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Abstract. A trajectory attractor 2 is constructed for the 2D Euler system containing an
additional dissipation term —ru,r > 0, with periodic boundary conditions. The corresponding
dissipative 2D Navier—Stokes system with the same term —ru and with viscosity v > 0
also has a trajectory attractor, .. Such systems model large-scale geophysical processes
in atmosphere and ocean (see [1]). We prove that A, — 2 as v — 0+ in the corresponding
metric space. Moreover, we establish the existence of the minimal limit 2,,;,, of the trajectory
attractors 2, as v — 0+. We prove that i, is a connected invariant subset of 2. The
connectedness problem for the trajectory attractor 2 by itself remains open.
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INTRODUCTION

In the present paper, we construct a trajectory attractor 2 for the 2D Euler system containing
an additional dissipative term —ru,r > 0, and equipped with periodic boundary conditions. Here
u = (u'(z,t),u?(x,t)) stands for the unknown periodic velocity vector field. Such systems come from
geophysical models describing large-scale processes in atmosphere and ocean. The term —ru pa-
rameterizes the main dissipation occurring in the planetary boundary layer (see, e.g., [1, Chap. 4]).

We also construct a trajectory attractor A, for the 2D Navier—Stokes system with the same dissi-
pation term —ru and with viscosity coefficient v. In the above geophysical models, the viscosity term
vAu is responsible for small-scale dissipation (note that 0 < v < r in physically relevant cases).

We prove that the Hausdorff deviation of the set 2, from the set 2 (in the corresponding metric
space with metric p(-,-)) tends to zero as the viscosity v vanishes,

dist,(A,,A) -0 as v — 0+.

We also study some important properties of the trajectory attractors 2 and 2, specified below.

Note that 2D Euler and Navier—Stokes systems with dissipation were considered in a number of
papers (see, e.g., [2-4] for the 2D Euler system and [5-7] for the 2D Navier—Stokes system).

The method of trajectory attractors for evolution partial differential equations was developed
n [8-11]. This approach is highly fruitful in the study of the long-time behavior of solutions to
evolution equations for which the uniqueness theorem related to the corresponding initial-value
problem is not proved yet (e.g., for the 3D Navier—Stokes system) or fails.

The paper is organized as follows. In Section 1, we study the dissipative 2D Euler system with
periodic boundary conditions. Using the Galerkin method, we prove that the initial-value problem
for this system has at least one weak distribution solution u(z,t) such that u(z,t) € Loo(Ry; H')
and Oyu(z,t) € Loo(Ry; H™1). Here H' stands for the space of periodic solenoidal vector fields with
finite Sobolev H!-norm and the space H~! = (H')* for the dual to H'. Moreover, the solution
u(z,t) thus constructed satisfies the corresponding energy inequality (see the next paragraph),
which is of importance in our subsequent study. Note that the uniqueness theorem for weak solutions
to the 2D Euler system in the class Lo, (R, ; H') is not proved.
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TRAJECTORY ATTRACTORS FOR 2D EULER AND NAVIER-STOKES EQUATIONS 157

In Section 2, we construct a trajectory attractor for the 2D dissipative Euler system (note that
we failed to construct a trajectory attractor for the classical 2D Euler system without dissipation,
for 7 = 0). We define spaces F5° and F1°¢ (F5° C F°°), which contain the weak solutions u(x,t)
constructed in Section 2. We then introduce the space of trajectories (solutions) K (N) C Fg°
depending on N > 0. The set K (/N) consists of the weak solutions w(z,t) of the system that
satisfy the inequality

esssup {|[u(,t+s)[> [ s >0} < Ne ™ +r7Yg|* VteRy,

where ||| := ||| 1 stands for the norm in H' and g is the (known) external force for the dissi-
pative Euler system. The space f}fc is equipped with the weak topology @lfc generated by the
weak convergence of sequences {v,(z,t)} C F}°°. We prove that the trajectory space K (N) is
bounded in F§° and closed in the topology @Lﬁc. This theorem is very important in the subsequent
investigations. Consider the translation semigroup {T'(h),h > 0} acting on a solution u(x,t) by
the formula T'(h)u(x,t) = u(x, h + t). It follows from the definition of the trajectory space that
K4+ (N) is invariant under {T'(h)} : T'(h)K4+(N) C K4 (N) for all A > 0. Using these facts and ap-
plying the theory of trajectory attractors, we prove that the translation semigroup {T'(h)} acting
on K4 (V) has a global attractor, 2(N'), which we call the trajectory attractor of the system. Recall
that T'(h)A(N) = A(N) for any h > 0. We then prove that the set 2A(N) does not depend on N,
A(N) =2A(0) =: 2, for any N > 0.

In Sections 3 and 4, we study the dissipative 2D Navier—Stokes system with periodic bound-
ary conditions which contains an additional term —rw, r > 0. The corresponding initial-value
problem is well-posed, and we construct a trajectory attractor 2, for this system. We prove that
dist,(2A,,2A) — 0 as v — 0+.

In Section 5, we prove the existence of the minimal limit 2l,,;, of the trajectory attractors 2,
as v — 0+, i.e., Apin € A, A, is closed in @lfr’c, dist,(Ay, Amin) — 0 as v — 04, and Ay, is the
minimal set satisfying these properties. We prove that the set i, is connected in the topology
@L‘gc and strictly invariant with respect to the translation semigroup. The question of whether or

not the trajectory attractor 2 by itself is a connected set in @1“ remains an open problem.

