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Introduction

One of the major mathematical problems in the study of evolution equations arising
in different branches of mechanics and physics is the study of the final behaviour
of solutions of these equations when time is large or tends to infinity. The related
important question concerns the stability of solutions as time ¢ — 400 or the nature
of instability if a solution is unstable in some sense. In the last decades, considerable
progress in this areas has been achieved in the study of autonomous partial differential
equations. For a number of basic autonomous evolution equations of mathematical
physics, it was shown that the long time behaviour of their solutions is characterized
by finite dimensional global attractors (see, e.g., the books [T88, L91, BV89, HSS,
CoF89, SY02] and the references cited therein).

Non-autonomous evolution PDEs and their global attractors are less studied. How-
ever in the last decade, a notable advance has been made in this perspective area
of mathematical researches. In particular, the global attractor has been constructed
and studied for the non-autonomous 2D Navier-Stokes system with external force de-
pending on time t. We note that a process {U(t,7)} = {U(t,7) |t > 7; t,7 € R}
corresponds to this system which maps every solution u := wu(t) at time 7 into the
value of this solution w at time ¢t > 7 : wu(7) — U(t,7)u(r) := u(t). The process
{U(t,7)} is a two-parameter family of mappings acting in the phase space of the evo-
lution equation. Therefore, the study of the behaviour of solutions u(t) as t — +o0o of
the considering non-autonomous evolution equation is equivalent to the investigation
of the corresponding process {U(t,7)} as t — +o00. Thus, in the study of solution
u(t) of non-autonomous equations, processes {U(t,7)} play the same role as semi-
groups {S(t),t > 0} do in the study of solutions u(t) of autonomous equations as time
t — +o00.

In the present survey paper, we mostly study non-autonomous partial differential
equations and the corresponding processes {U(t,7)}. Particular emphasis is placed to
the study of the global attractor of the non-autonomous 2D Navier—Stokes system.

In Chapter 1, we sketch out the general theory of global attractors of semigroups
and some basic autonomous equations of mathematical physics. Besides, we consider
questions related to the dimension and the e-entropy of invariant sets and we present
upper estimates for the fractal dimension and for the e-entropy of global attractors of
autonomous equations. We derive such estimates with reasonable details for the 2D
Navier—Stokes system, for the dissipative wave equation, and for the complex Ginzburg—
Landau equation.

In Chapter 2, we study the uniform global attractors of general processes and non-
autonomous equations. We note that, studying global attractors of such an equation,
there is a good reason to introduce a notion of its time symbol o(¢). The time symbol



of a non-autonomous equation is the collection of all time-dependent terms of this
equation. Along with solutions dynamics, we study the symbols dynamics as ¢t — +4o00.
In Chapter 2, we formulate theorems on the existence of the uniform global attractor A
of the process {U,(t, 7)} corresponding to a non-autonomous equation with translation
compact symbol o(t). Besides, we present a theorem on the structure of the set A. Then
we study the uniform global attractor A of the 2D Navier—Stokes system with time-
dependent external force that is the symbol of this system. We study in great details
the case, when this system has a unique bounded complete solution {z(¢),¢ € R} that
attracts all other solutions {u(t),t > 7} of this 2D Navier-Stokes system as t — 400
with exponential rate. We also consider similar problems for the non-autonomous
dissipative wave equation and for the non-autonomous Ginzburg-Landau equation.

We note, that a number of important questions related to the global attractors of
non-autonomous equations and the corresponding processes were considered, e.g., in
the books [Ha91, H88, CV02a, SY02], references therein, and in many papers cited in
Bibliography of this report.

It is well known that the fractal dimension of the global attractor of a general
non-autonomous PDE can be infinite (see, e.g., the example in the end of Chapter 2).
However, the e-entropy of the global attractor is always finite since the attractor is a
compact set. In Chapter 3, we present estimates for the e-entropy of global attractors
of non-autonomous equations with translation compact symbols. We also consider
applications of these general results to the non-autonomous 2D Navier—Stokes system
and to some other equations of mathematical physics. Particular attention is devoted
to the case, where, for example, the external force of the 2D Navier—Stokes system
is a quasiperiodic function in time with k rationally independent frequencies. In this
case, the global attractor has the finite fractal dimension and the upper estimate for its
dimension has a summand k. This means that the fractal dimension can grow with no
limit as k& tends to infinity. The corresponding examples are constructed in the paper.

In Chapter 4, we study the global attractor A. of the 2D Navier—Stokes system
with singularly oscillating external force of the form go(z,t) + e Pgi(z/e,t), 0 < p <
1, 0 < € < 1. The behaviour of A, as ¢ — 0+ is under discussion. The analogous
problem is studied in Chapter 5 for the non-autonomous complex Ginzburg-Landau
equation.

For the readers convenience, each chapter is supplied with a short exposition of its
contents.

This work was partly supported by the Russian Foundation of Basic Researches
(project no. 05-01-00390 and 04-01-00735), Civilian Research & Development Founda-
tion (Grant RUM1-2654-MO-05), and the Russian Science Support Foundation.



Chapter 1

Attractors of autonomous equations

In this chapter we present some fundamental results concerning the global attractors of
semigroups corresponding to autonomous evolution equations. The detailed materials
can be found in many books on infinite-dimensional dynamical systems and attrac-
tors. See, for example, D.Henry [He81], R.Temam [T88|, J.K.Hale [H88], A.V.Babin
and M.I.Vishik [BV89], O.A.Ladyzhenskaya [L91], M.I.Visik [V92], A.Eden, C.Foias,
B.Nicolaenco, and R.Temam [E-T95], I.D.Chueshov [Ch99], C.Foias,0.Manley,R.Rosa,
and R.Temam [F-T01], J.C.Robinson [R01], G.Sell and Y.You [SY02], V.V.Chepyzhov
and M.I.Vishik [CV02a]. Below, we present a short survey of the known methods and
results concerning global attractors of autonomous evolution equations.

1.1 Semigroups and their global attractors

In this section, we consider a general (nonlinear) semigroup {S(t)} acting on a set E.
Usually E is a complete metric space or a Banach space. In particular, £ can be a
closed subset of a Banach space.

Definition 1.1.1 A family of mappings S(¢) : E — E depending on a real parameter
t > 0 (time) is called a semigroup acting on E and is denoted by {S(¢)} if it satisfies
the semigroup identity

S(t)S(ts) = S(ty +ta), Vit ts >0, (1.1)

and
S(0) = 1d. (1.2)

Here and below, we denote by Id the identity operator. In the case where S(t) is
defined for any real ¢ and identity (1.1) holds for any ¢; and ¢, from R we shall call

{S(t)} a group.

We now introduce some notations which will be used to describe properties of
semigroups. We assume that a semigroup {S(¢)} acts in a complete metric or a Banach
space E. Let B(FE) be the collection of all bounded sets in E with respect to the metric
in F.



The semigroup {S(t)} is called (E, E)-bounded if S(t)B € B(F) for every B € B(E)
and for all £ > 0. The semigroup {S(¢)} is called uniformly (E, E)-bounded if for every
B € B(E) there exists By € B(F) such that S(¢)B C By for all t > 0.

The dynamical system we are going to study are dissipative. In application to gen-
eral semigroups, the dissipation means the existence of bounded or compact absorbing
or attracting sets.

A set By C E is called absorbing for a semigroup {S(¢)} if for every B € B(FE)
there exists 7' = T'(B) > 0 such that S(t)B C By for all t > T. A set P C E is called
attracting for {S(t)} if for any B € B(FE)

distg(S(t)B,P) — 0 ast — +o0.

Here
distg(X,Y) =sup inf ||y —z|,; X, Y C E. (1.3)
zeX YeY

This value is called the Hausdorff (non-symmetric) distance from the set X to the set
Y. Clearly, any absorbing set is attracting as well.

The semigroup {S(t)} is said to be a compact semigroup if there exists a compact
absorbing set P, P € E, for {S(t)}. The semigroup {S(¢)} is said to be an asymptoti-
cally compact semigroup if there exists a compact attracting set K, K € F. This two
notions generally reflect the dissipativity of dynamical systems under the consideration.

We are going to study continuous semigroups. The semigroup {S(t)} is called
(E, E)-continuous if each mapping S(t) for t > 0 is continuous from FE into E.

We are going to study the behavior of semigroups {S(¢)} as time t — +o0. This
limit behavior can be described in terms of global attractors.

