponds to the
so called shortcut evaluation: unused variables correspond to the prematurely discredited
nodes. It is easy to see that if A assigns values to the leaves of an AND/OR-tree (say,
from left to right) and wants to avoid shortcut evaluation, there is only one way of doing
so (except for the last variable). The same is true in the game: if A wants at any rate to
avoid the cases where some leaves are discredited before M puts some value there, and
M goes from left to right, A has essentially no choice (except for the last moment).

The idea of the actual strategy of M is to use either the advantage that M can gain
when A deviates from the pattern (and discredits some leaf prematurely) or to use the
advantage that M can gain when A follows the pattern for the first 1/4 of all leaves. For
the first case, when M does not need to place anything in some prematurely discredited
leaf M can safely place C' = N/(N — 1) in all the other leaves (where N is the number
of leaves). Note that it is much less than 2 that we planned initially but still enough for
our purposes as we see later. For the second case, let us consider the Boolean values in



the leaves that prevent shortcuts, i.e., the sequence 0100010101000100..[1 Every second
place is occupied by a zero, that is, at every second leaf, t; is greater than 1. Hence,
two levels below, t( is greater than 1/2 in all the nodes. And it is easy to see that the
sequence of labels is the same there: at every second node, t; is greater than 1 again.
Therefore, four levels below the leaves, ¢, is greater than 3/4 in all the nodes, and so on.
The same works for ¢1, if we go through the “odd” levels (one, three, five,... levels below
the leaves). Thus M can take any node, a sufficiently large subtree above it, and provide
that, say, t; is close to 1 (though, may be, less than 1) in this node. Let the node be the
leftmost grandchild of the root (where ¢; bets, but does not bet in the children of the
root). Then t; is close to 1 in the left child of the root. Therefore it cannot exceed 1
significantly in the right child of the root, while ¢y does not exceed 1 there (since t, does
not bet in the root). Now M concentrates on the right half of the subtree and can put,
e.g., 4/3 in all its leaves (recall that 1/4 of all leaves remain free and the other 1/4 carries
only C'). But A’s supermartingales do not exceed 1 significantly in the right child of the
root and therefore the same is true for some path in the right half of the tree.

In both cases, M has achieved something, but these achievements differ. To reflect
this, we have to change the definition of the finite game allowing two winning conditions
for A. Let us now proceed with the details. (The motivation as explained above is not
explicitly used in the sequel.)

Game on the finite tree: precise formulation

As we have explained, we do not achieve the earlier announced goal (M’s supermartingale
exceeds 2 in some leaf whereas A’s supermartingales do not exceed 1 on the path to it).
Let us explain what we can really achieve and how to use this for the winning strategy
in the infinite game.

Admissible increase of the supermartingales

We are not able to guarantee that (for the game on the finite tree) there exists a leaf
where t increases while both ty, ¢; still do not exceed 1. Instead, we have to allow some
small increase for ¢y and ¢, limited by factor (1 + 0). These coefficients are multiplied
along the tree chain, but we manage to have decreasing values of § along the chain so the
product is bounded by some constant.

On the other hand, we cannot guarantee also that t is multiplied at least by 2; only
some smaller factor (depending on ¢, as we will see) can be achieved. We have to ensure
here that the product of these factors diverges to infinity.

More formally, for every finite subtree, a special version of lemma is used with appro-
priate factors (guaranteed increase for ¢ and allowed increase for ¢y and ;). The products
of the corresponding factors for preceding subtrees (along the path from the root) are
used as scaling factors for the current subtree. Note that scaling factors for M and A are
different and are multiplied separately. The winning condition for the preceding games
guarantees that the actual moves of A (divided by A’s scaling factor) do not violate
the rules of the game on the finite tree, and the moves of M in the game on the finite
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and |http://www.research.att.com~njas/sequences/A096268.


http://www.research.att.com~njas/sequences/A035263
http://www.research.att.com~njas/sequences/A096268

tree (multiplied by M’s scaling factor) do not violate the supermartingale property for
the composite tree. (If the winning condition is violated, the corresponding subtree is
discarded and M does not change ¢ inside it anymore.)

Trees of variable height

The correction factors (possible increase of supermartingales in the game on finite tree)
depend on the height of the finite tree the game is played on. These heights we may
choose at our discretion, and we do this in such a way that the product of A’s coefficients
converges while the corresponding product of M’s coefficients diverges.

Two winning cases

Unfortunately, even this scheme (two increase factors depending on the tree height) is
not final. In the actual game on the finite tree, M wins in any of the two cases:

(1) either A’s supermartingales to, t; do not increase at all on the path from the root
to some leaf, whereas M’s supermartingale ¢ in this leaf increases (even a small increase
in enough);

(2) or A’s supermartingales g, t; increase, but this increase is small while M’s super-
martingale ¢ increases substantially.

More formally, for a tree of height h there are two pairs of real numbers,
(Mi(h),mi(h)) and (Ma(h), ma(h)). A leaf is called winning (at some step of the game)
if the leaf has the label ¢ = 1 or the label i = 2 (attached by M as explained below) and
t is greater than M;(h) in the leaf whereas t¢, t; are not greater than m;(h) on the path
to the leaf (here we speak about the current values of the supermartingales).

These pairs are:
1 3 1
(th—rl)’ (i’quh—nm)‘

(The exact values are not so important, we need only the properties mentioned above
in (1) and (2); in fact, we use only odd values of h.)

As mentioned above, we have one additional requirement: M must indicate the type
of the winning leaf. Namely, M can attach labels + = 1 or ¢ = 2 to leaves; once attached,
the label cannot be removed; a leaf cannot carry both labels. Note that if the conditions
for supermartingales are fulfilled, but the leaf has no label or “wrong” label, this leaf is
not a winning leaf. (We need this to choose correctly the height of the next tree.)

At last, we are ready for an exact statement:

Main Lemma on games on finite trees. For this game on a tree of any odd height
h > 3, M has a winning strateqy; this strateqy guarantees that at least one winning leaf
appears and remains winning forever.

We prove the lemma in the next section. Now let us show how the lemma is used to
construct a winning strategy on the infinite tree.

M starts to play on a tree of a certain height, say h = 3. When a winning leaf appears,
M adds a new tree on top of this leaf (having it as a root). This new tree has the same
height A if ¢ = 1, and it has a larger height h + 2 if ¢ = 2. When this second-level
tree gets a winning leaf, M adds a new tree according to the same rule, and so on. For
technical convenience, we will assume that there is only one winning leaf at any moment



postponing the others candidated until the current one is rejected. When a leaf is rejected
we discard everything that grows from this leaf.

(Note that Figure refsupermartl above does not show this adequately: as we go up,
the heights of the trees grow; note also that the heights of trees of the same level may be
different.)

Let us consider the infinite branch (it is unique under our assumption) obtained in
the limit and the labels that appear along this branch. If there is only a finite number
of labels i = 2 along it, then the heights of the trees along the branch are the same
from some point, thus A’s supermartingales tq, t; do not increase after this point and
M’s supermartingale t increases every time by a small, but constant factor, hence ¢ is
unbounded.

Now consider the case of infinite number of ¢ = 2 labels. For the trees where the
winning leaf has the label i = 2, A’s supermartingales ¢y, ¢; increase at most by the
factor

1+ 1/(2L(h—1)/2J)

for odd h, and each h occurs only once. For the other trees, ¢y, t; do not increase, thus
they are bounded. On the other hand, each of the infinitely many leaves with i = 2
provides that M’s supermartingale ¢ increases by a factor of 3/2, and for the other trees,
t does not decrease (even increases a bit), hence ¢ is not bounded. Therefore, in both
cases, we get an infinite branch where A’s supermatingales are bounded, whereas M’s
supermartingale is not.

Winning strategy

Let us describe M’s winning strategy on a tree of some odd height h. Before the game
starts, M selects some path from the root to one of the leaves, for example, the path that
always goes left. Denote the nodes on this path Ay, Ay, As, ..., and denote their brothers
by Bj, Bs, ... (Ag denotes the root).

At the first move, M lets the value of supermartingale ¢ to be ¢ = 2" /(2" —1) in all the
leaves above Bs, B, ... (Fig. B) and labels all these leafs with ¢ = 1. Other leaves keep
zero values. The values in the other (non-leaf) nodes are set so that t is a supermartingale,
i.e. as the average over the leaves that are their descendants. (Recall that initially the
value of t is zero everywhere except the root, where the value is 1 all the time.)

As a result of this move, several winning leaves appear. To avoid defeat, A has (at
some point) to increase A’s supermartingales: for each winning leaf, to or t; must be made
greater than 1 somewhere on the path to this leaf. Consider two variants: this happens
either on the path to one of Bs, Bs, ... or inside the subtrees rooted at Bs, Bs, . ..

First case: One of A’s supermartingales becomes greater than 1 in some A; (note
that if a node is on the path to B; then this node is A; for some 1).

M’s move: Set supermartingale ¢ to be equal to ¢ in all leaves except the leaf on
the selected path (the leftmost leaf Aj in our case), and label all these leaves with ¢ = 1.
Below, t is adjusted by averaging (thus getting exactly 1 in the root).

Why this helps: Both A’s supermartingales are not greater than 1 in the root.
There exists a path where they both do not increase (let us construct this path from the
root: the supermartingale that does not bet in the node does not change, and we choose
the direction where the betting one does not increase). Hence, there is a leaf such that
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Figure 3: The first move of M

on the path to it both %y, t; are not greater than 1. This cannot be M’s selected path
(the leftmost one in our case), since it goes through all A;, including the “bad” one. But
in all other leaves, M’s supermartingale ¢ is equal to ¢, thus one of them is winning.

Second case: In all the subtrees above Bs, Bs, . . ., A has increased t( or ¢t;. Therefore,
in all the nodes Bs, Bs, . . ., either , or ¢; is greater than 1 (otherwise one can find a path
from B; to a leaf where both t, ¢; are not greater than one, i.e. a winning leaf).

Actually, we may assume here that the supermartingale that is greater than 1 in B;
does not bet in B; and bets in the previous node A;_;: the other possibility is covered by
the first case, since the supermartingale that does not bet in A;_; would have the same
value (greater than 1) in A;_; as in B;. Hence, one supermartingale is greater than 1
in all B3, Bs,.... To be definite, we say that it is the “odd” supermartingale t; (this
is literally true for first, third, and all the games on finite trees with the odd numbers,
where t; bets in the roots; for the games with even numbers, ¢y and ¢; switch their roles).

Lower bound. We can obtain lower bounds for the values of ¢; in all A;, going down
along M’s selected path. The supermartingale ¢; does not bet in half of the nodes (and
keeps its value) while in the other half the lower bound is averaged with a value greater
than 1. Thus we get a bound as in Fig. [ (the figure is for the tree of height 7). Since
the supermartingale t; is not greater than 1 in the root and bets there, we get an upper
bound for its value in By: 9/8 for the case in the figure and 1 + 1/2"=Y/2 in general.