1. 2D EULER EQUATIONS WITH DISSIPATION
We consider the 2D Euler system with dissipation represented in the solenoidal form,
Owu + B(u,u) +ru = g(v), x = (v1,22) € T?, (1.1)
(V,u) := 0y, ut + 0p,u? =0, u= (u'(z,t),u*(x,t), t=0,
where T2 = (R mod 2r)? is the 2D torus and B(u,v) = P (u'dy, v + u?0y,v) is the standard bilin-

ear term. Here and below, P stands for the orthogonal Leray projection from the space Lo (T?)? onto
= [{v e C=(T?)? | (V,v) = 0}] Lo(T2)2 ([X] g stands for the closure of the set X in the topolog-

ical space E). We similarly introduce the space H* = [{v € C>*(T?)? | (V,v) = O}]Hl(W)? e H
and the standard scale of spaces H®, s € R, where H® = H and H~° = (H®)" is the dual space

to H® s > 0. The norms in H and H' are denoted by | - | and || - ||, respectively. Recall that,
for u satisfying (V,u) = 0y, u' + 0,,u? = 0, we formally have!
B(u,v) = P (u'0p,v 4+ u05,v) = P (9y, (u'v) + 05, (u?v)). (1.2)

In (1.1), r is a positive dissipation coefficient. The pressure p(z,t) was eliminated from the system
by applying the operator P to both sides of the equations. We assume that g(x) € H*.

Note that the 2D Euler system with dissipation (1.1) was studied in a number of papers (see,
e.g., [2-4]). System (1.1) describes large-scale geophysical processes in atmosphere and ocean for
which the main dissipation occurs in the planetary boundary layer and is parameterized by the
term —ru (see, e.g., [1, Chap. 4]).

INote that B(u,v) € H for u,v € H? by the Gagliardo-Nirenberg inequality (see, e.g., [12]). Moreover, the trilinear
form (B(u,v),w) is continuous on H! x H' x H', and therefore B(u,v) € H™! for u,v € H'.
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The initial data are imposed at time ¢ = 0,
uli=0 = up(7), ug(x) € H'. (1.3)
The existence of a weak distribution solution {u(z,t),t € R, } to problem (1.1) and (1.3) can be
proved, for example, by applying the Galerkin approximation method.
Consider the orthonormal basis (in H) {e;(z) = (e}(x),€3(z)) € H?, j =1,2,...} formed by
eigenfunctions of the Stokes operator,
—PAej(z) = Njej(z), (V,e;)=0, zeT? j=0,1,2,... (1.4)

We shall use the well known fact that the Stokes operator satisfies the relation —PA = —A in the
spaces H? with periodic boundary conditions (see, e.g., [13]). Recall that eg(z) = eg is a constant
vector and 0 = A9 < Ay < Ay <--- < A\j — 400 as j — oo.

The Galerkin approximations

U (,8) = Y eim(Dej(z), m=1,...,
j=0

satisfy the system
atum + HmB(uma um) + ruy, = Hva (15)

which is equivalent to the corresponding system of ordinary differential equations for the unknown
real coefficients ¢, (t), 7 = 0,1,...,m. In (1.5), II,,, stands for the orthogonal projection in H onto
the finite-dimensional subspace [eg (), ..., em(z)]. At time ¢t = 0, we consider the initial conditions

um|t:0 = um(o) = Hm’LL(], (16)

where v is the same as in (1.3).

Clearly, problem (1.5) and (1.6) has a unique solution wu,,(z,t) € C([0,T,]; H?) for some
T, > 0. Taking the scalar product (in H) of equation (1.5) and the function w,,(t) := u,, (-, ), we
obtain the following differential equation:

o (O 4 7 (O = (0,000(1)) V1 € [0,T,0] (17)
We have used here the well-known identity
(B(u,u),u) =0, ue H. (1.8)
Recall that |- | = || - ||z, r2)2-

The differential relation (1.7) implies the inequality
[ (8)* < Jun (0)* ™ 77 g < Juol* ™ 77 g VE € [0, ). (1.9)

Taking the inner product of equation (1.5) and —PAu,, = —Au,, in the space H and using the
standard identities —(tp, Atim) = |Vtm|? and —(g, At,) = (Vg, Vi, ), we obtain

1d
ST (Vi (8)]° = (Bt ) Atis) + 7 [V () = (Vg, Vi (t)) Yt € [0, T;0). (1.10)
As is known, for periodic boundary conditions (z € T?), we have

(B(u,u),Au) =0 Yue H? (1.11)

(see [13, Chap. VI, Lemma 3.1] and [4]). This identity plays a crucial role in our subsequent
investigation.

It follows from (1.10) and (1.11) that
1d
2dt

In turn, (1.12) yields

(Vim0 + 7 [V (6)]? = (Vg, Vun () V€ [0,T),]. (1.12)

IVt ()] < [Vum(0)]2 e + =1 |Vg|* Vit e [0,Th). (1.13)
RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 15 No. 2 2008
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Now, combining inequalities (1.9) and (1.13), we obtain the main estimate
2 2 _ - 2 _ _
[um (O < [um )17 e +r7Hgl* < Jluoll” e + 77| g||? (1.14)

for all t € [0, Ty,], where [|v]|> = ||v]|3: = [v]* +|Vv|*. Tt follows from (1.14) that a solution w,, (z, t)
to problem (1.5) and (1.6) can be extended to Ry (i.e., T}, = +0), um(z,t) € C}(R4; H'), and

um 7, oy = esssup {[[um @) [ £ = 0} < [luol|* +r~|g]> ¥m e N. (1.15)
Since ug € H?, the initial data for system (1.5) satisfy the relation
U (0) = M,pug — ug (M — 00)  strongly in  H*. (1.16)
Inequality (1.15) implies the existence of a subsequence {m’} C {m} such that
Upy (1) — u(-,t)  (m' — o0)  s-weakly in  LY°¢(R; H') (1.17)
for some function u(x,t) € Lo (R ; HY).