Definition 1.1.2 A set A € B(E) is called a global attractor for {S(t)}, if it has the
following properties:

1. Ais compact in E (A € E);
2. A is an attracting set for {S(¢)}, that is, for every B € B(E),

distp(S(t)B, A) — 0 as t — +o00;

3. A is strictly invariant with respect to {S(t)}, i.e., S(t)A = A for all ¢t > 0.

As it was shown in [BV89] that the global attractor A for {S(¢)} is the maximal
bounded invariant set for {S(¢)} (see also [L75, L.82, 1.91]) This means the following:
if Y € B(E) and S(t)Y =Y for all t > 0, then Y C A. This implies, in particular,
that the global attractor for {S(¢)} is unique.

Definition 1.1.3 For a bounded set B € B(E), the set

w(B) = ()

h>0

JswnB

t>h

(1.4)

E

is said to be an w-limit set for B. Here |- ]r denotes the closure in E.



We now formulate the classical attractor existence theorem.

Theorem 1.1.1 Let {S(t)} be a continuous semigroup in a complete metric space E
having a compact attracting set K, K € E. Then the semigroup {S(t)} has a global
attractor A (A C K). The attractor A coincides with w(K) : A = w(K). (If E is a
Banach space, then the set A is connected).

The proof is given, for example, in [BV89, T88].
We need one more notion to describe the general structure of a global attractor. A
curve u(s), s € R, is called a complete trajectory of the semigroup {S(¢)} if

Stu(s) =u(t+s) VseR,teR,. (1.5)

Definition 1.1.4 The kernel K of the semigroup {S(¢)} consists of all its bounded
complete trajectories:

K ={ u(-) | u(s) satisfies (1.5) and ||u(s)||g < C, for s € R}.
Definition 1.1.5 The kernel section at a time s € R is the following set from E :
K(s) ={u(s) |ueK}.

Remark 1.1.1 Speaking informally, the kernel I of the semigroup {S(¢)} correspond-
ing to autonomous equation (see Section 1.2) consists of all its solutions u(t) determined
on the whole time axis {t € R} that are bounded in E. The kernel includes equilibrium
points, periodic, quasiperiodic, and almost periodic orbits. Heteroclinic and homoclinic
orbits belong to K as well and in general, the structure of I can be extremely complex
even with chaotic behaviour of its elements, i.e., bounded complete trajectories.

Theorem 1.1.2 Under the assumptions of Theorem 1.1.1 the global attractor A of the
semigroup {S(t)} coincides with the kernel section KC(0),

A = K(0). (1.6)
One can replace here 0 by an arbitrary s, s € R.

The proof is given, e.g., in [BV89].
In the next sections, we apply Theorems 1.1.1 and 1.1.2 to various semigroups
{S(t)} corresponding to partial differential equations arising in mathematical physics.

1.2 Cauchy problem and corresponding semigroup

For simplicity, below we suppose that F is a Banach space. (Nevertheless, F can be a
complete metric space.) Let {S(t)} act on the whole Banach space E. Such semigroups
are usually generated by evolution equations of the form

Ou = A(u), (1.7)

where A is a (nonlinear) operator defined on a Banach space F; and A maps F; into
another Banach space Ey. We suppose that Fy, C E C Ej, where all embeddings are
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dense. We now construct a semigroup {S(¢)} acting on E that corresponds to equation
(1.7).
We assume that, for an arbitrary element vy € E, equation (1.7) with initial data

u|t:0 = Up (]_8)

has a unique solution u(t),t > 0, such that u(t) € E for all ¢ > 0. The meaning of the
expression “u(t) is a solution of the Cauchy problem (1.7) and (1.8)” should be clarified
in each particular case. Usually for every fixed T' > 0, solutions u(t), 0 <t < T, of (1.7)
are taken from the class Fr of functions satisfying the conditions u(-) € L (0,7T; F)
and u(-) € L,(0,T;E;), where E; is a Banach space on which the operator A is
defined and 1 < p < oo. Moreover, A(u(-)) € L, (0,T; Ey) for some ¢, 1 < ¢ < oo,
and Qyu(-) € L, (0,T; Ey) (the derivative is taken in the distribution sense). Equation
(1.7) in this case is understood as an equality in L, (0,T"; Ey) . Thus u(t) satisfies (1.7)
in the distribution sense in D'(]0, T[; Ey) (see [Lio69, BV89] for the details). Using
various embedding theorems, (see, e.g., [LioM68, T79]) usually it can be shown that
u(t) € Cyw([0,T]; E) and even u(t) € C([0,7T]; E) and (1.8) makes sense: u(t) — ug
weakly or strongly in the space E as t — 0+ . Moreover, u(t) € F for every t € [0,T].
In particular examples, it is convenient to take the space Fj sufficiently large, since
the extension of E does not cause any difficulties and makes the verification of the
conditions A(u) € Ey Oyu € Ey more easy.

Operators S(t) : E — FE generated by equation (1.7) are usually defined as follows.
For an arbitrary element ug € E, we consider the corresponding solution u(t), ¢ > 0, of
problem (1.7), (1.8). For all 7 > 0, the element u(7) of the space E is uniquely defined.
Therefore, the formula

S(7) : ug = ulp=o — ul=r (1.9)
defines the family of mappings {S(7), 7 > 0}, S(7): £ — E.

We state that these mappings form a semigroup. Indeed, let vy € E, v; = S(t1)vo,
t1 > 0, and vy = S(ty + t1)vo,t2 > 0. Obviously, vy, v; and vy are the values of the
solution u(-) € Fi,qqy at t =0, t = t1, and t = t9 + t1, respectively. Consider now the
function uq(t) = u(t +t1), t € [0, t5]. Since u(-) € Fy,uy,, it follows that ui(-) € F,. It
is also clear that u(t) is a solution of (1.7). Obviously also, u;|i—g = v1, U1|t=t, = V2
i.e., by the definition of {S(t)}, va = S(t)vy. Hence, S(t2)S(t1)ve = S(t2 + t1)vo for all
vy € E and the semigroup identity (1.1) is proved.

Considering below particular equations of the form (1.7), we shall only formulate
the corresponding theorems on the existence and uniqueness of a solution and specify a
space or a set in which the semigroup {S(¢)} acts. We shall suppose that the operators
S(t) are defined by formula (1.9).

1.3 Global attractors for autonomous equations of
mathematical physics

1.3.1 2D Navier—Stokes system

The Navier—Stokes system is probably the most popular example of a partial differen-
tial equation having a global attractor. A considerable part of the theory of infinite
dimensional dynamical systems has been developed from this example.
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We consider the autonomous 2D Navier—Stokes system in a bounded domain €2 €
R2. The system reads

2 .
&tU—i-i:Zlu Op,u = VAu—Vp—i—g(q;)’ (1.1())
(V,u) =0, ulopo =0, (z1,22) € €,

where u = u(x,t) = (ul(z,t),u*(z,t)) is a velocity vector, p = p(x,t) is a scalar function
for the pressure, v is the kinematic viscosity coefficient, and g = g(z) = (¢'(x), ¢*(2))
is the forcing term.