M’s second move: In all the leaves above By, the value of ¢ is set to 3/2, and the
leaves are labeled with ¢ = 2. Below, t is adjusted by averaging (it is easy to check that
the value in the root does not exceed 1: in the second quarter of the leaves, ¢ is zero, and
in the first quarter, ¢ is slightly greater than 1 in some leaves only).

Why this helps: In By, both A’s supermartingales are not greater than 14-1/2(h=1)/2
(we have shown this for ;; since ¢y, does not bet in the root, it does not exceed 1 also
in By), and this holds along some path to a leaf above B;. But M’s supermartingale ¢
is 3/2 there.

11
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Figure 4: Lower bounds for ¢; along the M’s selected path, and his second move

The construction of the winning strategy for the game on the finite tree (and thus the
proof of the theorem) is completed.

6 Non-uniform measures

Recall that martingales and supermartingales can be interpreted as a capital during a
game. So far we have considered a game where the coin is symmetric. If the next bit is
guessed correctly, the stake is doubled. But we can consider other distributions where
the declared probabilities of 0 and 1 are not equal. In this case it is fair that a stake
on a less probable outcome wins more than a stake on a more probable outcome. These
“non-symmetric games” correspond to (super)martingales with respect to a measure. A
non-negative function p on binary strings is called a measure (probability distribution)
if p(A) =1 and
(@) = j(a0) + ()

for all strings z. A supermartingale with respect to measure u is a non-negative function
m on binary strings that satisfies the inequality

f(x0)

m(x) = m(z0) ()

+ m(xl)

for all strings z. (For the uniform measure A\(z) = 271"9*"(*) we get our previous defini-
tion of supermartingales.)

When lower semicomputable supermartingales are considered, it is usually required
that the measure is computable. The definition of Martin-Lof randomness is extended to
the case of arbitrary computable measures in a natural way, and the randomness criterion
based on lower semicomputable supermartingales works for the general case too.
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We stated our main theorem for supermartingales with respect to the uniform mea-
sure. But it holds for a wider class of computable measures.

Theorem. Let i1 be a computable measure such that the conditional probabilities for
the mext bit are separated from zero:

de > 0V [p(z0)/p(z) > € and p(xl)/u(x) > €.

Then there exist a Martin-Lof non-random with respect to j sequence w such that no
p-supermartingale that bets every other step (only on even steps or only on odd steps)
wins on w.

The proof follows the same line with minimal changes: one should adjust thresholds
in the winning conditions and select the path Ay, Aq, As, ... used in the winning strategy
with some caution.

References

[1] V.A. Uspensky, A.L. Semenov, A.Kh. Shen. Can an individual sequence of zeros and
ones be random? Russian Math. Surveys, 45(1), 121-189 (1990).

[2] M.van Lambalgen. Von Mises’ notion of random sequence reconsidered. Journal of
Symbolic Logic, 52(3), 725-755 (1987).

[3] A.Chernov, A.Shen, N. Vereshchagin, V. Vovk. On-line Probability, Complexity and
Randomness. In: Y.Freund, L.Gyorfi, G.Turdn, T.Zeugmann (eds.), ALT 2008.
LNSC(LNAI), vol. 5254, pp. 138-153. Springer, Heidelberg (2008).

13



0807.3156v2 [cs.iT] 28 Nov 2008

arxXiv

AnroputMuyeckasi C/Iy4aifHOCTh 1 pa3dueHne
CylepMapTUHTAJIOB

An. A. Myunuk*

AnHoTanus

Onro w3 (9KBUBAJEHTHBIX) ONPEIEICHUI CIyIailHOCTH MOC/TIeT0BATETbHOCTH B
cmbiciie Maprun-JI€da ucnosp3yer mepeducamMpie CHU3Y CyrnepMapTUHTAJIbl. Mbl
[IOKa3bIBaEM, YTO HE BCAKUI TAaKOH CylnepMapTHHIAJ MOXKHO 3aMEHUTH JIBYyMd, Jie-
JIAIOIIMME CTaBKU TOJBKO Ha YETHBIX W TOJIBKO HA HEYETHBIX UJIEHAX MOC/IE0BA-
TEJIbHOCTH.

1 Cay4gaiiHOCTb U IIepeduncJanMbie CHI3Y
CylIepMapPTUHIAJIbI

OHO U3 ornpe/e/IeHu il AITOPUTMUIECKO CJIYIaHOCTH J1/1s1 OECKOHETHOMN MOC/1e/I0BATE b
HOCTH HyJIel W euHuI[ (OTHOCHTEJbHO OEPHYJLIMEBCKOIO PACHPE/EICHHs] ¢ HE3aBHCHMbi-
MU UCIHBITAHUSIMHA U BEPOSTHOCTHIO yciiexa, 1 / 2) HUCIIOJIb3YyeT TaK Ha3blBaeMble CylepMap-
THHTAJIbl. B aaropuTMmudeckoil Teopun BepOATHOCTEl cynepmapmumnzanom Ha3bIBAETCS
dbyukIUd, onpeneséHHasg HAa BCeX IBOMYHBIX CJIOBAX, HPUHUMAIONIAS HEOTPHUIATETbHBIE
JEeHCTBUTEIbHBIC 3HAYCHUS U YAOBICTBOPAIONIAA HEPABCHCTBY

m(xz0) + m(x1)
2

m(zx) >

Jiist JiIo0Ooro ciioBa x. Takast PyHKIUS COOTBETCTBYET CTPATEI MU JIJIsi UT'PbI, B KOTOPYIO MbI
BCTYIIAeM ¢ HEKOTOPHIM HadaJbHbIM KarmutaiaoMm m(A) (rage A — mycrast crpoka), u nepe/
KazKJIbIM HCIbITaHneM (6pocaHneM MOHETHI) YaCTh UMEIOIIIXCS Ha TAHHBIH MOMEHT JieHer
CTABUM HA HYJIb, YaCTh Ha €JUHUILY, a 9acTh BbIOpachiBaeM. IIpourpasinas craBka (Ha
HEIPABUJIbHBIN HCXOJ) TepseTCs, a BBIUTPABINAs BO3BDAINAETCS B JBOWHOM pasmepe. B
9TOI TePMHUHOJIOTHH M () — HAII KAIKUTAJ II0C/Ie TOro, Kak Bbilasm 6urhl ciaosa x. (Ecian
BO3MOXKHOCTH BBIOPOCHTH YaCTh JIGHET HE MCHOJIb3YEeTCsl, TO HEPABEHCTBO OOpaliaercs B
PABEHCTBO, U MBI TIOJIy4aeM OIIPE/IeJICHIe MAPMUH2GAQ. )

*Pabora Gbuia soiiosHena Anapeem Asbbeprosudem Myunukom (1958-2007) B 2003 rouy, Toria xe
oH pacckazaj o Heil A.B. YepHOBY, KOTOPBI# MOATNOTOBUJI MPEIBAPUTEIBHBIA TEKCT CTATHU. JTOT TEKCT
Obu1 mpocMorper AH. A. MydHHKOM, KOTOPBIH mpesmnoiaraj paboraTh HaJ[ HUM JAJbIIe, HO W3MEHEHWI
Baectu He ycren. OroruareabHbiii TekcT moaroroBuan A.B.Yepunos u A.Illens B 2007-2008 romax;
YKa3aHHbBIE JIUIA HECYT BCIO OTBETCTBEHHOCTb 3a BO3MOXKHbIE OmuOKu B Tekcre. Pabora mopaepxkana

rpantamu PO®I u Sycomore (ANR, CNRS, France).
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MbI roBOpHM, 9TO (CyHEp)MAPTHHIAJ 1M 6biU2Pbl6aem Ha HOCAEJ0BATEIbHOCTH W, eC/IH
ero 3HAYEHHMs Ha HAYAJBHBIX OTPE3KAX ITOIl MOC/1e/10BATEIHbHOCTH HE OIPAHUYEHbBI CBEPXY.

B asropurmuveckoii Teopum BEPOATHOCTEH YaCTO PACCMATPUBAIOT NEPEUUCAUMDbLE
CHU3Y CYIEPMAPTHHTAIBI: 9TO O3HAYAET, ITO M () ecTh mpejes HeyObIBaIOMIeil mocIe/10-
BATEJLHOCTH HEOTPUIATETbHBIX paroHa bHbix uncesn M (x,0), M(x,1),..., u dbyHxms
(x,n) — M(x,n) BeraucanMA.

Cpean BCex HEPeYHCIMMbIX CHU3Y CyNEpMapTUHIAIO0B HMeeTcss Hanbosbmii (¢ To4-
HOCTBIO JIO MOCTOSTHHOIO MHOKUTEJIsI); €ro BBIMIPBIINIHOE MHOXKECTBO (HAMOOJIbIIee 10
BKJIOUEHUIO CPE/H BBHIUTPBIITHBIX MHOYKECTB MEePEYUCTUMbBIX CHU3Y CYNepMapTHHTATIOB)
HA3BIBACTCA MHOMKECTBOM HECAYUATiHbLE TOCTeI0BATEILHOCTEI, a JOIOIHEHIe STOr0 MHO-
JKECTBA — MHOZKECTBOM CAYHAIHGLT TIOCIeI0BATEILHOCTEI.

D70 oupejesieHne SKBUBAJICHTHO KjaccudeckoMmy ounpejesennio Maprun-JIéda (cwm.,
wanpumep, [1]), nosromy ero MozkHO Ha3BaThH TaKzKe KpuTepueM ciydaiinocru mo Maprus-
JIédy B TepMuHax CynmepMapTHHIAIOB.

Bameuanne. llHorna paccMaTpuBalOT TaKzKe M OOJIbIIeE MHOXKECTBO IOCICI0BATE b
HOCTei, KOTOPOe IOJIyIUTCS, €CJIH B STOM OINPEIEJICHAHN 3aMEHHTh IIePEUUCIUMbIE CHI3Y
CyNepMapTHHIAJ/Ibl HA BBIYMC/IMMbIE MAPTUHIA/bBL (JJ1s1 IPOCTOTHI Oy/IeM CUUTATh, YTO UX
3HAYEHUsT — PAIMOHAJBbHBIE YHCJIA); CPEIH BEIYUCIUMBIX MAPTHHIAIOB HET HAKOOJIBIIIETO,
TaK 9TO HOCJIEI0BATEIbHOCTD HA3LIBAIOT CIy4YaiHOM, €CIl BCe BBIYACIUMBIE MAPTHHIAJIDI
HA HEl OrpaHUYCHBI.