We claim that u(z,t) is a weak solution to problem (1.1), (1.3) in the sense of distributions

(for the space D'(R ; H~1')). Indeed, using the Galerkin system (1.5) and estimate (1.14), we can
see that

2
100t < 1B s )l g1+ it 4+ gl < C (N2 s + i s + Nl )

<1 (Jluollf + gt +1), ¢>o. (1.18)
We have used here the inequality
1B (thm )| -1 < |’Um”2L4(11~2)27 (1.19)
which follows from the representation (1.2) of the bilinear term B, and the inequality
[l (z2ye < cllull® Vue HY, (1.20)

which results from the embedding H! C L,(T?)2.
Relations (1.17) and (1.18) give

Oty (1) — Oyu(-,t)  (m' — o0)  x-weakly in L%¢(R,; H™1). (1.21)
Using now (1.17), (1.21), and the Aubin compactness theorem (see [14, 15, 16]), we obtain
Upy (1) — u(-,t)  (m' — 00) strongly in  L°¢(Ry; H). (1.22)
It follows from (1.21) and (1.22) (by using the routine argument similar to [12, 16, 17]) that
Bt ) — B(u,u)  (m' — 00)  s-weakly in LR, ; H™1). (1.23)

Now, with regard to relations (1.17), (1.21), and (1.23), we can pass to the limit as m’ — oo in
equation (1.5) in the space of distributions D'(R,; H~1) (see [16]), which shows that the function
u(x,t) is a weak distribution solution of equation (1.1) in the space D’(R,; H 1), and it follows
from (1.16) that u(x,t) satisfies the initial condition (1.3). Finally, we see from inequality (1.14)
that the limit function u(x,t) satisfies the estimate

ess sup {HU(t +)|* s> 0} < Ju(0))* e + M gl* Vit € Ry (1.24)

Proposition 1.1. For every ug(xz) € H*, problem (1.1), (1.3) has a weak distribution solution
u(z,t) € Loo(Ry; HY) satisfying (1.24).

Remark 1.1. Any weak solution u(z,t) € Lo(R4;H?') to problem (1.1), (1.3) satisfies the
energy identity
1d

2dt
where the function |u(t)|” is absolutely continuous (cf. (1.7)). However, a similar identity (see (1.12))

for the enstrophy function [Vu(t)|®, t > 0 (or an inequality of the form (1.13) which follows from
this identity), fails since the weak distribution solution is insufficiently smooth.

u(@)* + 7 Ju(®)* = (g,u(t)) Vt=0,

RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 15 No. 2 2008
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Remark 1.2. The uniqueness problem for a solution to (1.1),(1.3) in the weak class L., (R, ; HY)
remains open. We face here a similar situation for the classical conservative 2D Euler system (1.1)
with 7 = 0 for which existence and uniqueness theorems are proved in the class of functions u(z, t)
having the vortex V x u := 0, u? — 9,,u’ € Loo(Ry; Loo(T?)) if V X ug € Loo(T?) (see [18, 19]).
These results can be extended to equations (1.1) with » > 0. However, in the next section, we show
that no uniqueness theorem is needed in the study of trajectory attractors for the 2D Euler system
with dissipation (1.1).

2. TRAJECTORY ATTRACTOR OF THE EULER EQUATIONS WITH DISSIPATION

Introduce the spaces F5° and F ¢,

Fr={v(x,t), z€T*teR; |vE L(Ry; H'), O € Loo(R; H 1)}, (2.1)
FPe={v(x,t), ve TRt e Ry |v e LRy HY), v € LRy H 1)}

Recall that 2(t) € LI%(Ry; E) if and only if 2(t) € Lo (0, M; E) for every M > 0. It is clear
that F¢° C F +1°C. The space ffc is equipped with the topology @$C generated by the following
weak convergence of sequences {v,(z,t)} C FI°° : by definition, v, () — v(-) (n — 00) in the
topology ©'¢¢ if, for every M > 0, we have v, (z,t) — v(z,t) (n — 00) *weakly in Lo (0,M;H")
and Oy, (z,t) — O (z,t) (n — o0o) *+weakly in Lo (0, M; H1).

Note that @lfr’c N ffc is a Fréchet—Uryhson Hausdorff space with a countable base. Moreover,
every ball B(0,R) = {v € F&| Hvar, < R} in F$° is a compact set in the weak topology ©'¢°.

Therefore, the topology @loc is metrizable on any ball B(0, R) (see, e.g., [20, 11]). The corresponding
metric is denoted by p(-, ) In fact, the metric p(-,-) = pgr(-,-) depends on R. However, for any
R; > R, the metric pRl(-,-), regarded as a metric on B(0,R) C B(0,R;), is equivalent to the
metric pg(-,-). Therefore, we can omit the index R in p. Note again that the topology @fc is not
metrizable on the whole space f}fc or F°.

Now let us define the trajectory space K, (N) for equation (1.1) in dependence on N > 0. By
definition, a function u(x,t) € F2° belongs to I (N) if (i) it is a distribution solution to equation
(1.1) in the space D'(Ry; H~1) and (ii) u(x,t) satisfies the inequality

esssup {|[u(t +s)[|* | s >0} < Ne "™ +r7|g|* VteR,. (2.2)

The space K (N) is nonempty for any N > 0. Indeed, if ug € H! and [uo||* < N, then a (possibly
nonunique) Galerkin weak solution u(z, t) (1.1) and (1.3) with spe01ﬁed initial data ug (see
Proposition 1.1) is a distribution solution to (1.1) in D'(R,; H~') and satisfies inequality (2.2) (see

(1.24) and note that ||lug|® < N). Therefore, u(z,t) belongs to K, (N).

Proposition 2.1. For any fized N > 0, the space K (N) is bounded in F3° and closed in the
topology GIJ?C.