By H and V = H' we denote the closure of the set

V={v]ve(CFW), (V,v)=0}

in the norms | - | and || - || of the spaces (Ly(Q))* and (HE(Q))?, respectively. Recall

that ,
Julf? =190 = Y- [ [90) P
i=1 79

By P we denote the orthogonal projector from (L (€2))* onto H and its various exten-
sions.
Excluding the pressure, system (1.10) can be written in the form

Owu + vLu + B(u,u) = go(z). (1.11)
Here,
2
L =—-PA, B(u,v) = PZu"&mv, go = Pg.
i=1
Let V' = V* be the dual space for V. The Stokes operator L, considered as an operator

on V N (H2(Q))?, is positive and self-adjoint. Its minimal eigenvalue A; is positive.
Suppose that g(-) € H. The initial conditions are posed at ¢t =0 :

Uli—o = up(x), uo € H. (1.12)

The operator L is bounded from V into V.
The form b

2
b(u,v,w) = (B(u,v),w) = / Z u' Oy, 07w’ da
Q

ij=1

is trilinear continuous on V' and operator B maps V x V into V'. The form b satisfies
the identities

b(u,v,v) =0, b(u,v,w) = —b(u, w,v), Yu,v,w € V. (1.13)
Moreover, the following estimate is valid:
b(u, u,v)| < clul||lull||v], Yu,v eV (1.14)
(see [L70, T79]), where the constant ¢y can be taken from the inequality
1 fllzae) < clfIPIVFIY € Ho(9), o =c. (1.15)

9



The constant ¢ (and ¢g) does not depend on §2. In particular, it follows from (1.14)
that

|B(u, u)lyr < cglfullful.
Thus, if u € Ly(0,7;V)N Ly (0,75 H), then —vLu — B(u,u)+ g(x) € Ly(0,T; V") and
equation (1.11) can be considered in the distribution sense of the space D’(0,7;V")
and Ou € Lo(0,T; V"),

Proposition 1.3.1 Problem (1.11), (1.12) has a unique solution u(t) € C (Ry; H) N
LY(Ry; V) and du € LY (Ry; V') . The following estimates hold:

u(®)* < [u(0)Pe™ + v72A7%g]”. (1.16)
u(t)]” + V/O lu(s)[I*ds < Ju(0)[* + tr= A~ g, (1.17)
tlu(®)* < C (¢, [u(0)[?) (1.18)

where A = A\p is the first eigenvalue of the Stokes operator L and C(z, R) is a monotone
continuous functions of z =t and R.

The existence and uniqueness theorem is a classical result. The detailed proof can
be found in [L70, Lio69, T79, BV8Y, CoF8).

Thus, there exists a semigroup {S(¢)} acting in H : S(t) : H — H fort > 0
that corresponds to problem (1.11), (1.12): S(t)ug = u(t), where u(t) is the solution of
system (1.11), (1.12).

Proposition 1.3.2 The semigroup {S(t)} corresponding to problem (1.11), (1.12) is
uniformly (H, H)-bounded, compact and (H, H)-continuous.

The detailed proof is given, e.g., in [BV89, T88]. The existence of a bounded
absorbing set follows from (1.16). See also Section 2.6.1, where the non-autonomous
system is considered. Propositions 1.3.1 and 1.3.2 imply that the semigroup {S(¢)}
satisfies all the conditions of Theorem 1.1.2. The following theorem holds.

Theorem 1.3.1 The semigroup {S(t)} corresponding to problem (1.11), (1.12) has
the global attractor A that is compact in H and coincides with the kernel section:

A =K(0).

We consider the following dimensionless number called the (generalized) Grashof

number
G 9

n V2)\1 .
This number plays an important role in the analysis of the structure of the global
attractor A. First of all we have the following

Proposition 1.3.3 Suppose that

1
G < 2 (1.19)

0
where ¢y is the constant from inequality (1.14). Then equation (1.11) has a unique
stationary solution z € V' which is globally asymptotically stable, i.e.,

A= {z}.

10



Proof. It is well known that equation (1.11) has a stationary solution z (see, for
example [T79]), vLz + B(z, z) = g. It follows from (1.17) that

lg|”

2 2
||Z|| | Z| — V2)\1

(1.20)

Every solution wu(t) of (1.11) can be written as u(t) = z + v(t), where v(t) satisfies the
equation
Ow +vLv + B(v,v) + B(v, z) + B(z,v) = 0.

Multiplying by v and using (1.14), (1.13), the inequality |v| < A7"*||v||, and (1.20) we
obtain

Oclvf” + 2vlv]|* = 2b(v,v,2) < 2cglvll|v]l]]2]
—1/2 -
< 26N IPll=l] < 267 v gl o],
Finally,
Oelvl* +2 (v — A v gl) [l < 0
and hence
av(®)]* + alu(®)]* <0,
where a = 2(v — 2\ v g[)A\[ > 0 since V‘%\‘l = G < ¢y % This implies

[o()]* = [u(t) — 2|* < Ju(0) — 2[e™".

Consequently, the stationary solution is unique, asymptotically stable, and A = {z}.
[ |

Remark 1.3.1 Inequality (1.15) was originally proved with ¢ < 24 in [L70]. It is

known from [N89] that ¢ < (%)1/ ' In [CI04] it was proved that the constant 3
in (1.14) can be taken ¢ = 6—22 = (%)1/2. Therefore the attractor A is trivial if
G < 3.2562.

If the Grashof number G = V‘Qg)‘\l is large, then it is very likely from the physical
evidence and simulation results that, as ¢t — 400, the solutions of the Navier—Stokes
system tend to a more complicated attracting set than a stationary solution. Hence,
the global attractor A can have a very complicated structure, possibly, chaotic. See,
for example, [FT79, FT82, FT83]. In Section 1.4.2, we shall study upper bounds for
the dimension of the global attractors of Navier—Stokes equations which depend of
the Grashof numbers. Thus, roughly speaking, the flows can be described by a finite
number of parameters, which can be extremely large (but finite) despite the fact that

the system itself is an infinite dimensional dynamical system.

1.3.2 Wave equation with dissipation

We consider the following hyperbolic equation with damping (dissipation):

O*u + v0u = Au — f(u) + g(x), ulsa =0, z € Q € R™ (1.21)

11



The equation contains a damping term yd;u, where v > 0. We assume that g € Ly(Q)
and the nonlinear function f(v) € C'(R) satisfies the conditions

F(v) > —mv® — Gy, Fv) = /OU f(w)dw, (1.22)

f)v =1 F ) +mv* > —Cp,, Vv ER, (1.23)

where m > 0, 73 > 0, and m is sufficiently small (m < A;, where \; is the first
eigenvalue of the operator —A with zero boundary conditions).

Remark 1.3.2 Conditions (1.22) and (1.23) are valid, for example, if
F(v) f(w)v =mnF(v)
2

liminf——= >0, liminf
|[v| =00 VU |v|—o0 v

> 0. (1.24)

Assume that p is positive and p < 2/(n — 2) when n > 3 and p is arbitrary when
n = 1,2. We suppose also that

/()] < Co(1+ [uf”). (1.25)

The case p < 2/(n—2) for equation (1.21) has been studied in [Ha87, GT87] and in
other references. The case p = 2/(n—2) has been considered in [BV89, L87, ArCaH92]
(see also [Fe92, GrP03, PZ06]). We discuss here the case p < 2/(n — 2).

Remark 1.3.3 Nonlinear hyperbolic equations of the type (1.21) appear in many
branches of physics, for example, the dynamics of a Josephson junction driven by
a current source is modelled by the sine-Gordon equation of the form (1.21) with

f(u) = Bsinu.

Clearly (1.24) is valid. Another important example is encountered in relativistic quan-
tum mechanics with the nonlinear term

f(u) = [ulPu.
In this case, evidently, F(u) = |u|’™?/(p + 2) and inequality (1.24) holds with v, =
1/(p+2) (see [T88] and the references therein).
It follows from (1.25) that
[f(0)] < Co(1+ Jul™™). (1.26)
By the Sobolev embedding theorem,
Hy () C Lapr1) (). (1.27)

For n = 1,2 this is valid for any p, while for n > 3, in view the assumptions made,
2(p+1) < 2n/(n—2), where 2n/(n—2) is the critical exponent in the Sobolev theorem.

Now let the function u € Lo (0,T; Hj(€2)) and its derivative dyu € Lo (0,T; Lo(£2)).
Then Au € Lo (0,T; H1(Q)) and, due to (1.27), f(u) € Lu(0,T; Ly(€2)). There-
fore, —yOu + Au — f(u) + g(z) € Loo(0,T; H1(Q)) and equation (1.21) can be con-
sidered in the space D'(0,T; H~'(2)) in the distribution sense, in particular, du €
Loo(0,T; H1(Q)) (see [Lio69]).

The initial conditions are posed at t = 0:

Uli=0 = up(x), Oyuli=o = po(x). (1.28)
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Proposition 1.3.4 If uy € Hy(Q) and py € Ly(Q), then under the above assump-
tions problem (1.21), (1.28) has a unique solution u(t) € C(R,;HY(Q)), dwu(t) €
C(Ry; La(2)) and 02u(t) € Loo(Ry; HH(Q)).

We write y(t) = (u(t), dwu(t)) = (u(t), p(t)), yo = (uo, po) = y(0) for brevity. We
denote by E the space of vector functions y(x) = (u(z), p(z)) with finite energy norm
lyll% = |Vul? + |p]* in E = H}(Q) x Ly(2). Then y(t) € E for every ¢ > 0.