2 YeérHble 1 HeUYEéTHbIe IIaru

J171s1 BBIYHCIUMBIX MApPTHHIAJIOB UMEET MECTO TaKoe IPOCTOe HAOIOIEeHHe: IIPH OIpe/ie-
JICHUH CJIY Al HOCTH MOYKHO OTDAHHIUTHCS MAPTHHTAIAMI, KOTOPBIE JeIAI0T CTABKH JIHOO0
TOJIbKO HA YETHBIX IMAarax, JIMOO TOJBKO HA HEYETHBIX IMaraX. Bygem roBoputh, 9ro (cy-
1Iep)MapTHHTA 0eAaem Cmasku moavko Ha 4émunx waezax, ecan m(x) = m(x0) = m(x1)
JIst BCeX CJI0B & 96THOM aymubl. (Hanpumep, oTKas 0T CTaBKKM Ha TPEThEM IIAre 03HAAET,
9TO MOC/IE TPEThero OpocaHusl Kamurtas He MeHgercs, 1o ectb m(x0) = m(zl) = m(z)
IIpH JIByXOUTOBBIX .)

AnasornaHeIM 00pa30M (Cymep)MapTHHTAT JeAaem Cmasky MoAbKO HG HEWETHLLL
wazazx, ecam m(x) = m(x0) = m(zl) ais Beex cio meuérnoit jymubl. (loBopst 06 oT-
CyTCTBUM CTABKH, Mbl MMEEM B BHJLY, YTO KAIMTAJ JIEJIUTCA IIOPOBHY MEXKJy HYJIEM U
eMHUIE, 1 Mbl B JIIOOOM CJIydae OCTaéMCsl «IIPU CBOUX>.)

CdopmyrupyeM TOYHO YHOMSHYTOE BbIIIe HAOJIIOEHUE: 044 4100020 BbMUCAUMOL0
MAPMUH2ara t cyuecmsyom 064 SuHUCAUMLE MapMun2aa ty u ty, nepevid us Komo-
PUT DeNaem CMABKYU MOALKO KA YEMHLLET WARAT, 4 6MOPOT — HA HEYEMHOLT, U GLINOAHEHO
makoe c60UCMB0: ecau t 6bu2PLIBaem Ha HEKOMOPOT NOCACIOBAMEALHOCTNU W, TO TOMA
6w, 00un u3 mapmunzanos ty ut; svuepueaem na w. OTCIOAA CIeLyeT, 4TO BRIUTPBIITHOE
MHOZKECTBO MAPTHHTATA ¢ CONEPKUTCSA B O0bEJUHEHUI BLIUTPHIITHBIX MHOKECTB MAPTHH-
raJioB to u tq.

Joka3aTeabCTBO: J00aBUB KOHCTAHTY, MOKHO CUUTATH, YTO MAPTUHIAJ ¢ BCIO/LY 110-
Jozkureser. [locrpoum jaBa Maprunrana ty u t; Tak: Ha YETHBIX MArax to JeJuT KaluTall
MEXK/Iy HyJIEM U eJMHUIEH B TOH Ke NPONopIuu, uTo ¢, a t; He Jejaer CTaBoK (=CraBur
IIOPOBHY HA HYJIb U €UHHUILY), & HA HEYSTHBIX marax — #HaobopotT. Torga Beurpsim ¢ (B



IIPOIEHTAX OT HAYAJILHOTO KAIUTAJA) PABEH IPOU3BEIEHHUIO BHIMIPHIIIE o U t1, TaK 9TO
eCJIM 3THU JiBa MAapTHUHTaJa OIPAHMYEHBbl Ha HAYaJbHBIX OTPE3KaxX KaKOR-TO IocaeioBa-
TeJIbHOCTU W, TO W ¢ OTPaHWYeH Ha HUX.

Jlpyrumu cjoBaMu MOYKHO CKa3aTh TaK: IIPHU OMPE/ICICHUN C/IyIalHOCTH OTHOCHTETh-
HO BBIYUCJIMMBIX MAapTHHTAJIOB MOXKHO OI'DAHUYUTHCSI MApTUHTATAMH, KOTOPBIE JeTaloT
CTABKH TOJIBKO 4epe3 pa3 (iubo TOJbKO HA YETHBIX IMarax, Jubo TOJIHKO HA HEIETHBIX ).
Anasiorndnoe 3aMedanne (TakKe IOYTH OYEBH/IHOE) MOKHO CJeJIaTh U JIJIs OLPEe/IeIeHUsT
caydaitnocru 1o Musecy — Yépuy (¢ nomomipio npasut Beibopa, cm. [1): gocrarouno pas-
OuTh 1paBUJIO BHIOOPA HA J[BA, OJHO BHIOMPAET TOJIBKO HJIEHbI MOJIIOC/IEI0BATE/IbHOCTH C
YETHBIMU WHJEKCAMIU, JIPYTOe — TOJbKO ¢ HEUETHBIMH.

OcHOBHOII pe3yabTaT pPabOTBl COCTOUT B TOM, UTO JJId TEePEYUCTUMBIX CHHU3Y CY-
nepMapTHHIraaoB (u caydaitapix mo Maprun-JIédy nocsenoBarenbrocTeil) anagornanoe
YTBEPZK/IEHUEe HEBEPHO.

Teopema. Cywecmsyem necayuwatinas no Mapmun-JIépy nocaedosamervrocmo w,
HA KOMOPOT He BulUupbl8aem HU 00UH NEPEYUCIUMBLT CHUZY CYNEPMAPMUHRAAL, 0eAqIO-
WUl cmasky MoAbKO HG YEMMHBLL WG2GT, G MAKHCE HU 00UH NEPEYUCAUMDLT CHU3Y CY-
NEPMAPMUH2AL, 0EAGOUUT CNABKY MOADKO HG HEYEMHBLL WaA2AT.

Jloka3aTeibCTBO 3TOrO pe3y/abrara Oy/er JaHo B CJeAyIomuX pasaenax crarbu. Ceii-
Jac Mbl OTMETHM €ro CBgA3b ¢ TeopeMoii JlaMbasbrena o cay4ailHOCTH TapHhI.

Kaxayro mocienoBaTeIbHOCTD HyJIell W eUHUI, (v MOYKHO PAa30UTh HA JBE MOAIOCIe-
JIOBATEJILHOCTU (YETHBIE W HEYETHBIE WJIEHBI) M TeM CAMBIM COIOCTABHUTDL C Heil mapy mo-
cJie/IoBaTesIbHOCTel g 1 (v1. HecsioxHO moHsATh, 9To Jis ciaydaiinoit (B cmbicae Maprus-
JIéda) mocseoBaresbHOCTH (v 00€ TH MOCJIEI0BATETIBHOCTH (g U (v1) OYyIyT CJIydaiiHbl,
OJIHAKO 3TO YCJIOBHE XOTsl W HEOOXOIMMO, HO HE JOCTATOYHO (OYEBHIHBINH KOHTPIPHUMED:
Qo = Oél).

3Bectras teopema M. Jlambanbrena [2] roBoput, 4r0 MBI MOJYYUM HEOOXOTUMOE
U JIOCTATOYHOE YCJIOBUE, €CJIU HOTpedyeM C/IydailHOCTH (g ¢ OPAKyJIOM vy ¥ HA0OOPOT.
Hedopmaibao roBOpsi, 9T0 COOTBETCTBYET TOMY, YTO UI'POK HMEET BO3MOXKHOCTH IIPO-
cMaTpuBarh (JH00bIE) YIEHBI MOCTEI0BATEIBHOCTH (1, JIeJiasi CTABKU HA (v, U HAOOOPOT.
MozKHO OBLTIO ObI TIPE/IIIOIOKUTE, YTO HET HEOOXOAUMOCTH B «IIPOCMOTPE BIep&T» (Koria
MBI, JleJlasl CTaBKY Ha HEKOTODPBI HEYETHBII OUT, IpOCMATPUBAaeM YETHBIE, udyujue nocie
Hez2o, 1 HA00OPOT) — HO, KaK HOKas3biBaeT chOPMYJIUPOBAHHAS TEOpEeMa, 9TO He TaK.

[Tostygaercs mapaJ/iokc: npejcraBuMm cebe, 9TO JIBOE cyjieil OpocaroT MOHETHI Iepe|
HAYaJIOM UI'D KAKOTO-TO TYPHHPA, HO JIEJIAI0T TO 110 odepenu (OJUH 1O YETHBIM JIHSM,
JIPYTO#l IO HEYETHBIM. BBITI0 OBl eCTECTBEHHO OYKUIATh, YTO €CJIU KazKIblil 13 HUX JIeJIaeT
9T0 JI0OPOCOBECTHO (COOTBETCTBYIONIAS TIO/IIOCTIEI0BATETHHOCTD CIydaiiHa B KOHTEKCTe
Beeit mocsieioBaresibHoCTH, cM. [3]), To 1 Best mocsegoBaTebHOCTE OyAeT caydaitna. Oka-
3BIBAETCSI, UTO €CJIM ONPEIEISATh CJAYIAHOCTH C IOMOIIBIO CyHePMapTHHIAJIOB, TO 9TO HE
TaK: Pe3yJIbTUPYIONAsT HOC/Ie0BATEIbHOCTh MOXKET OBITh HEC/IYYailHOW, HO BHHY 3a ITO
HeJTb3s BO3JOKHTH HU HA OJHOTO U3 Cy/eil.

3 IlocTpoeHme urpbl, COOTBETCTBYIOIIE TeopeMe

Jlokazare/ibCTBO TE€OpeMbl yI00HO U3JI0KUTh B BUJE HEKOTOPOU DECKOHEYHOW UI'DbI JIBYX
JIUI, KOTOPBIe OYIYT HMEHOBATHCA «MBI» U «IPOTHBHUK.



[IpoTUBHEK MOCTEIIEHHO CTPOUT JiBa cynepMapruHrasia ty u t; (Jejaronme cCTaBKu Ha
9ETHBIX M HEYETHBIX IaraX COOTBETCTBEHHO); Mbl CTPOMM OJMH cynepmapruuras t. Ilo-
CTPOEHHE COCTOUT B TOM, YTO Ha KayKJIOM IlIare NIPOKH YKa3bIBAIOT HEKOTOPOE MPUbInzKe-
HUE CHU3Y K 9TUM CyIepMapTHHTaJIaM, KOTOPOe UMeeT JIMIIb KOHETHOe YUCJI0 HEeHY/IeBBIX
3HAYCHHI U CaMO SIBJISETCA CyllepMapTHHIAIOM TpebyeMoro BHJIA; B IIPOIECCe UTPHI STH
cylnepMapTHHTAIbI MOIYT TOJBKO PACTH (MI'POKH HE MOIYT YMEHBIIUTh yZKe 3asiBIICHHbIE
sHavennst). Kaxpiit xo1 1106010 U3 HIPOKOB, TAKUM 00PA30M, MOKHO CIUTATH KOHCTPYK-
TUBHBIM 00'BEKTOM (3aKOIMPOBATH JIBOMYHBIM CJIOBOM H T.II.); HIPOKH XOJST 110 O4ePejin
¥ BUJISAT XOJbI IPYT JApyTa (urpa ¢ mosHoit uadopmarumeii). /[omoJHETETbHO Mbl TpebyeM,
9TO0BI 3HAYEHUST BCEX CYIEPMAPTHHIAIOB HA IIYCTOM CJIOBE DABHSUIUCH euHuUIE (HOPMHU-
POBKa, HEOOXOUMAS JIJI TOTO, YTOObI 3HAYEHUST HE YXOIMIN B OECKOHETHOCTD ).