Proof. The boundedness of K (V) in F$° follows from estimate (2.2) for ¢ = 0 and for the
following inequality similar to (1.18):

HatuHLoo(R_‘_;H*l) < ||B(u’u)||Loo(R+;H*1) +r ||u||LOO(R+;H*1) + llgllz—

<O (Il ooy + Il sy + lgl)
<O (g + gl + 1) (2:3)
<Cy (N+7r7Ygll> + llgl* +1) = C1N + Ry. (2.4)

Combining (2.4) and (2.2) for ¢t = 0, we see that K (N) is bounded in F%°.
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We now claim that K (N) is closed in ©'¢. Let {uy(z,t)} be a sequence in K4 (N) and let
up — w (k — oo) in ©'Y° for some w € F°, ie.,

ug (-, t) — w(-,t) (k — 00) *-weakly in Lo (0,M; H'), (2.5)
Opup(,t) — Oyw(-,t) (k — o0) sx-weakly in Lo (0, M; H™') VM > 0. (2.6)

In particular, {uy} is bounded in F$°. We claim that w € K4 (V). The functions wuy(z,t) satisfy
the equations
Opuy + B(ug,ug) + rug = g(z), (V,ur) =0. (2.7)

Let us show first that w is a weak distribution solution of system (1.1). Choose an arbitrary
M > 0. Using (2.5) and (2.6), applying the Aubin compactness theorem (see [14-16]), and passing
to a subsequence of {uy} (for which we preserve the notation {ux}), we may assume that

up(t) — w(t) (k— oo) strongly in Lo(0,M; H). (2.8)
Recall that Ly (0, M; H) C Lo(T? x [0, M])?, and therefore we may also assume that
ug(z,t) — w(z,t) (k—o0) forae. (z,t) € T?x[0,M]. (2.9)
Let us now study the behavior of the term B(uy,uy) in (2.7). Identity (1.2) yields
Blug,ug) = P [0y, (upur) + 0py (upus)] - (2.10)
It follows from (2.9) that, for j = 1,2,
wl (, )y (z,t) — w (z, )w(z,t) (k—oc) forae. (z,t) € T2 x [0, M]. (2.11)
Recall that {u,} is bounded in L (0, M; H'). Hence, by inequality (1.20),
{uluz} is bounded in Lo (0, M; H) (2.12)

and in Lo (T? x [0, M])? as well. Applying the known lemma on the weak convergence (see [16]), we
conclude from (2.11) and (2.12) that

ul(tun(t) — w (hw(t) (k= o)
weakly in Ly(T? x [0, M])? and s=weakly in L, (0, M; H) since (2.12) holds. Therefore, due to (2.10),
B(uy(t),ur(t)) — B(w(t),w(t)) (k— o0) s-weakly in Lo (0, M;H1). (2.13)

We now see that, by (2.5), (2.6), and (2.13), we can pass to the limit as k — oo in each term of

equation (2.7) in the distribution space D’(0, M; H~!) and find that the function w(z,t) satisfies
the equation
dw + B(w,w) + rw = g(x), (V,w) =0.

Since the number M was arbitrary, the function w(z,t) is a weak distribution solution of (1.1) in
the space D'(R; H1).

Second, let us prove that w(z,t) satisfies inequality (2.2). Recall that any wug(z,t) belongs to
K4+ (N), and thus ug(x,t) satisfies the inequality

|lug (t + -)||im(R+;H1) =esssup {[[ux(t+5)|* | s >0} < Ne "™ +r7Hg|*> VteRy. (2.14)
It follows from (2.5) that, for all t > 0
2 o 2
lw(t + )7 &, .m) < hknlg;f e+ 7w
and hence (with regard to (2.14))
esssup {|w(t + s)[|> | s > 0} < Ne™ " +r7Y|g|> VteR,.

We have thus proved that w € K4 (N), and hence K1 (N) as well, is closed in ©'°¢. This proves
Proposition 2.1.
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As was noted above, the topology @fc is metrizable on any bounded set of the space Fi°.

Therefore, by Proposition 2.2, the space K (N) equipped with the topology @$C is metrizable and
compact.

Consider the translation semigroup {T'(h)} := {T'(h),h > 0} acting on the spaces F5° and F°°
(

by the formula T'(h)v(t) = v(t + h). The semigroup {T'(h)} clearly acts on the trajectory space
K+ (N) of equation (1.1). Note that

T(h)K,(N) C K4 (N) VYh > 0. (2.15)

Indeed, if u(t) € K4 (N), then the function T'(h)u(t) = u(t + h),t > 0, is a weak solution of (1.1)
as well because (1.1) is autonomous. Moreover, since u(t) satisfies inequality (2.2), we see that, for
all h >0,

esssup { [u(t +h+ )] | s >0} < Ne7"0H) 407162 < Ne7™ 4771 g%, (2.16)

and hence T'(h)u(t) also satisfies (2.2), i.e., T'(h)u € K (N), and the proof of (2.15) is completed.

Proposition 2.1 and Eq. (2.15) imply that the translation semigroup {T'(h)} acts on the compact
metric space K4 (N). It can readily be seen that the semigroup {T'(h)} is continuous on F'°° (and
hence on K, (N)) in the topology @Lﬁc. These facts imply that the semigroup {T'(h)}|x, () has a

global attractor A(N) C K, (), which is referred to as the trajectory attractor of equation (1.1)
(see [9, 11]). Recall that

AN) = () [U T(h)m(N)] . (2.17)

020 -h>6

The set A(N) is strictly invariant with respect to {T'(h)} : T'(h)A(N) = A(N) for all h > 0, and,
for any trajectory set B C K, (N), the Hausdorff deviation satisfies the relation

dist,(T(R)B,A(N)) — 0 (h — +00) (2.18)

(see, e.g., [21, 13, 11]). Recall that the Hausdorff deviation of a set X from a set Y in a Banach
space F is the quantity

distg(X,Y) := sup distg(z,Y) = sup inf ||z — y|&. (2.19)
zeX z€X YEY

Proposition 2.2. The trajectory attractor A(N) does not depend on N, A(N) = A for all
N >0, and
dist,(T'(h)B,A) - 0 (h — 4+00) VB C K, (N). (2.20)

Moreover, 2 C K,(0), i.e.,

a7 gy = esssup {lu(s)* [ 5> 0} <77 lgl? Vu €2t (2.21)

Proof. It follows from the definition of K4 (N) that K4 (N) C K4 (Ny) for any Ny > N. There-
fore, formula (2.17) implies that 2(N) C 2A(N;) for Ny > N. At the same time, we can see from
inequality (2.2) that T'(h)K,(Ny) C K4 (N) for any h > r~1In(N;/N). Using (2.17) once again
yields 2(Ny) C A(N) for any N7 > N. We conclude that A(N;) = A(N) for N; > N. In particular,
A(N) =2(0) C £4(0), and (2.21) is also established.