The unique solvability of problem (1.21), (1.28) in the energy space E and properties
of its solutions are proved in [Lio69, BV89, T88, H88|. See also [CV02al], where more
general cases are studied.

Problem (1.21), (1.28) is equivalent to the following system:

{ 8tu:p { U|t:0 = Uo
Op=—yp+Au— f(u)+g Pli=o = Do
which can be written in a brief form
oy = AY), Yli=o = vo. (1.29)

Thus, if yo € E, then problem (1.21), (1.28) has a unique solution y(t) € Cy(R; E).
This implies that the semigroup {S(¢)}, S(t)yo = y(t) is defined in E.

Proposition 1.3.5 The semigroup {S(t)} corresponding to problem (1.21), (1.28) is
bounded, asymptotically compact and (E, E)-continuous.

We will come back to this assertion in Section 2.6.2 studying more general non-
autonomous hyperbolic equations.
Finally, we conclude that Theorem 1.1.2 and Proposition 1.3.5 imply

Theorem 1.3.2 The semigroup {S(t)} corresponding to (1.21),(1.28) possesses the
global attractor A that is compact in E and coincides with kernel section: A = K(0).

1.3.3 Ginzburg-Landau equation

This equation serves as a model in many areas of physics and mechanics (see, for exam-
ple, [KopHo73, KuTs75]). It appears, for example, in the theory of superconductivity.
The complex Ginzburg-Landau equation is

o = (1 + ai)Au+ Ru — (1 +if)|ul’u, = € Q € R™ (1.30)

We consider the case of periodic boundary conditions in € =]0, 27[" or zero boundary
conditions u|sg = 0 in an arbitrary domain 2 € R™. In equation (1.30) u = u! + u?,
a, 3 € R are the dispersion parameters, and R > 0 is the instability parameter. For

u = (u',u?)" we obtain the system
Ot = Au' — aAu? + Ru' — ([ul)? + |[u')?) (u! — Bu?)
{ Ou? = aAu' + Au? + Ru? — (|Jul|> + [u']?) (Bu® + u?) (1.31)
or in a more compact form
ou = aAu+Ru — f(u), (1.32)
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where the matrix a = ; _1(1 and the function f(u) = |ul? ( g _15 ) u.

Consider the Jacobi matrix of f(u)

(3= 20w + () )+ 20 ) — 30(%)
S (P e S o SR TR R R

We denote by B the matrix of the bilinear form corresponding to the matrix in the

right-hand side of (1.33):

B:< B(u')? — 28(u') (u?) + (u?)? ﬁ(u1)2+2(u2)(u1)—ﬁ(u2)2)
Blu')? +2(w?)(u') = Bu?)? (u')? +26(u')(u?) +3(u?)* )

The diagonal elements of B are positive if |3| < v/3. Moreover,
det B = (3— 5) (u')’ + (u?)?) = (3 — A)]ul’
is also positive. Thus, in this case, the matrix B is positive definite. Therefore
fo(u)v-v>0Vu,veR? (1.34)

if [8] < V/3.
We shall use the spaces H = Ly(Q;C), V = HJ(;C), and Ly = Ly(Q;C). The
Cauchy problem for equation (1.32) with initial data

uli—o = ug(z), ue(-) € H, (1.35)
has a unique weak solution u(t) := u(x,t) such that
u(-) € C(Ry;H)N LYS(Ry; V) N LY (R, Ly), (1.36)

and the function u(t) satisfies equation (1.32) in the sense of distributions of the space
D'(R;H™), where H" = H"(Q; C) and r = max{1,n/4} (recall that n = dim(£2)).
In particular, dyu(-) € Ly(0, M; H™1) + Ly/3(0, M; Lyy3) for any M > 0. The existence
of such solution u(t) is proved, for example, using the Galerkin approximation method
(see, e.g. [T88, BV89, CV02a]). The proof of the uniqueness theorem is also standard
and relies on inequality (1.34). (We note that, if (1.34) does not hold, the uniqueness
theorem for n > 3 and for arbitrary values of the dispersion parameters « and [ is not
proved yet, see [Mi02, Mi98, Z00] for important partial uniqueness results).

Any solution u(t),t > 0, of system (1.32) satisfies the following differential identity:

2dtll u(t)[* + [Va@)|* + [u()lL, — Rllu(®)]* =0, vt > 0, (1.37)

where the real function ||u(t)||* is absolutely continuous for ¢ > 0. Here || - | denotes
the usual Ly-norm in H.
The proof of (1.37) is analogous to the proof of the corresponding identity for weak
solutions of the reaction-diffusion systems considered in [CV96b, CV02a, CV05].
Equation (1.32) generate a semigroup {S(¢)} in H. This semigroup is (H, H)-
continuous and compact (see, e.g., [T88, CV02a]). By Theorem 1.1.1, there exists

a global attractor A of this semigroup. The global attractor describes the long time
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behaviour of solutions of the Ginzburg-Landau equation. It is known that the dynam-
ics of this system is chaotic for certain values of the parameters, for example, for a3 < 0
(see [Ba—Gis90, D-Ni88]). However, in Section 1.4.2, we show that the dimension of
the global attractor of the Ginzburg-Landau equation is finite.

Consider the case |3| > /3, where condition (1.34) is not longer valid. For low
dimensions n = 1,2 it is still possible to construct a semigroup in H = (Ly(Q))?
which has a compact global attractor, see [GHe87, T88]. For n > 3 one can prove the
existence of a global attractor in L, = (L,(Q))?, p > n, if (o, 8) € P(n), where P(n)
is a subset of C, see [D-Ni88, DGiLe94, Mi97, Mi02] for more details.

Thus we see that without condition (1.34) provided that |8| < /3 it is more
difficult to construct a semigroup and to study its global attractor. Fortunately, this
obstacle can be eliminated by using another approach that is based on the study of
the so-called trajectory attractors (see [CV02a, CV05]). In particular, the method of
trajectory attractors works for the Ginzburg-Landau equation with arbitrary n, a;, (.

Inhomogeneous Ginzburg-Landau equation

O = (14 ai)Au + Ru — (14 i8)|ul*u + g(x), g € Ly(Q;C),

is also encountered in applications, where, e.g., g(z) = dexp(ik - x), k € Z™, § > 0.
This equation also generates a semigroup, and Theorem 1.1.1 is applicable.

1.4 Dimension of global attractors

In this section, we present some known results concerning the dimension of global
attractors of autonomous evolution equations. These questions have been studied in
a number of papers and the corresponding upper and lower dimension estimates have
been summend up in [T88] and [BV89] (see also the reviews [Ch93, B0O3]).

1.4.1 Dimension of invariant sets

We start with definition of the Kolmogorov e-entropy of a compact set X in a Hilbert
(or Banach) space E. We denote by N.(X, E) = N.(X) the minimum number of open
balls in &/ with radius € which is necessary to cover X :

N.(X) := {minN | X C UB(azi,a)}.

i=1
Here B(x;,e) = {z € E | ||z — x;||g < €} is the ball in E with center x; and radius e.
Since the set X is compact, we see that N.(X) < 400 for any € > 0.

Definition 1.4.1 The Kolmogorov -entropy of a set X in the space F is the number
H.(X,F) :=H.(X) := log, N.(X). (1.38)

For particular sets X, the problem is to study the asymptotic behavior of the quan-
tity H.(X) as e — 0+. This characteristic of compact sets was originally introduced by
A.N.Kolmogorov and was studied in the joint work with V.M.Tikhomirov (see [KTi59]).
In this paper, the e-entropy of various classes of functions was investigated. Moreover,
an important notion of the entropy dimension of a compact set was also defined. This
dimension is now often called the fractal dimension.
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Definition 1.4.2 The (upper) fractal dimension of a compact set X in the space E
is the number

85(X, E) = de(X) = limsup H=C)

-0+ 1ogy (1/€) (139

The fractal dimension of a compact set in an infinite dimensional space can be
infinite. However, if it is known that 0 < dp(X) < +oo, then H.(X) ~ dp(X)log, (1),
and therefore, in this case, it is needed N.(X) ~ (%)dF )
set X with precision €.