[Taprus upejcrapisier coboit OECKOHEYHYIO MOC/IEI0BATEIbHOCTD YePeIYIONNXCS XO-
JIOB; B pe3y/brare MapTHH BO3HUKAET TPHU IHPEIeJbHBIX cymepMmapruHraia. Camraercs,
9TO MBI BBIMIDAJIH B TaKol (6ECKOHEYHON) MAPTUH, €CH CYIECTBYeT MOCJIeI0BATEb-
HOCTb W, Ha KOTOPOI HAIIl CYIIePMAPTHHTA/ ¢ BBIUTPBIBAaET (He OrpAHUYeH Ha HAYATBHBIX
OTpe3Kax w), B TO BpeMs KaK 00a CyrmepMapTUHIa A IIPOTUBHUKA o U {1 HE BBIUTDBHIBAIOT
(orpaHuYeHbl Ha HAYAJIBHBIX OTPE3KaX).

OcuoBHag jgemMma. Cyuwecmeyem 8uuUCAUMAL CMPaMe2us 6 IMot uzpe, 2apaHmU-
PYIOUWLAA HAM BLULPBIUL.

HecsioxkHO 3aMeTHTh, YTO 9TOH JIeMMBbI JIOCTATOYHO JIJI JOKA3aTEJbCTBA TEOPEMBI.
B camom mene, crangapTHBIM 00pa3oM MOXKHO JOKa3aThb, YTO CYNIECTBYIOT JiBA MaKCH-
MaJIbHBIX (€ TOYHOCTBIO JI0 OIPAHUYEHHOIO MHOZKHUTEJS) IIePEYUCIUMbIX CHH3Y CyIep-
MapTUHIaJa tg U T OHUCAHHOIO BUJIA (,ZLG,H&IOH_LI/IX CTaBKH TOJILKO HA, qéTHblx/ HEYETHBIX
marax). SalycTuM CTPaTernio, UCHOIb30BAB B KAYeCTBe POTHBHUKA [EPEIUCIICHUE CHI-
3y 9THX JIBYX CyIepMapTUHTaJI0B. [[0CKOJIBKY cTpaTeruss BHIYHC/IMMA, TO U JIaBaeMblil eii
cynepMapTUHTaI t OyJaeT nepeducauM cHu3y. [[ocKoJIbKy cTpaTerus BLIMTPBIBAIOIIAS, TO
HAMIBTCsI TT0CIIeI0BATEILHOCTD W, HA KOTOPOIT ¢ BRIMIPBIBAET, a to u t1 (1, 3HAYUT, JTI0ObIE
[IEPEYHCIUMbIE CHU3Y CYHEPMAPTHHIAJIbl YKA3aHHOI'O BHUJA) HE BBIUTPHIBAIOT, OTKY/a U
BBITEKAET YTBEPZKJIEHUE TEOPEMBI.

Ocrajoch J0Ka3aTh JieMMy. DTO OYIeT CAeIaHO B CJAEAYIONIUX JBYX pa3/eaX: MbI
OIIpeJIeTUM BEPCHHU STOH UIPHI Ha KOHEYHOM JiepeBe U MPebABUM CTPATErHio, rapaHTH-
PYIOIILYO BBIUTPBIII B 3TUX BEPCUSAX (B HEKOTOPOM TOYHOM CMBIC/IE), & 3aTeM OObICHUM,
KaK M3 9TUX KOHEYHBIX CTpaTerunii cooparb cTpareruio /ijis 6eCKOHEYHON UIPbI.

4 Hrpbl Ha KOHEYHBIX 1 OECKOHEYHBIX /IePeBbAX

Paccmorpennyio Hamu urpy y/a100HO HpeacTaB/idaTh cede Ha DeCKOHEeYHOM JiepeBe, BepIiu-
HaM#M KOTOPOI'O 4dBJIAIOTCA JABOUYHbIE CJIOBA. I/IFpOKI/I YBEJIMYHUBAIOT OLIEHKN CBOUX Cyllep-
MaPTUHIAJIOB /Il BEPIIMH 9TOIO J€PEBa, a Moc/Ie OKOHYaHHs OECKOHeTHON napruu (eciu
MOKHO TaK BBIPA3UTHCsI) MPUXOIUT apOUTP U HIIET GECKOHETHYIO BETBb € TPeOyeMbIME B
OIIpeleIeHNHA UT'PLI CBOMCTBAMH.

Mpbi Oysiem paccMmarpuBaTh TaKzKe MOXOXKUE UI'Pbl HA KOHEYHBIX JiepeBbsx. [Tojiem Ta-
KOl UI'PBI sIBJISIETCSI IOJIHOE JIBOMYHOE JIEPEBO HEKOTOPOit BbicoThl h. Kak u panbime, urpo-
KN XOIAT 110 o4Yepe/n, YyBeJInUuBasd TEKyHIUMe 3HaQ4YeHud CBOUX CYIIEpMapTHUHI'AJIOB (t JJI
HaC, to U ¢y I IPOTUBHUKA). YCIOBHS Ha to U t1 Te Ke: {y MOMKET JIeJIaTh CTABKU TOJIBKO



Ha YETHBIX IIarax, t; — TOJbKO HA HEYETHHIX. SHAYCHUSI CyNEePMapTUHIAIOB (BCeX TPEX)
B KOPHE BCErJ[a PABHbBI eJIMHUIIE; B OCTAJIbLHBIX BEPIINHAX U3HAYAIBHO CYHEePMAPTUHIAJIBI
PaBHBI HYJIIO U HOCTEIEHHO yBEININBAIOTCS UTPOKAMU.

Urpa mo-npezkHemy 6eCKOHEYHA, XOTs THCJIO0 BEPIIMH M KOHEUHO; JJist TaHHOH (6ecko-
HEYHO ) MAPTUH MBI PACCMATPUBAEM MPeJIeTbHbIe 3HAYEHHS BCEX TPEX CyNepMapTHHTATIOB
B JIUCTBSIX JiepeBa 1 (POPMYJIUPYEM YCJIOBHE BBIUIPHINIA B UX TEPMUHAX. DTO yCJIOBUE 110
TeXHUYECKUM MPUYUHAM JOBOJIBHO CJIOZKHOE, HO CMBIC/ €r0 TaKOH: Mbl XOTHM, 9TOOBI B
OJTHOM U3 JIUCTHEB JlepeBa HaIlll CylepMapTuHrayg ¢t ObL1 3ameTHo Oojbiie 1, B TO Bpems
KaK Ha IMYyTH K 9TOMY JIUCTY 00a CylIepMapTHHTaJa IIPOTUBHUKA HE MPEBOCXOIUIN ObI
e/IMHUIIBI, WK B KpaiiHeM cJIydae OYeHb HeHAMHOTO IPEBOCXOIIIN eJIuHuIy (mo cyTH,
9TO HEACUMITOTUIECKUIl BapUAHT yCJIOBHS Ha OECKOHEYHOM JepeBe, TpeOyInero, 4Todsl ¢
CTPEMUJIOCH K GECKOHEYHOCTH, & o, t1 OBLIM OrPAHUYIEHDI).

[IpescraBum cebe Ha MHHYTY, 9TO HAM YAAJ0Ch 3TOrO JIOCTHYL B cjejyfomeii (60-
Jlee CHJIbHOI, 9eM MbI CMOZKEM Ha CaMOM Jiejie, HO 00 3ToM 1oToM) (opme: B 0JHOM
U3 JIUCTHEB HAIl CylIepMapTHHIAJ OOJIblle 2, a 0ba cylepMapTHHraJ a MPOTHUBHUKA IIO-
npexkueMmy Menbire 1. Takyio cTpaTeruio MOKHO HCIOJIb30BaTh KaK COCTABHYIO YacCTb
[PU TMOCTPOEHWH BBIMTPBHINIHON CTpAaTeruu Ha OECKOHETHOM JI€PeBe: HaJl BHIUTPBIITHBIM
JINCTOM MBI MOXKEM ITOCTPOUTH HOBOE TaKOe YKe IMOJJIEPeBO, Iyl HAYaTh Ty K€ CaMyIO
UIPY, HO y2Ke uMesl IBYKPATHYIO (Hopy. (DTO 3HAUUT, UTO XOJbI B UTPe HA GECKOHEUHOM
JiepeBe BJIBOe OOJIbINe XOJ0B Ha KOHEYHOM JepeBe BTOPOIl MTPbI, U UTO Mbl HPUMEHSIEM
BBIUTDBIIIHYIO CTPATErHIO JIJIsi TON0 KOHEYHOTO JiepeBa, YMHOXKAs XOJbl Ha JiBa.) B mpe-
JleJie TIOJIyYUM JIMCT, TJIe Hall cylepMaprunrai oosbie 4 = 22 a oba cynepmaprunrasia
HPOTUBHUKA MO-1ipekHemy He Oosibmie 1. Ha HéM MOXKHO BBIPACTUTH €I¢ OJHY KOIIHIO
Jepesa, TAe HOJyYuTh yzKe 23 = 8, u Tak jajgee — W B Ipejese HOJYyIuTcs GecKoHed-
Has BETBb, IVIe HAII CYIIePMAapPTUHTAJ CTPEMUTCHI K OECKOHEYHOCTH, a CyllepMapTUHIAIbI
IPOTUBHUKA OI'PAHUICHBI.

DTO OmHMCAHUE SIBJISIETCS YIPOIIEHHBIM U UTHOPUPYET HEKOTOPbie MOMeHThI. [Ipex ie
BCEr'0 HAJI0 MMETh B BHJLy, UTO MIPA HA KOHEYHOM JePeBe He 3aKAHIMBAETCS, MOITOMY
MbI JIOJIZKHBl HAYMHATDH CJIEIYIONHe Urpbl (HA IPUCOEJIUHEHHBIX MOJJIEPEBbsIX), HE JIO-
JKHJTagCh €€ KOHIA M OYJIy4Yd TOTOBBIMH K TOMY, UTO BBIOpAHHBIN JIUCT BIOCJIE€/ICTBUH
OKayKeTCsl He BBIUTPBIIIHBIM. VI3 Halllero omnucanus BHIUTPHIIIA B UTPE HA KOHETHOM Jepe-
Be BIJIHO, YTO yCJIOBHE BBIMIDBINIA B JAHHOM JIHCTE MOYKET CHAYAJA BBIMOTHATHCS (HAII
cynepMapTHHIa/l CTaHeT GOJIBIIAM, a y IPOTUBHUKA 00a CylepMapTHHIAIA [OKA MaJIbl),
a II0TOM HAPYIIUTHCs (KOI/a CyllepMapTHHIAI IPOTUBHUKA YBEJHIUTCS ), HO IOCJIe TOrO
y2Ke€ BHOBB BBIIIOJTHUTHCSA HE CMOXKET — TaK YTO IMOBTOPHO HH OJIMH JIUCT B KaH/IUIATHI He
HOTIA/IAET.