Using (2.21) and (2.3), we obtain the following assertion.
Corollary 2.1. For any u € U, the following inequalities hold:

2 _
1O oy < 77 lgll, (2.22)
10l gy -1y < C1 (L +77)gl? +1). (2.23)
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Now let us define the space F°° similarly to F¢° (replacing Ry by R in (2.1)), and let II be
the operator of restriction to the semiaxis R .

The kernel K of system (1.1) consists of all functions {u(z,t), t € R} € F*° which are bounded
(in H') complete weak distribution solutions of (1.1) on the entire time axis R which satisfy the
inequality

w7 rorry = esssup {Ju(9)[* | s € R} <r7Hgl® Vue K. (2.24)

Proposition 2.3. The attractor A coincides with the set 11, KC,
A=1IL K (2.25)
where K is the kernel of (1.1) in the space F°.

Proof. Let u(-) € K. We claim that II;u € 2. Consider the set B, = {Il u(h +-) | h € R}.
Each function IIyu(h +t),t > 0, is clearly a weak solution of (1.1), and it follows from (2.24)
that B, € K4 (0). Moreover, the set B is strictly invariant with respect to the semigroup {T'(h)} :
T(h)B, = B, for all h > 0. Therefore, B, C 4(0) = 2, and thus II, C 2. Let us prove the
converse inclusion. We must prove that any solution wu(t),t > 0, belonging to 2 can be extended to
the negative semiaxis as a weak solution satisfying (2.24). Indeed, since 2 is strictly invariant, there
is a function uq (t),t > 0, such that u; € A C K4 (0) and T'(1)uq (t) = u(t), i.e., ur(t +1) = u(t) for
any t > 0. We now set @(t) = uy(t + 1) for t > —1. Then a(t) is a solution of (1.1), a(t) = wu(t)
for t > —1, and

esssup {[[a()]2 | £ > ~1} < "]

Continuing this procedure for u; instead of u, we extend wu(t) as a solution to the sets t > —2,
t > —3, etc. As a result, we obtain a complete weak solution u(t),t € R, of (1.1) satisfying the
inequality

esssup {[|a(t)|* |t € R} <~ Hglf?,

ie, u € K, and 11, @ = u. Hence, A C I1. K, and identity (2.25) is proved.

Remark 2.1. The following embedding is continuous:
e N Fe C O (Ry; HY) Y6 €[0,1]
(see [16, 11]). The trajectory attractor 2 = IIL K satisfies (2.20) and hence
diStC([07M};H5)(T(h)B,Ql) — 0 (h — +OO),

for any set B € K1 (N), where M is an arbitrary positive number (see the definition of distg(-,-)
in (2.19)).

Remark 2.2. In the case of g = 0, it follows from (2.25) and (2.24) that the trajectory attractor
of (1.1) is trivial, 2 = {0}. Moreover, by (2.2), every weak solution to (1.1) tends to the zero solution
exponentially.

3. DISSIPATIVE 2D NAVIER-STOKES SYSTEM AND
LIMITS OF ITS SOLUTIONS AS VISCOSITY VANISHES

Consider the following 2D Navier—Stokes system with the dissipation term —ru and with viscosity
v>0:
O+ B(u,u) — vAu+ru=g(x), (V,u)=0, z=(x1,22)€T? t>0. (3.1)

Here the notation is the same as that for the Euler system with dissipation (1.1) treated in Section 1.
The pressure p(z,t) is eliminated from the system by applying the Leray operator P.

System (3.1) also has a geophysical interpretation (see [1]). The essential dissipation occurs in the
planetary boundary layer described by the term —ru, whereas the viscosity term vAw is responsible
for small-scale dissipation (note that 0 < v < r in physically relevant cases).
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Remark 3.1. Studying the classical Navier—Stokes system with viscosity v > 0 (at » = 0) and
with periodic boundary conditions, one usually assumes that the functions u and g have zero means
over the torus T2, in order to avoid any linear growth of the solutions. For r > 0, this assumption
can be dropped since the term —ru introduces an additional dissipation.

As is well known, the Cauchy problem (3.1), (1.3) is uniquely solvable. Moreover, for ug € H?,
the corresponding solution wu(x,t) belongs to the class Cyp(R,; H') N L(Ry; H?), and we have
Oyu € LY(R,; H). Thus, the solution is strong (see [5-7]; the case r = 0 is considered, e.g., in [17, 13,
21, 11, 22, 9]). Note that the dissipative term —ru does not influence in this result. Moreover, any
solution u(z,t) to problem (3.1), (1.3) satisfies the following identities:

%% () + v V(@) + 7 [u(t)]* = (g,u(t)), (3.2)
%% IVu®)® + v |Au®)]? + 7 |Vu®)]* = (Vg, Vu(t)), (3.3)

which are analogous to the identities known for the standard 2D Navier—Stokes system with r = 0
(see, e.g., [13, 21, 11, 22]). Identities (1.8) and (1.11) are used in the proof of (3.2) and (3.3).