Another important characteristic of a compact set X is the Hausdorff dimension

points to approximate the

dy(X) :=inf{d | u(X,d) =0},

where p(X,d) = inf 3" 7%, and the infimum is taken over all the coverings of the set X
by balls B(x;,r;) with radii 7; < e (see [Thi92]). It is apparent that dy(X) < dp(X)
and there are examples of sets such that dg(X) = 0 but dp(X) = +oo. In the
present paper, we shall consider only the fractal dimension of compact sets, because
this dimension is closely connected with e-entropy of these sets.

Remark 1.4.1 The fractal and Hausdorff dimensions are very fruitful in the study
of the structure of various “non-smooth” sets, for example, the self-similar sets or the
fractals. The simplest example of such a set is the Cantor set K on the segment [0, 1],
for which dp(K) = dpy(K) = log;2 < 1. The fractal (and Hausdorff) dimension of a
compact smooth manifold is equal to its usual dimension, i.e., it is integer. However,
the example of the Cantor set shows that the dimension can be non-integer.

We now study the e-entropy and the fractal dimension of strictly invariant sets and
global attractors of autonomous evolution equations of the form (1.7). Let the Cauchy
problem (1.7), (1.8) generates a semigroup {S(¢)} acting in a Hilbert space E (see
Section 1.1). Consider a compact set X in E, X € E. Let the set X be strictly invariant
with respect to {S(t)}, that is, S(¢)X = X for all ¢ > 0. (For example, X = A, where
A is the global attractor of the semigroup.) We assume that the semigroup {S(t)} is
uniformly quasidifferentiable on X in the following sense: for any ¢t > 0 and for every
u € X there is a linear bounded operator L(t,u) : E — E (quasidifferential) such that

[S@)vr = S(t)v = Lt u)(vr = v)l[e < 7([[or = vz, B)llor = v]le (1.40)

for all v,v; € X and the function v = v(&,t) — 0+ as & — 0+ for every fixed ¢ > 0.
We assume that the linear operators L(¢,u) are generated by the variational equation
for (1.7) that we present in the form

O = Au(u(t))v, v|mo =v9 € E, (1.41)

where u(t) = S(t)ug, up € X, and A,() is the formal derivative in u of the operator
A(-) in (1.7) and the domain F; of the operator A,(u(t)) is dense in E. We assume
that, for every ug € X, the linear problem (1.41) is uniquely solvable for all vy € F.
By our assumption, the quasidifferentials L(t,ug) in (1.40) act on a vector vy by the
role L(t, ug)vg = v(t), where v(t) is the solution of equation (1.41) with initial data vg.
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Let j € N and let L : E; — E be a linear (possibly, unbounded) operator. The
following number is called the j-trace of the operator L:

j
Tr;L := sup Z(Lgpi,goi), (1.42)

{wiYl_y i=1

where the infimum is taken over all the orthonormal in E families of vectors {®;}i—1
belonging to E; and (1, ¢) denotes the scalar product in E of vectors ¢ and .

Definition 1.4.3 We set

1
g; = limsup sup —
T—too upeX 1

T
/TrjAu(u(t))dt, j=1,2,..., (1.43)
0

where u(t) = S(t)uyp.

Theorem 1.4.1 We assume that the semigroup {S(t)} acting in E has a compact,
strictly invariant set X and is uniformly quasidifferentiable on X. Let the following
inequalities hold:

G <q, j=1,2,3,...,

where the numbers §; are defined in (1.43). We assume that the function q; is concave
in j (like N). Let m be the smallest integer such that q,,+1 < 0, (then, clearly, ¢, > 0).

We set
qm

d=m+4 ———. (1.44)

dm — dm+1

Then, the set X has the finite fractal dimension and
dp(X) < d. (1.45)

Besides, for every § > 0, there exist real numbers n € (0,1) and 9 > 0 such that the
following inequality holds for the e-entropy H.(X) of the set X :

H.(X) < (d+6)log, (%) Y H.,(X), Ve < <. (1.46)

The complete proof of this theorem is given in [CV02a]. The proof is based on the
study of the volume contraction properties under the action of the quasidifferentials of
the semigroup operators. Estimates for the Hausdorff dimension of invariant sets that
are similar to (1.45) were originally proved in [DuO80] for a finite dimensional space
FE and corresponding results were generalized for an infinite dimensional space E in
[CoFT85, T88] (see also [1182, BV83a, BV89)).

We note that estimate (1.46) for the e-entropy of A follows from (1.45) and so it
may appear that it gives no new information concerning the global attractor. However,
studying non-autonomous equations, where global attractors have infinite dimension in
a generic case (see Chapter 3), estimates for the e-entropy of global attractors become
more informal and even constitutive. This is why we include estimate (1.46) to this
key theorem.
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Remark 1.4.2 In applications, the numbers ¢; usually have the form g; = ¢(j), where
¢ = ¢(x),z > 0, is a smooth concave function. Consider its root d* : ¢(d*) = 0.
Evidently, d < d*, since ¢ is a concave function. When d is large, then the root d* is
very close to d given by the formula (1.44). In some cases, d* is expressed in a simpler
way than d. So, in particular examples we shall use d* instead of d as the upper bound
in (1.45) for the fractal dimension of attractors and, in this case, in (1.46) we can take
0 = d* — d if this value is positive.

In the recent work [CI04], the estimates (1.46) and (1.45) has been proved for the
exact values ¢; = ¢; without the concavity assumption for the function ¢; in j. The
number

dp =m+—2m
dm — Gm+1

is conventionally called the (global) Lyapunov dimension of the set X (see [KapY79,
EdFT91]). In the works [DuO80, CoF85, T88], it was proved that dy(X) < dy(X). In
[CI04] it was shown that dp(X) < d;(X). The similar result was obtained earlier in
[BI1199], namely, it was proved that if G, < 0 for some m € N, then dp(X) < m (see
also [Hu96)).

The books [BV89, T88, H88| contains many examples of evolution equations of
mathematical physics and mechanics. For all the problems, the global attractors were
constructed and upper estimates were proved for the Hausdorff and fractal dimension of
these attractors. In the next sections, we present fractal dimensions estimates for global
attractors of autonomous equations of mathematical physics considered in Section 1.3.

1.4.2 Dimension estimates for autonomous equations
2D Navier—Stokes system
We consider the 2D Navier—Stokes system

Ou = —vLu — B(u,u) + g, (V,u) =0, u|apg = 0, (1.47)
ul—o = uo, Uy € H, (1.48)

where g € H. Problem (1.47), (1.48) defines the semigroup {S(¢)} acting in H (see
Section 1.3.1). By Theorem 1.3.1, this semigroup has the global attractor A and the
set A is bounded in V' and compact in H.

Theorem 1.4.2 The fractal dimension of the global attractor A of problem (1.47),
(1.48) satisfies the estimate
|911€2]
2

dp A < 222 (1.49)

v

where ¢ depends on the shape of Q0 (c(AQ) = ¢(Q2) for all A > 0).
The Kolmogorov e-entropy of A satisfies the inequality

Q
H.(A) < c|g‘y‘2 | log, (%) +H,, (A), Ve < g, (1.50)

where n and €y are some small positive numbers.
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Proof. The semigroup {S(¢)} is uniformly quasidifferentiable on A in H and its
quasidifferential is the operator L(t,ug)vg = v(t), vo € H, where v(t) is the solution of
the corresponding variation equation

O = —vL — B(u(t),v) — B(v,u(t)) := Au(u(t))v, v|=o = vo.

(See [BV83a, BV89]). We have to estimate the j-trace of A,(u(t)). Note that for all
v € V we have

(Au(u(®)v,v) = v[ol]* = (B(v, u(t)), v), (1.51)

taking into account that (B(u,v),v) =0 for u,v € V.
Let ¢1,...,p; € V be an arbitrary orthonormal family in H. Using (1.51), we have

Y (Aulu®)pispi) = —VZW%\Q Z B(gi, u(t)), ¢i)

i=1
= —VZIV%I2 /ZZW u'(t)gidw

i=1 k,l=1

J
<Y el + [ o) Tutlds < -3 [Tl + plITult)l, (152
=1 =1

where p(z) = 327, |@i(x)]? (see [CoF TS5, T8S]).

Since the functions from V' vanish on 0f2, we extend these functions by zero outside
Q. Then we obtain the functions p;(z), 2 € R? belonging to (H*(R2))? that are
orthonormal in (Ly(IR2))?. The following result from [LibTh76] is extremely essential.