Boiyckasi HOJIepeBo U3 TEKYIIero Kauauaara (1 6pakyst ero u Bcex HOTOMKOB, KOT/a
KaHuaar Oyer oropolieH), Mbl moaydaem kapruny Bpoje cieayiomieii (puc. [Il). Cepsie
TPeyTrOJbHUKE W300PazKaioT MO/JIePeBbs, I/ie Urpa ObLIa 3alyIneHa, a MmoTOM OKa3a/0Ch,
qT0 3pg (KAHAUAAT MO/ HUMH OBLT OTMEHEH); CBET/Ible TPeyrOJIbHUKH H300pazkaror jeii-
crByfomue (Ha HEKOTOPbIH MOMEHT) UTpbl. ToUKaMu H306pazKeHbl KAHAUIATH, B KOTOPBIX
(Ha JAHHBIA MOMEHT) BHIUTDBIIIHAs cuTyarus. (Mbl Oy/JeM cIuTaTh, 9TO B KaXK/BIH MO-
MEHT B KarKJOM IOJJIePeBe BbIOMPAETCS KAKOW-TO OJIMH U3 BO3MOYKHBIX KAH/IUIATOB, HAJL
KOTOPBIM CTPOUTCS HOJJIEPEBO CJIEYIONIeH UI'PBI, U MOKA TOT KAH/IUAAT HE OTOPOIIEH,
HAJI JIDYIUMH JIepeBbs He CTPosTCsd. B npunnuie MoxKHO ObLIO Obl CTPOUTD JIEPEBbs CJie-
JIYIOTIEro YPOBHST HAJI BCEMU KaH U/ IATAMU. )



Puc. 1: AktuBHBIE U OTMEHEHHBIE UTPHI HA KOHEYHBIX JEPEBbIX

SaMeTruM, 4TO Ha CAMOM Jiejie HaM HYKHO UI'PaTh IPOTUB OJIHOIO IIPOTUBHHUKA Ha,
OecKOHeYHOM JiepeBe (a He HPOTUB PA3HBIX MPOTHBHUKOB HA KOHEYHBIX MOJIEPEBbIX).
OHAKO XO0/bl HPOTHBHUKA HA OECKOHETHOM JIepeBe eCTeCTBEHHO IEePEeBOIATCS B XOJIbI B
Urpax Ha (AKTHBHBIX B JIAHHbBI MOMEHT) KOHEYHBIX JIEPEBbIX.

[To onpejeneHnio BBIMIPHIIIA HA KaryKJIOM CJIEAYIOINIEM YPOBHE HAIl CyllepMapTHHIAJI
BO3pACTaeT B J[Ba pa3a II0 CPAaBHEHHIO C ero 3HaYeHUEM Ha IPE/IBIIYIIEM YPOBHE; C JIPYTOii
CTOPOHBI, 10 TOMY K€ OIIPeJeJIeHUIO BJIOIb BCETrO MyTH, ITPOXOJISAINEro MO BHIUTPHIITHBIM
JINCThSIM, CyIIepMapTHHIAIbI IPOTUBHUKA HE MPEBOCXOAAT 1.

[TocMoTpuM, 4TO HPOU30IIET B 1pejiesie ¢ 3Toit kaprunkoii. Ha nepBoM ypoBHe BO3-
MOKHO TOJIbKO KOHEYHOE YHMCJI0 U3MEHEHHI KaH/1/IaTOB, IO9TOMY B HEKOTOPHIf MOMEHT
HOABUTCA “OKOHYATEIbHBIN KaHIUAAT , KOTOPbIil HEKOrAa He orMeHHTCsa. C 9TOro MoMeH-
Ta Urpa HaJ[ HUM Oy/IeT aKTUBHOII, B Heil ToxKe Oy/1eT TOJIbKO KOHETHOe YUCI0 U3MEeHEeHHIT 1
Tak jajee. B urore Mpl mo/iyauM OG€CKOHEYHYIO BETBb, Ha, KOTOPOI HAIII CYIIepMapPTUHIAJ
HeorpaHudeH, a 0ba cylnepMapTuHIraJja IMPOTUBHUKA, OI'PAHUYIEHBI.

5 Hrpa Ha KOHEYHOM JdepeBe

Upesa xkouncTpyKImm

Haunéwm ¢ nepopmasibHOro o0'bsicHeHus “IPUYMH”, 110 KOTOPBIM B UI'DE HA KOHEYHOM Jlepe-
Be CYIeCTBYeT BLIUTPBINIHAS cTpaTerusd. Yuraresb, KOTOPOMY 3TU OObACHEHUS MTOKAKY T-
sl HEITOHATHBIMU, MOZKET Cpa3y MepeidTH K TOYHBIM (DOPMYJIUPOBKAM U JOKA3ATETbCTBAM
B CJIEIVIONUX pa3feiax, KOTOpble Ha 3TH OObICHEHHS HE ONUPAIOTCS.

Hauuém ¢ oueBuiabix 3amedannii. Mbl XoTuMm, 9T00BI B HEKOTOPOM JIMCTE JIepeBa HaIl
cynepmapruuraj t oo Oosbiie 1. 9T0 O3HAYAET, YTO B KAKUX-TO JIPYIUX JIMCTHIX OH
JI0JIZKeH ObITh MeHbIre 1 (II0CKOJIBKY Cpe/iHee 3HaUeHne CyllepMapTHHIAIa B JUCThSX He
IIPEBOCXOJIAT 3HAYEHUsI B KOpHE, KoTopoe paBHO 1). Takum o6pa3oM, HAM HY?KHO KaK-TO
HAWTH JINCThs, Ha KOTOPbIE MOYKHO He TPATUTh JIeHer MOMYCTy, TeM CaMbIM CIKOHOMUB
JIeHbIH JijIst IpyTux jimcrheB. OHa U3 BO3MOXKHOCTEH — HE TPATUTDH JIEHbI'W Ha “Oecrep-
CHEKTUBHbIE JIMCThs, HA IIYTH K KOTOPBHIM OJIMH U3 CyHEPMapPTHHIAI0B HPOTUBHUKA yIKe
npeBbICHT euHuIy. Keym Mbl moctaBuM HekoTopoe C' > 1 BO Bce OCTa/IbHBIE JINCThS, KPO-
Me 3TOro HecrepcrneKTHBHOTO, TO 3TO FTAPDAHTUPYET HaM BBIUTDHIIT: HA HEKOTOPOM IIYTH U3



KOpHsI 00a cynepMapTHHraIa MPOTHBHUKA HE IIPEBOCXOIAT €MHUII (B KazKJI0H BepIIIHe
OJIMH U3 CYIIEPMAPTHHIAIOB HE HI'DAET, & BTOPOM 1P OJ(HOM M3 MCXO/I0B IIPOUTDHIBALT), U
IIyThb 9TOT 3aKOHYUTCA B OAHOM U3 JIMCThEB, I'’/I€ Mbl IIOCTaBUJIX C (LITO6BI HE IIPEeBbICUTDH
cpeJiHee 3HaYeHHe JIJIsl HAIEro CyllepMapTHHTa a B KOpHEe, MOKHO B3aTh C' = N/(N —1),
rjge N — 9HCI0 JTHCThEB. )

Yro ke jiesiarh, €Cu IMPOTUBHUK HE COBEPIIAET TaKUX OIMMOOK U He co3/aéT becrep-
CHHEKTHUBHBIX JIMCTbEB, B KOTOPbLIX MbI eme HUYEro HeE HOCTaBI/IﬂI/I? Ha“IHéM C TOro, 4ro
nomectuM C' B caMblil JIEBBIil JIHCT T.

t t t t
20 yl SO 0
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tq

to

Puc. 2: HagaJio urpei. B J1eBoit KojiOHKe yKa3aH cyliepMapTUHIaJ, UI'PAIONINIA Ha, JJAHHOM
yPOBHE.

[TpOoTUBHUK JOJIZKEH PAHO MU IO3IHO HA 3TO OTBETUTD, CAEIAB OJUH U3 CBOUX CyIIep-
MAPTUHIAIOB tg, t; OOJBIINM €IUHANLL B X WX Ha IYTH K HEMY. 3aMETUM, 9TO BO BTOPOM
cJydae OH y2Ke COBEPIIHUT ONIMOKY, O KOTOPOil Mbl TOBOPU/IH (MOSIBUTCS GECIEPCIIEKTHB-
Hblii Jsiucer y — Gpar x).

[ToaToMy MbI MOXKEM CUMUTATH, YTO OJUH U3 CyHEPMAPTUHIAJIOB HPOTUBHUKA OOJIbIIE
eIMHMIBl B caMOM Jcre . Bosiee TOro, MOXKHO CYMTATh, YTO TAKOBBIM OKA3aJICA Cy-
IIEPMAPTHHTAJ, KOTOPBII jelaeT cTaBKu B OTIEe & (0003HAYUM ITY BEPIIMHY U); IIyCTh,
ckazkeM, 910 Oyzer to. (B mporuBHOM ciiydae 3HAYEHHE ITOrO CYyMepMAPTUHIAIA B U OBLIO
Obl DOJIbIIE eJIMHUIBI U Y OKa3aJiCsd Obl OECIIePCIIEKTUBHBIM, XOTS Mbl TY/Ia €Il§ HUYero He
IOCTABHJIN. )

Hammuwm cirepyromum xogom Mbl momeniaem C' B 4. B oTBeT MPOTUBHUK J0JI2KEH yBeJId-
YUTh HA IIyTU B Y OJUH U3 CBOUX CYIIEPMAPTUHTAIOB. DTO HE MOXKET OBITDH t(, HOCKOJbKY
TOrJa HOABATCS GecrepcrekTuBHbe JcThs. (Eciu ty npeBbimaer 1 B y, TO 4 B U €CTh
HPEBbIIIEHUE, TTOCKOJIbKY B % HPOUCXOJUT YCPEJ/IHEHHE, & B X IHPEBbIIIEHHE YyzKe ObLIO.
EcJin ecTb npeBblIIeHre B U, TO €CTh IMPEBBIIEHNEe U B €ro OTIE U, IIOCKOJIbKY B U Cylep-
MapTUHIrAJ t) CTABOK HE JIEJIAET. )

TakuM 00pa30oM, B HEKOTOPBIA MOMEHT CyHepMapTHHIA | IPEBLICUT 1 B BepLIUHE Y
WIM Ha IIyTd K Heill. IIoCKOIbKY Ha IIOCIeZHeM HIare CymepMapTHHIAN f; He UTPaeT, TO
STO IpeBBbIIICHUE HPOU30MIET y2Ke B U WIM Ha IyTH K .