Identities (3.2) and (3.3) imply the following inequality:

d _
pr la(@®)I* + 7 u(@) I + 20 [Va(t)]* + 20 |Au(t)]* < 77 |gll. (3.4)

Omitting the terms containing the coefficient v, here we obtain the inequality
2 2 _
lu()1" < lluoll” e + 77 |g]1?, (3.5)

similar to inequality (1.14). Recall that [|v]|> = [Vo|* + |[v]* = [Jv]| 3 -
Integrating (3.4) over [t,t + 1] and using (3.5), we obtain

t+1
2V/ Au(s)[2 ds < [JupZ e~ + 20— g]2. (3.6)
t

It follows from (3.1) that
10(t) -+ < B, ulEDl s+ 7 [l s + v )l 1 + gl
< C (@7 g2 + @)l +llgll) < Cr (el +lgl2+1),  (3.7)

where the constant C; depends on r and does not depend on v, 0 < v < 1. The proof of (3.7) is
similar to that of (1.18) and (2.4) and uses inequalities (1.19) and (1.20). Now, by (3.5), we can
conclude that

J0u®)ll -2 < Cr (Jluoll® e + (L4771 gl +1). (3:8)

Remark 3.2. Note that the constants on the right-hand sides of inequalities (3.5), (3.6), and
(3.8) do not depend on v, 0 < v < 1. These estimates are similar to the inequalities established in
Sections 1 and 2 for the weak solutions of the 2D Euler equation with dissipation.

Let us now study the behavior of solutions of system (3.1) as v — 0+.

Let {u,(z,t), 0 < v < 1} be a family of solutions to the dissipative 2D Navier-Stokes system
(3.1) such that

|’u1/(')HLOO(R+;H1) < M, Hatul/(')HLoo(R+;H*1) < M. (3.9)

Using (3.5) and (3.8), we see that property (3.9) holds if the initial data wg for system (3.1)
satisfy the inequality
[, (0)]] < m (3.10)

and M = M (m) is sufficiently large.
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Theorem 3.1. Consider a sequence of solutions {u,, (z,t), 0 < vp < 1} to (3.1) that satisfy
(3.9). Assume that v, — 0+ as k — oo. Then there is a subsequence {vi} C {vi} such that

Uy, () —w() as kK —oo in OFF (3.11)

where w(z,t) is a weak solution to the 2D Euler equation with dissipation (1.1) and w € K4 (M).
Proof. The function u,, (x,t) satisfies the equation

Oyuy, + B(uy, ,uy, ) — vAu,, + ru,, = g(x). (3.12)

The sequence {u,, (z,t)} is weakly compact in ©'°° since it satisfies (3.9), and therefore contains a
convergent subsequence {u,,, (z,t)},

u,, () = w() as K —oo in OFF

for some w(-) € F{°, ie.,

Uy, (+) — w() (' — 00) #-weakly in L%¢(R; H'), (3.13)
O, (1) — Qpw(-t) (K — o0) s-weakly in LRy H ). (3.14)

Following the lines of reasoning in the proof of Proposition 2.1 (from formula (2.5) to formula
(2.13)), we obtain

B(uy,, (t), uy,, (1) = B(w(t),w(t)) (K —oc) *-weaklyin LR°(Ry;H ™). (3.15)
Consider the term vAu,, in equation (3.12). By estimate (3.9), we have
”VkAqu(')|’LOO(R+;H*1) <l Hullk(')|’Lm(R+;H1) SvCM — 0 (v — 0+), (3.16)

or, equivalently,
vAu,, (-) — 0 strongly in LR, ; H™'). (3.17)

Combining relations (3.13), (3.14), (3.15), and (3.17), we can pass to the limit in equation (3.12)
as k' — oo in the distribution space D'(R,; H~!) and see that the function w(x,t) satisfies the
equation

Orw + B(w,w) +rw = g(-)

in the distribution sense, i.e., w is a weak solution to (1.1).
It remains to show that w(x,t) € K, (M). Since u,(-) € C*(Ry; H'), it follows from (3.9) that

[, ()] < M

Each function u,, (z,t) satisfies inequality (3.5),
esssup {||uy, (t+ 8)[|> | 8 = 0} < [Juy, (0 NP e +r~gl|? < Me™"t +r~Y|g|)?
(see also (3.9)). Since
lwt + )17 (RysHY) S hmmf”“zjk (t+ )HLOO(R_,_ JH)
(see (3.13)), we have
esssup {||w(t + s)[|* | s = 0} < Me ™ +r7Y||g|* VteRy,
and therefore w € K (M).
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4. CONVERGENCE OF THE TRAJECTORY ATTRACTORS OF
THE DISSIPATIVE 2D NAVIER-STOKES SYSTEM AS v — 0+

In this section, we study the relationship between the trajectory attractor 2, of the dissipative
2D Navier—Stokes system (3.1) as v — 0+ and the trajectory attractor 2 of the 2D Euler equations
(1.1) with dissipation.

Similarly to Section 2, we consider the trajectory space

KY C Co(Ry; HY N LRy H?) € FP (4.1)
of system (3.1) with a chosen viscosity coefficient v > 0. By definition, K% consists of all solutions
u(x,t), t > 0, to this system with initial data ug = u(0) € H'. The spaces foo,ffc, and @L‘gc were
defined in Section 2. The trajectory space K is closed in @Lfc.

The translation semigroup {T'(h)} acts on the trajectory space K4 by the usual formula
T(h)u(t) = u(t + h). It is clear that T'(h)KY C KY for any h > 0. We claim that the transla-
tion semigroup {7'(h)} acting on K% has a trajectory attractor, 2, C K%, which attracts bounded
(in F5°) families of solutions to system (3.1) in the topology ©'°¢. (See a similar proof in [11, 22]
in the case of r = 0 and Section 2 for v = 0.)

Recall that the set 2, is strictly invariant with respect to {T'(h)},

T(R)A, =2A, Vh >0, (4.2)
and, for any bounded (in F3°) set B, C K, we have
dist,,(T(h)B,,2,) — 0 (h — +00), (4.3)

where p is a metric generating the topology @fc on a ball in F2° containing B, (see Section 2).
Using inequalities (3.5), (3.6), and (3.8), we obtain the following assertion.