Lemma 1.4.1 (Lieb—Thirring inequality) Let o1, ..., p; € (H'(R™))™ be an or-
thonormal family of vectors in (Ly(R™))™ . Then for p(x) = > 1_, lpi(z)|? the following
inequality holds:
J
| @y dr <603 [ 190 (1.53)
n i=1 /R"

where C,, ,, depends only on m and n.

Remark 1.4.3 It was proved in [I93] that for m = 2, n = 2 in the case divy; = 0 the
following inequality holds: Cyo < 2.

By the variational principle

Z‘W’Z > A+ Ao+, (1.54)
where i, A9, ... are the ordered eigenvalues of the operator L. It is known that \; >
Co|Q|1i. Therefore we have

.2 C
M+ A A > C A\ > 1.55
1+t A+ ...+ A2 2|Q| 1_|Q|’ ( )
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where Cy, C1, and Cy are dimensionless constants that depend on the shape of Q) (see,
for example, [Me78]). Using (1.53) with Cy2 = 2, (1.54), and (1.55), we obtain from
(1.52)

j j 1/2
—v) Ve’ + (QZ\V%'\Q) [Vu(t)]
=1 =1

v 1 v(Cyi® 1
< = P+ = Vu@))? < —=2 —|Vu(t)|%.
< =53Vl IVur < 5+ Ivulo)
Thus,
I/CQjQ 1 2
Tr;(A < - - :
(Auu(t) € <S5 4 V()

Then using the estimate

t 0 2 2
0

1/2)\1

(see (1.17)) we find that

1 [ vCoj? 1 lg]?
7, = li — Tr;(Ay(u(t))dt < — lim —— 2y
o 1Tmf§ipf§3T/o A S = T A e bl ey
Note that sup, ¢4 |uo|* < Cs, therefore
___vGyy® gl
< — 1.56
G= 00 e, (1.56)

and using the second estimate for A; in (1.55), we find that

q; _VC2.j2 |g‘2‘Q‘ _. (]) =q;
T I To A i

We note that the function ¢(j) is concave in j (like N). Looking for the root d* of the

equation ¢(d) = 0, we find d* = ﬁ'gjj@ Therefore (1.50) and (1.49) immediately

follow from Theorem 1.4.1 with ¢ = ﬁ (see also Remark 1.4.2). W
Remark 1.4.4 Using (1.56), estimate (1.49) can be written in the form:

dF.A < C,G, (157)

where G = J4L is the Grashof number and ¢ = 2/]Q|A;/C, depends on the shape of

2\

2. This estimate was proved in [CoF85, CoFT85] (see also [T88]).
Remark 1.4.5 It was proved in [I96a] that
Cy > 2m, Cy >,

for every domain € with finite measure. Therefore, the constant ¢ in (1.49) satisfies
¢ < 1/m and for ¢ in (1.57) we have that ¢ < 2,/|QA;/7. These estimates were
improved in [CI04]: ¢ < (27%2)~! and ¢ < /|Q|\/(V27).
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Corollary 1.4.1 Let g € H. Then

1 1 Q

V2 V2N, T 2m3/2 2

(1.58)

Observe that the last estimate in (1.58) contains only the explicit physical param-
eters of system (1.47) and the estimate ¢ < (27%/2)~! seems the best up-to-date.

Remark 1.4.6 It was proved in Proposition 1.3.3 that A = {z} and, thereby, dp A =
0if G = 4 < CLQ Since A\; > 27 the last inequality holds if %@ < 20—7; Using the
0 0

v\ Q]

expression for ¢§ given in Remark 1.3.1: ¢3 = (%)1/2 , we conclude that A = {z} and

1/2
dr A = 0 provided that % < <@) ~ 20. 46.

Remark 1.4.7 Estimates (1.58) and (1.49) are valid for the 2D Navier-Stokes systems
in unbounded domains with finite measure (see [I96a] for more details).

Remark 1.4.8 For the 2D Navier-Stokes system (1.47) in Q = [0, 27]? with periodic
boundary conditions, estimate (1.57) was improved in [CoFT88], see also [T88]. It was
shown there that

dp A < "G*3(1 +1og G), (1.59)

where G = /\‘lgV‘Q (note that Ay = 1 in this case). Estimate (1.59) is optimal in some

sense (see [Liu93, Zio7]).

Dissipative wave equation
We study the equation
OPu+ 0 = Au — f(u) +g(x), uloa=0, € QR (1.60)

where v > 0 (see Section 1.3.2). For brevity, we consider the case n = 3. We assume
that g(-) € Ly(Q), f(v) € C*(R;R), and f satisfies conditions (1.22), (1.23), and
(1.25) with p < 2. Moreover we assume that

[/ (01) = F(02)] < C(oa2* + s>~ + 1oy — v, 0 <6 < 1. (L.61)

The Hilbert space E = H(Q) x Lo() is the phase space for this equation. We
also denote the space By = H2(2) x HE () with norm ||y||z, = (|lull2 + [Ip||2)">.

We consider the semigroup {S(¢)} in E generated by equation (1.61). By Theorem
1.3.2, this semigroup has the global attractor A € E. In the works [BV89, T88] it was
proved that the set A is bounded in Fj :

lwllg, < M, Vw € A,
where the constant M is independent of w. Then by the Sobolev embedding theorem
[uC)lle@ < My, Vw = (u(-),p(-)) = w(-) € A (1.62)

We estimate dp.A using Theorem 1.4.1 and the technique described in [GT87] (see
also [T88, CV02al).
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Theorem 1.4.3 For the fractal dimension of the global attractor A of equation (1.60),
the following estimate takes place

C
dpA < pel (1.63)

where a = min{y/4, A1 /(27)} and C = C(M;) (see (1.62)).
For the e-entropy of A, the following estimate holds:

o

H.(A) < C(Afl) log, (%) +H,, (A), Ve < e, (1.64)

where n, €y are some positive numbers.
Proof. Following [GT87, T88], it is convenient to introduce the new variables
w = (u,v) = Ryy = (u,us + au), uy = dyu, o = min {~/4,\1/(27)},

where A; is the first eigenvalue of the operator —Au, ulgg = 0. Using these variables,
equation (1.60) is equivalent to the following system:

Oyw = Low — G(w) =: Ayw, w|i—g = wo, (1.65)

where wy € F,

—al 1
L= avotl—a) —gtay ) G0 =0 @ —gle). (160

Condition (1.61) implies that the operators {S(¢)} are uniformly quasidifferentiable
on A and the quasidifferentials L(t,wg)zy = z(t) satisfy the variation equation of
problem (1.65):

Oz = Loz — Gu(w)z =: Apw(w(t))z, z|i=0 = 20, (1.67)

where z = (r,q) and G, (w(t))z = (0, f'(u(t))r) (see, e.g., [T88]). We have to estimate
the following sum: A
Z(Aaw(w(t»Cia Gi)E- (1.68)

i=1
Here (; = (r;, q;) is an arbitrary orthonormal family in £. We estimate the right hand
side of (1.68):

(Aaw(w()Ci, e = (LaGiyG) = (f'(Wri @) < —(/2))GllE +
Co(M)|Irillollaille < —a/a (Iralli + llallg) + (Cr(My)/a)|rill5. (1.69)

The parameter « is chosen in such a way that the operator L, is negative:

(LaGi, G) < —a/2||Gill%-
Observe that it was essential that

sup {[Lf"(u(®))llc, | (u(-), Oru(-)) = w(-) € A t € R} < Co(My) (1.70)

22



(see (1.62)). System (; is orthonormal in E, therefore, it follows from (1.69) that

Y (Aauw®)G e < —(a/49) + (C5(M)/a) Y lrills

i=1 i=1

< —(@/9)j + (CFM) /) Y N < —(a/d)j+ (Ci(M) /)], (1.71)

i=1

where C (M) = ¢;C3(M;) and \;, i = 1, ..., j, are the first j eigenvalues of the operator

—Au, u|pq = 0, written in non-decreasing order. It is known that \; > coi?/?, therefore,

7 A7t <153, In the second inequality of (1.71), we have used the inequality

i=1""
J J
Do lrlig <Y oA
i=1 i=1
proved in [T88]. Thus,
TrjAaw(w(t)) < () = =(a/4) + (C1(M) /),
where the function ¢(x) is concave. The root of ¢ is

3/2
= 8CI(A?> / = C(Afl), where C(M) = 8Cy(M,)3/2.
a a

Finally we infer (1.64) and (1.63) from Theorem 1.4.1 and Remark 1.4.2. m

Consider the sine-Gordon equation with f(u) = fsin(u). It is clear that the constant
Co(M,) = B in inequality (1.70) and, therefore, C(M;) = ¢, 3%, that is, C(M;) =
8¢¥233 = ¢33, Thus estimates (1.64) and (1.63) for the sine-Gordon equation has the
form

d*

dr(A) < cﬁ—3 (1.72)

— ag)

3 €0
HE(A) < C@ 10g2 % + HgO(A), Ve < €0,
where the constant ¢ depends on 2.