[TocJie aroro mbl nomentaem C' B caeaytonuii (Tperuii cieBa) JUCT 2; IPOTUBHUK J10JI-
ZKeH C/JeJlIaTb OJUH U3 CyllepMapTHUHI'AJIOB 60ﬂb].[[I/IM €JUHUIIbI B £ UJIKM Ha IIYTU K 2, U 9TO



MOKeT OBITh TOJILKO CylepMapTUHTa/ ty, HHAYE CJIeAYIONHUIl JIUCT P CTaHeT OecrepCieK-
TUBHBIM. 3aTeM Mbl noMemnaeMm C' B p; OJIUH U3 CYyNEePMAPTUHIAIOB ITPOTUBHUKA, JOJIZKEH
HPEBBICUTH €IUHUIYY Ha IIyTH B P, U ITO MOXKET OBbITh TOJbKO tg, MHA4Ye ti IIPEBHICUT
eMHAUILY B u U ¢ (OTIE ), & CJAeJ0BATEIBHO, U B ¥ (YCPeJHEHUE), a HOTOMY U B Ipe/IIie-
cTByMOIIeli Bepinnne w (e ¢ He UIPAeT), U MOSBATCS CPa3y deThipe GecrnepCrneKTHBHBIX
JIUCTA.

[Ipomoszkast 3TOT MPOMECC, MBI BHIMM, 9TO HA KazKJIOM IIare y IPOTUBHUKA €CTb TOJIb-
KO OJIHO BO3MOKHOE JIefiCTBHE, eC/Ii OH XO4YeT m30exKaTh MPEeKIeBPEMEHHOI 0TOPAKOBKH
BEpIIUH, U IIOTOMY MBI 3HaeM, KaKOil U3 ero CynepMapTHHIAJIOB JIOJIZKEH ITPEBBICUTD €11~
HUILY B KAyKJIOM U3 JIUCTheB (KPOME MOCJIeHEr0). DTy 3aKOHOMEPHOCTh MOYKHO HOSICHATH
anajiorueii. [IpejacraBuM cebe, 4TO B KaKJIOM JIUCTe UMeeTcs OysieBa IepeMeHHasl, 3Ha-
gerne Koropoii (0 wim 1) onpejessier, Kakoii U3 cylnepMapTHHIAIOB IPOTUBHUKA (fo Hin
1) UPEBBINIACT €JUHUIYY B JAHHOM JIMCTE. SHAYEHUST HTON MEPEeMEeHHOIl pacupoCTpaHsi-
10TCs BHU3 (K KOPHIO) 110 mpocThiM V-VJIV-npaBuiaM: ecjid cynepMapTHHTAT HIPAeT B
BEpIIUHE U ero 3HaUeHue MMPEeBOCXOIUT eUHUIY B 000UL CHIHOBbAX 9TON BEPIIUHBI, TO OH
IPEBOCXO/IUT €/IMHUILY U B TOH BepIINHE; €CJIU Ke OH He HI'PaeT B BEpIIUHE, TO JOCTa-
TOYHO HPEBOCXOJIUTDH €IUHUILY B 00HOM U3 CHIHOBEIl.

[Ipex teBpeMennast 6ecrepcueK TUBHOCTD JIMCTa COOTBETCTBYET MIPU STOW AHAJIOTUU TO-
My, YTO HA3BIBAETCS COKpaIleHHeM Bbruucaenuii (short-cut evaluation) B si3pikax mpo-
IPAMMHUPOBAHUS: €CJIU OJJHA M3 YacTeil KOHbIOHKIUU JIOYKHA (UJIH OJIHA U3 YacTell Tu3b-
FOHKIINY UCTHHHA), OTIAIAeT HaJOOHOCTD B BRIYUCIEHUU APYToil. [IpOTHBHUK, MpUCBaKBa-
IOuil 3HaUenus rnepeMeHHbiM B jincTbsax VI-MJIV-nepeBa ciieBa HalpaBo, U KeJIaloNIuii,
9T00bI 3HAYEHUE KazK/I0il coreytoneii nepeMeHHoil (i1 U3BECTHBIX IIPE/IBLYIIUX ) MOIJIO
IIOBJINSITH HA 3HAYEHHE BBIPAZKEHUsI, TAKKE He MMeeT BbIOOpa (/10 MOC/IEHEr0 MOMEHTA).

W iest BBIMTPBINIHON CcTpaTeruu: JJUOO MBI MOJIb3YEMCs IPEUMYIIEeCTBOM, KOTOpOe JaéT
HaM [PEZKIeBPEMEHHO [UCKPeJIUTHPOBAHHbIN JUCT (HAM He HAJ0 TPATHTb Ha HEro JIeHb-
ru), b0 MCIOJIb3YeM MPEnMYIEeCTBa, KOTOPbIe BOHHKAIOT IIOC/IE TOTO, KaK MPOTHBHUK
ODCJIy2KHT TEPBYIO Y€TBEPTh BCEX JIMCTHEB. B MepBOM CJjiydae Mbl CMOYKEM IOCTABUTD
C' = N/(N —1) Ha Bce JuCThsl, KpOMe OJHOTO (IPezKeBPEMEHHO IUCKPEJINTHPOBAHHOTO);
31ech N obo3HAYaET YHUCJIO JUCTHeB. Bo BTOpOM ciiydae IMOCMOTPHUM Ha IOCJIE/I0BATE Thb-
HOCTDb OyJIeBCKUX 3HAYEHUil, IpH KOTOPOIl He IIPOUCXOJUT COKPAIIEHUs BBLIYUCICHUI, TO
ectb 0100010101000100 . . 1 Kaxk1prit BTOpoil 4/ieH B 9TOI MOCae0BaTeTbHOCTH HYJIE€BOI,
TO eCTh B KarKJIOM BTOPOM JINCTE CylepMapTuHTaJl ty npesbiraer eauuuity. [loaromy nBy-
Msl YPOBHSIMH HHZKe BCe 3HadeHHsi fy He MeHbIne 1/2, U MOJAYuHSIIOTCS TOMY 7Ke 3aKOHY,
TaK YTO B IIOJIOBUHE U3 HUX ty He MeHbIne 1. Emié 1ByMsa ypoBHAMU HHU2Ke BCe 3HAUEHU L
He MeHblle 3/4, a HOJOBUHA He MeHbIle 1, n Tak jajiee. AHAJTOTUIHOE PACCYIKICHUE TPH-
MEHHUMO K t; CO CABHIOM Ha ypoBeHb. [109ToMy MBI MOXKeM B34Tb JIIOOYIO BEpPIIHHY, HAJT
KOTODOIi I0CTATOYHO GOJIBINOE HOJIEPEBO, U PACCIUTHIBATH HA TO, YTO B Heil (CKaxkeM) t;
ec/ii U MeHbIe 1, T0 HeHaMHOTrO. Bo3bMEM B KadecTBe 9TOH BEPIIUHBI CAMOTO JIEBOTO U3
9eTBIPEX BHYKOB KODHs (B KOTOPOM 1 JIEJIAeT CTABKH; B JIETSIX KOPHS OH UX HE JIeJaer).
Torma t; Oymer TOJBKO IyThb-UyTh MeHbIIe 1 W B JIEBOM ChbiHe KOpHsS. A 3HA4YWT, {; He
MOZKeT OBITh CHJIBHO OO0JibIe 1 B MpaBOM ChIHE KOPHSI, U €CJIU MBI COCPEIOTOYNM OCTAT-
KU JIEHeD Ha JIHCTBSIX MPAaBOil MOJIOBUHBI jiepeBa (Ha KayKJblil JIMCT HPUJAETCS MPUMEPHO
4/3, HOCKOJIbKY 9eTBEPTh JIUCTHEB OCTAIOTCH CBOOOHBIME U eIE B OJ[HOil 4eTBEPTU B HUX
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crout C). C apyroif cropoHsl, 006a cynepMapTHHIa 8 IPOTUBHUKA JIHIIb HEMHOI'O MOI'YT
HPEBOCXO/IUTh 1 B IPABOM CbIHE KOPHS, U 9TO CBOHCTBO pacHpOCTPAHSETCS CHU3Y BBEPX
XOTsI OBI B OIMH JIKCT.

B oboux ciygadgx MBI JOCTHTaeM HEKOTOPOTO MPEMMYIIEeCTBA HaJ, TPOTUBHUKOM, HO
IPENMYIIECTBA 3TU PA3TUIHBI, I TOYHOE OIpejieleHne KOHETHON UTPhl JOJZKHO ITO Y-
ThiBaTh. [lepeiiém K hopMaIbHOMY OMUCAHUIO HTON UIPHI (KOTOPOE HE 3aBUCUT OT U3JI0-
JKEHHBIX BbIIIe HepOPMAJIbHBIX COOOpaKeHuil).

Hrpa Ha KOHEYHOM JiepeBe: TOUHOE ONpeesieHue

Kaxk mMbl yomuaau, ¢hopMyIupoBaHHAS HAMHE JIJIsI IPUMepa [eJb UIPhI (T06UTHCs, ITO-
Obl HalI cyliepMapTuHraJ ObLI paBeH 2 B BEPIIUHE, HA IIyTU K KOTOPOIl CyliepMapTUHIA/IbI
IIPOTUBHUKA He NPEBBIIAIT 1) chOpMyINPOBaHA CJAUIIKOM CHUJILHO: MbI CMOYKEM JIOCTUYb
MEHBIIEro, HO 9TOr0 OKaKeTcd JOCTATOTHO.

Pa3peménnsblit pocT /jid CynepMapTUHTAJJIOB

B urpe ma KoHe4YHOM JiepeBe HaM He YIACTCd FapaHTUPOBATDH, YTO B OJHOM W3 JIICTHEB
(1 HA myTH K HeMy) oba CylmepMapTHHIAJIa IMPOTHBHUKA OY/IyT B TOYHOCTH He Gosibire 1;
HeKOTOpBIil ux poct (B 1+ d§ pa3) npuiéres paspentutb. dtu kKodbdunuenrsr (1 + 6)
HEePEMHOXKAIOTCS JIJIs JIEPEBbEB MENOYKHN U HAKAILIMBAIOTCS, HO €CJIU HMPOM3BEJIEHUE UX
OTPpAHUYEHO KOHCTAHTOI, 3TO He CTPAIIHO.

C apyroit cTOpOHBI, HAM He yJacTCd W TapaHTUPOBATH YBEJIMUEHHe HAIlero cyomap-
THHTAJIa B 2 pa3a, a JUIIb B HEKOTOPOe MeHbIIee U0 pa3 (Ha KazKJI0M YPOBHE, KaK Mbl
yBuuM, cBOE). B arOoM ciiydae HaMm, HAIPOTUB, HEOOXOAMMO, YTOOBI IPOM3BEICHHE ITUX
K03 UIKMEHTOB CTPEMUIOCHh K OECKOHEYHOCTH.