Proposition 4.1. The trajectory attractors A, are uniformly bounded for 0 < v < 1 in the
space F$° and, for any u, € 2, we have

rgll?, (4.4)
Cr (L4 Hlgl* +1), (4.5)

||uV(')||LOO(R+;H1)

NN

Hatuu(')HLoo(R_,_;H*U

t+1 2 1 2

y / |Au, (s)[> ds < v 1|g]|?.
t

Comparing Corollary 2.1 and Proposition 4.1, we see that the trajectory attractor 2 of the
2D Euler equations (1.1) with dissipation and the trajectory attractors 2, of the dissipative
2D Navier—Stokes system (3.1) belong to the same ball B(0, Ry) in F3° of the radius Ry, where

Rg = max {r~gl]*,C1 (1 +r"H]gl* + 1)},
A C B(0,Ry) and A, C B(0,Ry) Vv €]0,1]. (4.6)

Now let us study the Hausdorff deviation of 2, from 2l as v tends to zero in the topology @lfc
generated by the metric p described in Section 2.
The main result of this section is the following theorem.

Theorem 4.1. The trajectory attractors 2, of system (3.1) converge in metric p as v — 0+ to
the trajectory attractor A of system (1.1),

dist, (A, 2A) — 0+ as v — 0+. (4.7)
Let B, be bounded (in F3°) sets of trajectories of system (3.1),
”By”]—'io <M (O0<v<l). (4.8)
In this case,
dist,(T'(h)B,,A) -0 as v —0+ and h— +4oo. (4.9)
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Proof. It suffices to prove (4.9), which implies (4.7) if one takes B, = 2, (by property (4.2)).
Assume that relation (4.9) fails to hold. Then there is a neighborhood O(2) in ©'°¢ and two
sequences v,, and h,,, v, — 0+ and h,, — +00 as n — oo, such that

T(ha)B., ¢ O). (4.10)
Thus, there are solutions w,, € B,, such that the functions
Wl’n (t) = T(hn)wl’n (t) = wl’n (hn + t)
do not belong to O(2),
W, (t) ¢ O®l) VneN. (4.11)

Note that W,, (t) is a solution to equation (3.1) on the semiaxis [—h,,, +00) with v = v, since W, (t)
is a backward shift of w,, (t) at time h,,. Recall that equation (3.1) is autonomous. Moreover, it
follows from (4.8) that

ess SUp|[ Wy, ()| 11 + ess supl| 9y W, (s) |11 < M, (4.12)

sz—hp sz—hy,
and inequality (3.5) yields

esssup [ Wy, (5)] 1 =esssuplluw,, ()i < 1wy, )™+ 1= [lg]*< Me~"+ 7~ g2 V7 > 0.
sZ2—hp+T1 E (413)

Inequality (4.12) implies that the sequence {W,, (-)} is *-weakly compact in the space

O_ M = Lo ww(—M, M; H") N {v | 040 € Log su(—M, M; H ")}
for every M if we consider elements v, whose indices n satisfy the inequality h,, > M. Therefore,
for any chosen M > 0, we can find a subsequence {v, -} C {v,} such that {W, ,(-)} converges

weakly in ©_ s ps. Therefore, using the standard Cantor diagonal procedure, we can construct a
function W (t),t € R, and a subsequence {v,,»} C {v,} such that

W, , —W s-weakly in ©_p;p as n” — oo forany M > 0. (4.14)
For the limit function W(t),t € R, it follows from (4.12) and (4.13) that
WO pw ®mry + 10W )l Lo 1) < M, (4.15)
WOl p iy < Me™™ T +07 gl V7 > 0. (4.16)
Passing to the limit in (4.16) as 7 — oo, we obtain
Wz @y <7 llgll* (4.17)

Let us now apply Theorem 3.1, where we can assume that all the functions are defined on the
semiaxis [—M, +00) instead of [0,+00) (because the equations are autonomous). In this case, it
follows from (4.14) that W (x,t) is a weak solution of the 2D Euler system with dissipation (1.1)
for any ¢ € R and, due to (4.17), the solution W (z,t) satisfies estimate (2.24), i.e., W € K, where
K is the kernel of equation (1.1). However, II, JC = 2 (see Proposition 2.3). Thus, II. W € 2. At
the same time, we have proved that

W, , — I W in ®$C as m— o0 (4.18)
(see (4.14)). In particular, for a large n”,
W, ., € O W) C O). (4.19)

This contradicts (4.11). Therefore, (4.9) is true. Finally, to prove (4.7), we apply (4.9) for B, = 2.

Remark 4.1. Recall that ©'°° N Fl© ¢ C°°(Ry; H?),0 < § < 1, and the convergences (4.7)
and (4.9) also hold in the uniform metric C([0, M]; H°) for any M > 0 (see Remark 2.1),

diStC([OyM];Hs)(Q[V,Ql) — 0 (1/ — 04), (420)

diStC([()’M];H&)(T(h)By,Ql) — 0 (l/ — 0+, h — —I—OO) (421)

In conclusion, we formulate two propositions which follow from the well-posedness of the Cauchy
problem for the dissipative 2D Navier—Stokes system (see, e.g., [13, 21]). We use these assertions
in the next section.
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Proposition 4.2. For any v > 0, the trajectory attractor A, of equation (3.1) is connected in
the topological space @lfc N f}f’c.

loc

Proposition 4.3. The family of sets {4,,0 < v < 1} is upper semicontinuous in ©9°, i.e., for
every v, 0 < v < 1, and for any neighborhood O(2,), there is a 6 = 6(a, O) > 0 such that

A, COR,) W >0, [VV-vl <i (4.22)