Ginzburg—-Landau equation

We consider the inhomogeneous equation similar to (1.30) from Section 1.3.3
O = v(1 + ai)Au+ Ru — (1 +if)|u*u + g(x), = €]0,27[*=: T?, (1.73)

with periodic boundary conditions in T? and with g(x) = ¢g'(x) + ig*(x) € Lo(T?;C).
Here v is a positive parameter. For simplicity, we take n = 3. We assume that

18] < V3.

Then equation (1.73) generates a semigroup {S(¢)} acting in H = (L5(T?))* and having
the global attractor A that is compact in H (see [T88, CV02a]).
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We rewrite equation (1.73) in a vector form (1.32)

oyu = vaAu+Rv — f(u) + g(x), (1.74)

1 3 1
[BV83a], it is proved that the semigroup {S(¢)} is uniformly quasidifferentiable on A
and the corresponding variational equation reads

where a — (i —a ) f(v) — |v|2( L =5 ) v, and g(z) = (g'(x), g%(x))T. Tn

Oyv =vaAv+Rv — f,(u)v, v|i—o = vo € H, (1.75)
where the matrix f,(u) is given in (1.33). It follows from (1.34) that

(vaAv + Rv — fy(u)v,v) = —v||Vv|*+ R|v|]? — (fs(u)v, v)
< —v||Vv||? + R|v|? Vv € H. (1.76)

To apply Theorem 1.4.1 and to estimate dg(A) we have to study the j-trace of the
operator in the right-hand side of (1.75). Using (1.76) we have

J J
S (Auu®)eie) = > —vIVeill* + Rllgil* — (Fu(w)gi, @)
=1 =1
J J
< > —UVal* + Rlgil® = —v>_ IVeil® + Ry, (1.77)
=1

i=1

where {p;,i = 1,...,j} is an arbitrary set of functions from V = (H*(T?))? that is
orthonormal in H.
By the variational principle

J
STIVOl 2 M+ Ao+ A, (1.78)
i=1

where Ay, \g, ... are the eigenvalues of the operator —A in H. It is well known that the

eigenvalues of this operators have the form k? + k2 + k3, where (ky, ko, ks) € (Z4)".
Therefore, \; > Cyi?/® and

M A Ao+ A > 008 (1.79)
for some constants Cyy and C. Using (1.78) and (1.79) in (1.77), we obtain
TriAu(u(t)) < —vC1® + Rj = ¢(j), Vi =1,2,... (1.80)
3/2
The function ¢(z) = —vC12%°® + Rx is concave and it root d* = (%) . Thus, we
have proved

Theorem 1.4.4 The fractal dimension of the global attractor A of equation (1.73)
admits the estimate

dp(A) < (%)w, (1.81)
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where Cy is an absolute constant taken from (1.79) (Cy can be estimated explicitly, see,
e.g. [LiYa83, CV02a]).
The e-entropy of A satisfies the inequality

R 3/2 o
HE(/U < (C—) 10g2 (&) +H€O(./4), Ve < €0, (182)

1V

where n and €y are some small positive numbers.
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Chapter 2

Attractors of non-autonomous
equations

In this chapter, we consider general processes and we study their global attractors. The
notion of a process is used to describe the behaviour of non-autonomous dynamical
systems. A process is a generalization of the notion of a semigroup that play a key role
in the study of autonomous dynamical systems. Non-autonomous dynamical systems
and their global attractors are discussed in the books A.Haraux [Ha91], V.V.Chepyzhov
and M.I.Vishik [CV02a] (see also D.N.Cheban and D.S.Fakeeh [CheFa94]).

In Section 2.1, we study processes {U(t,7),t > 7} and their uniform global at-
tractors. Recall, that processes are generated by non-autonomous evolution equations
of mathematical physics, when, for example, an external force or some other terms
of equation depend explicitly on time ¢t. If the Cauchy problem for this equation is
well-posed, then the corresponding process {U(t, 7)} maps the value of a solution u(7)
at time 7 € R into the value of this solution u(t) at time ¢t > 7. We give the defini-
tion of a general process {U(¢,7)} and we define notions of uniformly absorbing and
attracting sets of a process. We study the main properties of w-limit sets for bounded
sets. Then we define the uniform global attractor A of a process {U(t,7)}. We prove
the theorem on the existence of a uniform global attractor of a process using the notion
of the w-limit set. We also define the kernel K of a process and study its properties.

In Section 2.2, we consider uniform and non-uniform global attractors of a pro-
cess and compare their properties. In particular, we present an example of a non-
autonomous equation given by A.Haraux. This example shows that the uniform global
attractor can be larger than the non-uniform one. We also study periodic process for
which uniform and non-uniform global attractors always coincide.

In Section 2.4, we introduce the notion of a time symbol {c(t),t € R} of a non-
autonomous equation. Roughly speaking, the time symbol is the collection of all terms
of the equation that depend on time. We define the hull H(o) of a symbol 0. We also
define the notion of a translation compact function. We mostly study non-autonomous
equations having translation compact symbols o(t). We present translation compact-
ness criterions in various topological spaces that are used in the sequel.

In Section 2.5, we formulate the main theorem on the existence and the structure
of the uniform global attractor of a process {(U,(t,7} of a non-autonomous equation
with translation compact symbol o(t).

In Section 2.6.1, we study the uniform global attractor of the non-autonomous 2D
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Navier—Stokes system with translation compact external force. A special attention
is given to the case, where the system has a unique bounded complete solution that
attracts any other solution as t — +o0o with exponential rate. In Sections 2.6.2 and
2.6.3, we consider analogous problems for the non-autonomous hyperbolic equation
with dissipation and for the non-autonomous complex Ginzburg-Landau equation with
translation compact terms.

2.1 Processes and their uniform global attractors

Let F be a complete metric space or a Banach space and let a two-parameter family
of operators {U(t,7), 7 €e R,t > 7}, U(t,7) : E — E, be given.

Definition 2.1.1 A family of mappings {U(¢t,7)} := {U(t,7),7 € R,t > 7} in E is
said to be a process if

1. U(r,7) = Id for all T € R, where Id is the identity operator;
2. U(t,s)oU(s,7) =U(t,7) forallt >s>71, 7 €R.

As in Chapter 1, by B(E) we denote the family of all bounded (in the norm of E)
sets in E. The process {U(t,7)} is called (E, E)-bounded, if U(t,7)B € B(FE) for every
B € B(E), for all 7 € R, and for all ¢ > 7. The process {U(t,7)} is called uniformly
(E, E)-bounded if for every B € B(E) there exists By € B(F) such that U(t,7)B C B,
forallT e Rt > 7.

The following two notions describe dissipativity properties for non-autonomous dy-
namical systems. A set By C E is said to be uniformly (w.r.t. T € R) absorbing for
the process {U(t, 7)} if for any set B € B(F) there is a number h = h(B) such that

U(t,7)BC Byforalltand 7, t — 7 > h. (2.1)

A set P C F is said to be uniformly (w.r.t. 7 € R) attracting for the process {U(t, 7)}
if, for every ¢ > 0, the set O.(P) is uniformly absorbing for this process (here and
below O.(M) denotes an e-neighborhood of a set M in the space F), that is, for every
bounded set B € B(E), there exists a number h = h(e, P) such that

U(t,7)B C O.(P) for all t and 7, t — 7 > h. (2.2)
Property (2.2) can also be formulated in the following manner: for every set B € B(E)

supdistg (U (7 + h,7) B,P) — 0 (h — +00). (2.3)

TER

Here distg (X,Y) denotes the Hausdorff distance from the set X to the set Y in the
space F (see (1.3)).

A process having a compact uniformly absorbing set is called uniformly compact and
a process having a compact uniformly attracting set is called uniformly asymptotically
compact.