[loBopst GoJiee popmasibHO, JIJIsi KarXK/I0I0 U3 KOHEYHBIX I10/I/IEPEBHEB Mbl ITPUMEHSI-
€M JIEMMY C COOTBETCTBYIOIINM HOMPABOYHBIME MHOXKHUTEISIMU /ISl 3HAUEHHS CyTepMap-
THHTAJIOB B KOpHe. Takmx MHOXKWTeNeil 1Ba: JJId HAC U JijId NPOTUBHUKA, U OHU Tepe-
MHOKAIOTCSI OT/IEIbHO. YCJIOBHE BBIUTPBINIA B HPEIBIIYIIUX JIUCThIX TAPAHTHPYET, ITO
peasibHbIe XO/[bl MPOTHBHHUKA HE IPEBBICAT PA3PEIIaeMblX B HI'DE HA KOHEYHOM Jiepese (C
IIONPABKOIi ), M YTO HAIIM XOJbl HE HAPYIIAT yCJIOBHE cynepMapTuaragboct. (Kak Tosb-
KO OJINH U3 JINCTHEB Ha IIYTH MePECTAET ObITh BLIUTPHIITHBIM, MBI IIPEKPAIaeM N3MeHEeHS
B [OJIepeBe. )

lepeBbs mepeMeHHOTO pa3Mepa

Ckazannoe 00 u3aMeHeHHn KOY(DMUIMEHTOB BO3pacTatust (JJisi HAIEro CynepMapTHHraIa
" JJid CyliepMapTUHI'aJIOB HpOTI/IBHI/IKa) IpealoJiaraeT, eCTreCTBeHHO, YTO BbICOTbI KOHEY-
HBIX JIEPEBBEB, HA KOTOPBIX BEYTCS UTPbI, PA3/IMYHbI. DTU BHICOTHI Mbl MOYKEM BbIOMPATDH
10 CBOEMY YCMOTDPEHHUIO, CTPEMSCh JOCTHYb HAIlel e (PACXOAUMOCTU HPOU3BEICHHUST
HamuX KO3DMUIMEHTOB U CXOJAUMOCTH Mpou3Be/eHus KO3(hMUIHEHTOB TPOTHBHUKA).

JByxXBapuaHTHBII BBIUT'PHIII

K coxasennio, n sra kapruna (1Ba Kodbduipenta yBejndenus — Jjisi HAC U JJIs TPO-
TUBHUKA, — 3aBUCSIIME OT BBICOTHI) siBisiercsi ynpomiénuoit. Ha camom nese y Hac Oy-



JIeT JIBa BADUAHTA BBIMIDbHIINA; Jiisl JAHHONW BBICOTHI h jepesa OyyT JBe Hapbl dUCeT
(Mi(h),mi(h)) u (Ma(h), ma(h)). BeIMIDBIITHBIM JIMCTOM CYHTAETCSI TAKOH, B KOTOPOM
(nyist mekoroporo @ € {1,2}) mam cynepmaprunran npesocxoaut M;(h), B 10 Bpemsi Kak
oba cymepMapTHHIaJa NPOTHBHHKA B 3TOM JIHCTE W HA IIyTH K HEMY HE MPEBOCXO/IAT

DT mapel Oy/IyT TAKUMMU:

1 b 1 31 _
+2h—1’ ’ 2’ +2L(h—1)/2J :

Konkperubiii Buj 31ux dopMys He Tak BazkeH. CyIIECTBEHHO TO, YTO JIs BBIATPBIIIA
HaM JIOCTATOYHO CYIIeCTBOBAHUS JIMCTA, B KOTOPOM BBIIOJTHEHO OJHO U3 JBYX: JIHGO

(1) Hamr cynepmMapTuHrag yMHOKAeTCs (110 CDABHEHUIO C KODHEM ) Ha HEKOTOPbIiT KO-
ument, xors 6b1 HEeHAMHOTO HOJIbINIKIT 1, B TO BpeMs KaK CyllepMapTHHIAJIbI IPOTHBHUKA
HE YBEJUYUBAIOTCS, JTMOO

(2) marmr cymepMapTHHTAT CYIIECTBEHHO yBesinmumBaercs (B 3/2 pas3a) meHoii HeGoOsb-
moro (1 6eICTPO YOBIBAIOIIETO ¢ POCTOM h) yBelnveHus y MPOTHBHUKA.

[Tpu 3TOM €ecTh emg OJHO YTOUHEHHE: Mbl 00sI3aHbl yKa3bIBATh, KAKON BU/| BHIMTPHIIIA,
Mbl IUIAHUPYEM B JAHHOM JIMCTE. DTO O3HAYAET, YTO B XOJE UIPbl Mbl MOXKEM CTaBHUThH
Ha JIKCThsIX (HecTHpaeMmble M HECOBMECTHBIEe ApPYyr ¢ Jpyrom) nomerku “17 um “2” (Bunx
BBIUTDBIIIA), U JIOJKHBl 00€CIeYnTh, YTOObl B Mpejesie CYIEeCTBOBAI JIUCT ¢ MOMETKOM,
B KOTOPOM JIOCTHIAeTCs YKa3aHHBI Tun Beurpeima. ([Tomerka Ha JmucTe Ompesesser
BBICOTY CJIEJIYIOIIErO JePeBa, PACTYIIEro U3 TOr0 JIKCTA. )

WNrak, Mbl TOTOBBI K OKOHYATE/JILHON (DOPMYJIUPOBKE:

OcHoBHasi JieMMa 00 Urpax Ha KOHEUYHBIX AepeBbaX. /it 1100020 HewEmHozo
h > 3 6 uepe na depese svicomuv, h Yy HAC €CMb CMPAMELUA, 2GPAHMUPYIOWAL 00UH U3
06YT YKAZAHHHIT 6UO0E GLLUZPLLULA.

[TokazkeM, KaK U3 9TOM JIeMMbI BHITEKAET CyNECTBOBAHUE BBIUIPBILNIHON CTpaTEruy Ha
beckonedHoM JiepeBe. (JloKa3aTesbeTBO JIEMMBI MbI OTJIOKHM JI0 CJIEYIONIEr0 Pa3/Iesa).

B camowm jesie, Hauném urparhb Ha JIepeBe HEKOTOPOil BBICOTHI, Hanpumep, 3. Ecan y
HEro IOSBJISETCsS BBIMIPBIIIHBIA JIMCT, TO HAJ, HUM MBI CTPOMM HOBOE J€pEBO — TOM Ke
BBICOTBI 3, €CJIM JIUCT HEePBOrO poja, U GOJbIIeli BHICOTHI, CKayKeM, D, €CJId JIUCT BTOPO-
ro poga. Eciu y 3roro aepeBa Broporo YpoBHSI MOSIBJISIETCS BBIUTPBIIIHBINA JIACT, TO MBbI
CTPOUM HaJI HUM CJIEJLyIOIIee JIEPEBO — HEe MEHsisl BBICOTY, €CJIM JIUCT HEPBOIO POJIA, U yBe-
JMYMBasi BBICOTY Ha 2, eci Broporo poja. (Kak Mbl yzke roBopuiin, MOKHO CIUTATH, Y4TO
B KaK/Iblii MOMEHT BBIMIPBINIHBIA JIUCT TOJILKO OJMH, OTKJIA/bIBasd UCIOJIb30BAHUE CJIe-
JIYIOIIEro JI0 TeX MOp, MOKa HpeIbl Ayl OKaxkeTcsa HeroJHbiM. Koraa JIMCT cTaHOBUTCH
HETOJ[HBIM, BCE IIOCTPOEHHOE HAJ| HUM TaKzKe OTOPaChIBAETCH. )

(Ormernm, 9To HpuBeAEHHBIT BbIe pUcyHOK [I] craHOBUTCST HeaeKBATHBIM: BBICOTA
JIEPEBLEB PACTET CHU3Y BBEPX, a He yObIBaeT, Kak HAPUCOBAHO, M, KPOME TOIO, BHICOTA
Pa3HbBIX JIEPEBHEB OJHOTO YPOBHSI MOZXKeT ObITh PA3HOIL. )

[TocMOTPUM, YTO MOZKET IOJIYUYUTHCS B IIpejiesie Ha GeCKOHeIHOM BeTBH. B Heill 1n6o Ko-
HEYHOE YUCJIO BBIUIPBINIHBIX JHCTHEB BTOPOro poja, Jubo Geckoneunoe. Eciu Konednoe,
TO BBICOTHI JIEPEBHEB B 3TOH BETBHM CTAOUIM3UPYIOTCH, CylepPMapTHHIAIb HPOTUBHUKA C
HEKOTOPOI'0 MOMEHTA He PACTYyT (M MOTOMY OIDAHHYEHBI), & HAII CylIlePMapTHHIA € STOIO
7K€ MOMEHTa, YMHOXKAETCsI Ha MOCTOsTHHBIN Koaddurpent (1 moromy neorpaundes). Ecin
OECKOHEYHOEe, TO NP KazKJOM IIEPexo/ie BTOPOr0 Poja CYIepMAPTHHIAILI POTHBHUKA
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YMHOZKI0TCH Ha
1+ 1/(2L(h—1)/2J)

¢ odepesHbIM h, a B HPOMEKYTKaX HE PACTyT, TaK 9TO B IIEJIOM II0C/I€I0BATEIHHOCTD
opranuvena. C Apyroit cTOpoOHBI, KazKIblil IEepexo BTOPOro poja YBeJIHIUBAeT Halll Cy-
nepMapTHHTAI B 3/2 pasa, a B MPOMEXKYTKAX OH He yMeHbImaercst (K JayKe HEeMHOIO
YBEJIMIUBACTCS, HO 9TO HE BayKHO), TAK YTO B IIEJIOM OH HE OIDAHHYEH.

Takum obpasom, B 000UX CiIydasiX Mbl [IOJIydaeM OeCKOHEYHYIO BETBb, IJie CyliepMap-
THHIQJIbI HPOTUBHUKA OI'PAHUYEHbBI, a HAIl — HET.