5. MINIMAL LIMIT OF THE TRAJECTORY ATTRACTORS A, AS v — 0+

Let 2, be the trajectory attractor of the dissipative 2D Navier—Stokes system (3.1) for some
v > 0, and let 2 be the trajectory attractor of the Euler system (1.1) with dissipation. As was
proved above, 2,2, C By Vv € ]0,1], where By = B(0, Ry) is the ball in F? (see (4.6)) whose
radius Ry does not depend on v,

”Q[”}—i < Ry and HQ(,,Hfi <Ry Vv, O0<v<l (5.1)

Recall that the ball By is compact in the topology @5;“, and the Uryson compactness theorem
loc

implies that the subspace ByN GB?C equipped with the topology ©2° is metrizable (see [11] for more

details). Denote the corresponding metric in By N O by p(-,-) and by B, the metric space by
itself. This metric space is compact. As was proved in Theorem 4.1,

dists, (%,,2A) -0 as v — 0+, (5.2)

where distg, (-, -) stands for the Hausdorff deviation of sets in B, (see (2.19)). Note that, in fact,
the limit relation in (5.2) is stronger than that in (4.20).

Recall that the set 2 C B, is closed in B,. Let i, be the minimal closed subset of 2 which
satisfies the attracting property (5.2), i.e.,

yE}%Br dlSth (Ql,,, Q[min) = 07

and .,;, belongs to every closed subset 21" C 2l for which

. . A
V£%1+ dists, (2,,2A") = 0.

We refer to the set i, as the minimal limit of the trajectory attractors A, as v — 0+.
We claim that the set 2., exists and is unique. We have just to prove that

Unin = [ ) [ U Ql,,L. (5.3)

0<6<1 Fo<vgs p

The set on the right-hand side of (5.3) is clearly nonempty. It is easy to prove that a point w belongs
to the right-hand side of (5.3) if and only if there are w,, € 2, , where n =1,2,... and v, — 0+
as n — oo, such that p(w,, ,w) — 0 as n — oco. By (5.2), such a limit point w always belongs to
20 and, moreover, it belongs to every closed attracting set 2’. The set (5.3) is attracting for 2,
as v — 04. Indeed, assuming the converse, we see that there is a sequence w,_ € 2, such that
v, — 0+ and

dists, (wy, , Amin) = € (5.4)

for some value € > 0. Recall that w,,, € B, and B, is a compact metric space. Then, passing to a
subsequence {w,, ,} C {w,,}, we may assume that p(w,, ,,w") — 0 as v,, — 0 for some w’ € B,.
Thus, by the above property, w’ € iy, which contradicts (5.4). We have proved that the set 2,
defined in (5.3) is a minimal closed attracting subset of 2.
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Proposition 5.1. The minimal limit A, of trajectory attractors A, as v — 0+ is a connected
subset of A in B,,.

Proof. Assume the converse. In this case, the set i, is the union of two closed disjoint subsets
AL and A2 | ie.,

min min’

Wi = AL U A2 and L. NAZ. =g,

min min min min

Since the metric space B, is compact, there are two open sets O; and O3 in B, such that Al C Oy,
A2, C Oq, and O N Oy = @. Clearly, Uiy C O1 U Oy. Therefore, by (5.2), there is a number
vy > 0 for which

A, C O1U O, Vv, 0<v <. (55)

Note that every set 2, is connected (see Proposition 4.2), i.e., 2, C O; or 2, C O for all v < vy.
At the same time, since 2,,;, is the minimal limit of A,,, we can find v and v, such that

Ql,,l C O and Ql,,Q C Oy (56)
(otherwise, we can diminish 2,,;,,). To be definite, assume that 0 < vy < v; < vg. Write
0" =sup{d : A, C Oq, 9 < v <vy+ 0} (5.7)

Note that vy + 0* < 11 < 1, (see (5.6)) and A, 15+ C O1 U Oy since vo + 6* < 1y (see (5.5)).

Now we claim that 2, s+« cannot belong to Os. Indeed, if 2,,, s« C Oa, then, by Proposition 4.3,
there is a small §5 > 0 such that 2,45+ 15, C Oz. This contradicts the definition of 6* in (5.7). At the
same time, 2,45+ cannot belong to O; either. Indeed, if A,, s« C Oy, then, by Proposition 4.3
again, there is a small d; > 0 such that 2, s<_s, C O;, which contradicts the definition of ¢*.
However, all this contradicts the relation A, s« C O1 U Oz. This completes the proof.

Recall that the set i, is compact. Let us prove the following assertion.

Proposition 5.2. The minimal limit A of trajectory attractors A, as v — 0+ is strictly
invariant with respect to the translation semigroup {T(h)}, i.e.,

T(h)min = Apnin Vh > 0. (5.8)

Proof. Consider an arbitrary w € Ayin. By definition, there is a sequence w,, € 2(, such
that p(w,,,w) — 0 as v, — 0+. The translation semigroup {T'(h)} is continuous in ©'°, and
therefore p(T'(h)w,, ,T(h)w) — 0 as v, — 0+. Since every 2, is strictly invariant, we obtain

T(h)w,, €2, . Thus, T(h)w € Ay and we have proved that
T(h)2Amin € Apin VR = 0.

Let us now prove the inverse inclusion. For any h > 0 and an arbitrary w € i, with correspond-
ing w,,, € A, such that p(w,, ,w) — 0 (v, — 0+), we must find W € 3, such that T'(h)IWV = w.
Since 2, is strictly invariant, there is an element W, € %, for which T'(h)W,, = w,, . The
sequence {W,, } belongs to the compact set B,. Passing to a subsequence {v, }, we see that
W, , — W (n — o) for some W € B,. Then W € ,i,. Since {T'(h)} is continuous, we ob-
tain T'(h)W, , — T'(h)W (n’ — oo). However, T'(h)W,, , = w,, ,, and thus we have w,, _, — T(h)W
(n’ — o0) and w,, — w (n — oo) simultaneously. Hence, T'(h)/W = w, and we have proved that

Q[min - T(h)mmln Vh P 0.

We thus obtain (5.8).
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