Beiurpeimuaas crparerus: moJapoOHOCTHI

OmmuitieM BBIUTPBIIIHYIO CTPATETHIO Ha JepeBe HedEéTHOH BBICOTHI h. Bribepem myTh m3
KOPHS B OJIMH U3 JINCTHheB, HAIPUMED, IIyTh, WAV BCE BpeMs HajieBOo. BepIuHbl BIOIb
9TOro IyTH 0003HaIuM Ag, A1, Ag, . ... MBI HAUHEM HTDPY C TOTO, YTO PACCMOTPHUM OpaTheB
B3, Bs, ... u B iepeBbsx Ha 1 auMu HamuameM qucio ¢ = 2" /(28 —1) (puc. B)). Tox aunvu Mbr
TOXKE JIOJIZKHBI YBEJIUYUTH 3HAYCHHE HAIIero CylepMapTUHIAJA, HOJIOKUB €r0 B KaxKI0i
BEDIIUHE CPeJHEMY 3HAYEHHIO B JIMCThAX-MOTOMKaxX. (HamoMmMHuM, 4TO M3HAYATIBHO BCe
3HAYEHUs HAIIero CylepMapTHHIaJa pPaBHBI HYJII0, KPOMe eJIMHUILI B KOpHE, KOTOpas
TaK M OCTAETCS eUHUIEH HA IPOTAKEeHUN UTDHI. )

Arc--F-gp gl -

Puc. 3: Hamr nepsbrit xo/1

B pesyibrare 3T0Or0 mosBiIseTca cpa3y HECKOJIBKO BEPIIHH, IJIe HAIl CyIepMapPTUHTAJ
He MeHblie ¢. [IporuBHUK, 4T00bI M30eKaTH NPOUrpPHIIIa (10 MEePBOMY BApHAHTY), J0JI-
JKEH cJieJIaTh OJIMH U3 CBOUX CYlIepMapPTHHIAJIOB 0OJIbIe €UHUILI HA IIYTH B JIIOOOH u3
JINCTHEB, B KOTOPHIX cTtouT ¢. OH MOXKeT Jejarb 9T0 Jaubo B JepeBbsx Haj Bz, Bs, ...,
nubo Huzke nx. Hauném co BToporo BapuaHra.

Caywuaii A. [IpoTuBHEK c/ie/1a71 OJIMH U3 CBOUX CyHEepMapTHHIAIOB O0JibIe 1 B OHOI
13 BepuH A; (TOJIBKO 9TH BEpHIMHBI BCTPEYAIOTCS HA IYTH K B; He 10X0/1s 0 HUX).
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Hamm nmeiicTBusd: yBesimuuBaeM Halll CyllepMapPTUHTAJ BO BCEX BEPIIUHAX, KPOME Ca-
MOii JIeBOii, 110 ¢. (B ocraibHbIX BepIMHAX MPOM3BOAUM YCDETHEHHE; B KOPHE 9TO yCPeJi-
HeHHe Ja6T KaK pa3 eJuHHuILy. )

ITouemy 3TOro 4OCTATOYHO: MOCKOIBKY 00a CyllepMapTHHTAJIA IPOTUBHIKA B KOPHE
He GoJibie 1, To HAlAETCA JTUCT, Ha IyTH K KOTOPOMY OHE 06a He Gosibiie 1 (urem Juct
U3 KOPHS BBEpPX, B KaKJIO¥ BepllMHe OJIMH U3 CYIEePMApTUHIAJIOB JI€JIaeT CTaBKY, UJIEM
BBEPX TakK, 4TOObI OH He BO3POC — a BTOPOIl 3aBEJOMO He M3MEHHTCs ). DTOT JIUCT He
MOZKeT ObITh CAMBIM JIEBBIM (Ha IIyTH K HEMY OJ(MH U3 CYIE€PMAPTHHIAJIOB ITPOTHBHHUKA
ObIBaeT GOJIBINE eTMHUIIBI), & B OCTAJIBHBIX Y HAC CTOUT C.

Cayqait B. I[lpoTuBHEHK yBeIWYNI CBOM CYNEePMApPTUHTAJILI B J€PEBbAX HAI
B3, Bs, ..., 3aKpBIB BCe BepINUHBI, I[/le MBI IMOCTABWIH c. B 3TOM ciydae BO BcexX Bep-
muHax Bj, Bs, ... OJUH U3 CyllepMaPTUHIAJI0B HPOTUBHUKA OoJibine equuuipl. (B camom
JieJjie, HHAYe U3 ITOM BePIIMHbI MOYKHO ObLJIO Obl IPOTIHYTH IIyTh BBEPX, BJI0JIb KOTOPOI'O
oba cynepMapTHHIAIA TPOTHBHAKA HE MPEBOCXOJST €JIUHUIBL. )

Hurkuaasa onenka. MoxkHO cuynTarh 6e3 orpaHmYeHHs] OOITHOCTH, YTO MPEBOCXOIUT
eJIMHAUILY TOT U3 CYHepMAapPTUHIAIOB, KOTODBIA Iepej STHM Urpaj (MOCKOJbKY IPYyroif
cynepMapTHHIa/l He MEHSIeTCsl, JIPYTroii BapuaHT mokpbiBaercs ciaydaem A). Takum obpa-
30M, MOYKHO CYUTATh, YTO “HEUETHBII CyllepMapTUHIaJ HPOTUBHUKA OOJibiie 1 BO BCex
BepinHax Bs, Bs, ...

B sTtom caydae MOXKHO MOTYYATH HUYKHIOKO OTEHKY Ha 3HAYEHNS HEYETHOTO CylepMap-
THHTAJa B BepmuHax A;, uas cBepxy BHU3. B mosioBumne ciaydaeB OH He Je/laeT CTABOK W
HOTOMY HE U3MEHSIeTCs; B OCTABIIEHCs MOJOBUHE Mbl IIPOU3BO/IUM YCPEJIHEHUE C YUCJIOM,
bosbiMm 1. TTosygaem takyio onenky, Kak Ha pucyske [ (rge ona nokasamna st jepesa
BoIcOTHI 7): [TocKOIbKY B KOpHe He4€THBIN cynepmapruarai He 6oubine 1, To B By oH He

c c c 3/2

Puc. 4: Huxkuune onenku st t1 B0JIb U30PaHHOIO IIyTH U BTOPOM XO/1

6osibie 9/8 juist Hamero pucynka, a B obuiem ciyuae — me Goupure 1+ 1/200-1/2),
Hamu peiictBusi: BO BCeX JIMCThbdX HaJ [ Mbl HOJIaraeM Hall CylepMapTHHIAJ
PaBHBIM 3/2, HUKE 110 yCPEJHEHHIO (JIEPKO MPOBEPUTh, ITO MBI HE IIPEBBICUM €IUHUIBI B
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KOpPHE, TaK KaK BTOpasi 4eTBEPThH JIMCThEB HE UCII0JIb30BaHa BOOOIIE, a B IEPBOil YeTBePTH
3HAYEHHE JIIIb 9yTh GoJibIine 1 U He BO BCEX BEPINUHAX).

IToyemy 3TOro mocTraTo4HO: Tak Kak B [ o0a cynepMapruHrajia MpOTUBHUKA HE
6opmre 1+ 1/2(=D/2 (a onun mazke He TPeBOCXOMUT €IMHUILI, HO 9TO HEBAZKHO), TO 9TO
K€ BEPHO Ha IIyTH K OJHOMY M3 JINCTLEB HaJ Bi. A Ham cynmepMapTHHTAI B JTIOOOM TaKOM
Jucre pasen 3/2.

Bamerum, 9T0 TpeOOBaHUE JEKJIAPUPOBATH TUI BHIUT'PHIIIA BBIIIOIHIETCS JIETKO: BEP-
HIMHBL C C Mbl JIEK/JIAPUPYEM KaK BEPIIUHbBI [IEPBOIO THUIIA, & BEPIIUHBL ¢ 3/2 jleK/Iapupyem
KaK BEepIIMHBI BTOPOrO THIIA.

[TocTpoeHre BBIMIPBINIHON CTPATErHH B WIPE HA KOHEYHOM JepeBe (M TeM CaMbIM
JIOKA3aTeTbCTBO TEOPEMBI) 3aBEPIIEHO.

6 O HepaBHOMEpPHBIX Mepax

CynepMapTHHIAIB COOTBETCTBYIOT H3MEHEHUIO KAHUTAJIA B X0J€e UrPbl. /0 cuX mop MbI
IpealoJaraJ/in, 4To ur'pa UCIOJIb3yeT CUMMETPpUYIHYIO MOHETY, U TOI'/la CTaBKa Ha yI'aJdaH-
HbIiT OUT y/BauBaercs. Kcjim MoHeTa 1pejiiojiaraeTcsd HeCUMMETPUYHOR, TO U IPABUJIA UT-
Pbl A0JI2KHbI COOTBETCTBEHHO U3MEHUTLCA: MEHEe BepOHTHbII'7I nCxXonq ﬂaéT 60ﬂbﬂlee yBeJiu-
YeHHe CTABKU. DTO OTPAKEHO B OMPEICICHIH CyllepMAPTHHTIATA OTHOCUTEIBHO 33/ [aHHO
Mepbl. Heorpunarenbuas GyHKIMs (1 HA JIBOMYHBIX CJIOBAX HA3BIBACTCSH (BEPOATHOCTHOI )
mepoti, ecmu p(A) =1 (pme A — mycroe cioBo) u

() = p(a0) + (1)

Juist Jiioboro . Cynepmapmunzanom omHOCUMEAbHO [L HA3BIBAETCS HEOTPUIATETbHAs
dyHKIMS M HA JIBOUYHBIX CJI0BaX, JIJI KOTOPOH

1(z0)
()

m(z) = m(x0) + m(xl)

npu Beex z. (g paBHOMepHO#N Mepbl, e A(z) = 27" i cJI0Ba & JJIHHBL N, MOy IaeM
IpezKHee OIpeJiesIeHne. )

Kora roBopsT 0 1mepeducimMbiX CHH3Y CylepMapTHHTAJIAX, OOBITHO MPEN0IAraioT,
9TO Mepa (i BBIYUCIUMA. B 3TOM cjydae COXpaHsieT CHJIy KPUTepuil CaydaiHOCTH 110
Maprun-JIépy B TepMuHAX HEPEUUCTUMbBIX CHU3Y CYIIEPMAPTUHIAJIOB.

OcHOBHOI pe3ylbTaT 3TOil cTaThu OBLT CHOPMYJIHPOBAH I CJOy4Yas PABHOMEPHOM
MepbI, HO OH IEePEHOCUTCS U Ha 0oJiee TMHUPOKUl KIACC BBIYHCIUMBIX Mep:

Teopema. I[lycmds (i — 6b1MUCAUMAA MEPA, OAA KOMOPOT YCAOBHBLE BEPOAMHOCTU 1O~
ABNEHUA HYAA U eOUHULDBL NOCAE A100020 CA06a T 0MIeNeHbL O HYAA, MO ECMb HE MEHLULE
HEKOMOPO20 NONOAHCUMENLHO20 £, He 3asucaule2o om x. Tozda natioémces nocaedosameny-
HOCb, HE CAYYATHAA N0 MePE (L, Ha KOMopol ozpanuyder A1000T nepevuciumsll cHu3Yy
CYNEPMaApmMur2an, Jeaaowuti cmasky moabKo HG YEMHLLT UYL TOALKO HG HEWEMHBIL
x0daz.

Jloka3aTeibCTBO CIeyeT TOi XKe cXeme, TOJbKO Ha/I0 U3MEHUTh YUCJCHHBIE 3HATCHUSI
apaMeTPOB BLIUIPHINIA HA KOHEYHOM JIEPEBE, & TAKKe MOJXO/SIINM 00pa30M BbIOUPATDH
nyrh Ag, A1, Ag, ... )it BBIUTPBIIIHO CTpATErnu.
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