We now define the notion of the uniform global attractor A of a process {U(t,7)}.
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Definition 2.1.2 A set A C FE is called the uniform (w.r.t. 7 € R) global attractor of
a process {U(t,7)} if it is closed in F, is uniformly attracting for the process {U(t, )}
and satisfies the following property of minimality: A belongs to any closed uniformly
attracting set of the process.

It is easy to see that any process has at most one uniform global attractor. The
notion of a uniform global attractor was introduced in [Ha91] (see also [CV92a, CV93d,
CV94a, CV02al).

For an arbitrary set B € B(E), we define the uniform w-limit set w(B):

w(B) =) [ U v.n)B

h>0 Lt—7>h

(2.4)

E

In (2.4), the square brackets [-], denote the closure in the space E and the union
U;_,>p is taken for all ¢,7 such that 7 € R and ¢ > 7 + h (compare with (1.4)).

Proposition 2.1.1 If a process {U(t, )} in E has a compact uniformly attracting set
P, then for any B € B(E)

(i) w(B) #0, w(B) is compact in E, and w(B) C P;
(ii) sup,cg distg(U(h+ 7,7)B,w(B)) — 0 (h — +00);

(iii) if Y s closed and sup,cp distg(U(h+ 7,7)B,Y) (h — 400), then
w(B) CY.

Proof. From the definition (2.4) of w(B), it follows that

there are sequences {z,} C B, {7,} C R,and {h,} C R,

yewB) e { such that h, — 400 and U(7, + hp, Th) T, — y (0 — 00). (2.5)

(i) Let us show that w(B) # (). For any fixed 7 € R and x € B, we consider an
arbitrary positive sequence {h,}, h, — +0o (n — o0). According to the uniformly
attracting property (2.3), distg(U(7 + hy,7)z, P) — 0 (n — o0), that is, for some
sequence {y,} C P

NU(T + hp, T)T — yn||lg — 0 (n — 00).

The set P is compact, therefore we can extract from {y,} a subsequence {y, } converg-
ing to a point y € P. Hence U(T + hy,T)x — y (n' — 00). Having (2.5), we deduce
that the constructed point y € w(B), that is, w(B) # (). Let us verify that w(B) C P.
Let y € w(B) and let {z,} C B, {7} C R, {h,} C R, be sequences defined in (2.5).
Using the uniform attracting property of P (see (2.3)), we have

dist g(U (7, + by ), P) — 0 (n — 00).

Therefore distg(y, P) = 0. The set P is closed, that is, y € P for all y € w(B) and
w(B) C P. This implies also that w(B) is compact, since w(B) is closed by definition
(see (2.4)).
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(ii) Assume the converse: for some B € B(E),

sup distg(U(7 + h, 7)B,w(B)) /4 0 (h — +00).

TeR
That is, for some sequences {z,} C B, {7,} C R, {h,} C Ry (h, — +00) we have
dist g (U(7 + by 7)) T, w(B)) > 6 > 0Vn € N. (2.6)
The uniform attracting property of P implies that
dist g (U (7 + By ) T, P) — 0 (n — 00),
So once again, we find a sequence {y,} C P such that
1U(T + hay 7)) 2n = ynll 2 — 0 (0 — 00).

The set P is compact and we may assume by refining that y, — y (n — oo) for
some y € P, that is,
Uty + hym)tn — y (0 — 00),

and it follows from (2.5) that y € w(B). However, (2.6) implies that distg(y,w(B)) >
0 > 0, which is a contradiction.

(iii) Let Y be a closed uniformly attracting set of the process {U(t,7)}. If y € w(B),
then, in view of (2.5), for some sequences {z,} C B, {7,} C R, {h,} C Ry we have

U(ty + by To)Tn — y (hy — 00).
Since Y is a uniformly attracting set, it follows that
dist g(U(T + by Tn) @, Y) — 0 (n — 00)

and, consequently, dist(y,Y) = 0, thatis, y € Y for ally € w(B) and, hence, w(B) C Y.
The proposition is completely proved. m
Using Proposition 2.1.1, we formulate the following important

Theorem 2.1.1 [f a process {U(t, )} is uniformly asymptotically compact, then it
has a compact (in E) uniform global attractor A.

Proof. We claim that the set

, (2.7)

A:[wa@

neN

E

(where B, = {z € E | ||z||g < n} is the ball in E of radius n € N) is the required
uniform global attractor. Indeed, for the set A defined in (2.7), we have A C P (see
Proposition 2.1.1 (i)). Moreover, if B C B(E), then B C B, for some n € N and,
consequently, w(B) C w(B,) C A, i.e., A uniformly attracts U,(¢,7)B (Proposition
2.1.1 (ii)). At the same time by Proposition 2.1.1 (iii), the set w(B,,) belongs to every
closed uniformly attracting set. Therefore, the property of minimality is valid for A

defined in (2.7). m

29



Remark 2.1.1 To this end, we can not claim that A = w(P), where P is any compact
uniformly attracting set for {U(t,7)}. We clearly have the inclusion w(P) C A, since
P C By for a large N, so w(P) C w(By) and, therefore, w(P) C A. At the same
time in the general case, the inverse inclusion remains unclear because we do not know
whether w(B) C w(P) for any B C B(FE). However, if By is a compact uniformly
absorbing set, then apparently

A=w(Bo) =)

h>0

U U(t,7)By

t—17>h

E

Having a compact uniformly attracting set P, the equality A = w(P) can be also
proved under some additional assumptions of continuity for the process {U(¢,7)} (see,
for example, Theorem 1.1.1 for an autonomous case and [CV02a] for non-autonomous
cases).

Remark 2.1.2 In Theorem 2.1.1, we do not assume that the process {U(¢,7)} is
continuous in E. (This assumption was essential in the theorems on the existence
of global attractors of semigroups corresponding to autonomous evolution equations.)
The reason is that we use only the property of minimality in the definition of a global
attractor.

To describe the general structure of the uniform global attractor of a process we
need the notion of the kernel of the process that generalizes the notion of a kernel of
a semigroup.

A function u(s),s € R, with values in E is said to be a complete trajectory of the
process {U(t, 1)} if

U(t,T)u(r) = u(t) for all t > 7,7 € R. (2.8)

A complete trajectory u(s) is called bounded if the set {u(s), s € R} is bounded in E.

Definition 2.1.3 The kernel K of the process {U(t,7)} is the family of all bounded
complete trajectories of this process:

I = {u(-) | usatisfies (2.8) and |[u(s)||r < C, Vs € R}.

The set
K(t)=A{u(t) |u(-) e L} CE, teR

is called the kernel section at time t.
It is not difficult to prove the following

Proposition 2.1.2 If the process {U(t,7)} has the global attractor A, then

K@) c A (2.9)

teR

Comparing (2.9) with identity (1.6) in autonomous case, we note that, in non-
autonomous case, first, K(¢) may depend on time ¢ and, second, the inclusion in (2.9)
can be strict, that is, in order to describe the structure of the global attractor A of
a process {U(t,7)} it is not sufficient to know the structure of the kernel K. The
discussion of this problem will be continued in Section 2.5.
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2.2  On non-uniform global attractors of processes
and Haraux’s example

Following A.Haraux [Ha88, Ha91], we define also a (non-uniform) global attractor of
a process {U(t,7)} acting in E. A set Py is called a (non-uniform) attracting set of
{U(t,7)} if for any bounded set B € B(FE) and for any fized 7 € R

distg (U (t,7) B, Py) — 0 (t — 400), (2.10)
that is, for any € > 0, there exists a number 7' = T'(7, B, &) > 7 such that
U(t,7)B C O.(P) for all t > T. (2.11)

A process having a compact attracting set is called asymptotically compact. Similarly
to Definition 2.1.2, we formulate

Definition 2.2.1 A set Ay C F is called the (non-uniform) global attractor of a
process {U(t,7)} if it is closed in F, is attracting for the process {U(¢, 7)} and satisfies
the property of minimality: Ay belongs to any closed attracting set of the process.

Similarly to Theorem 2.1.1, we prove

Theorem 2.2.1 [fa process{U(t,T)} is asymptotically compact, then it has a compact
(non-uniform) global attractor Aj.

It is obvious that a uniformly asymptotically compact process {U(¢,7)} is (non-
uniformly) asymptotically compact as well and, thereby, A, C A. However, it was
pointed out by A.Haraux that this inclusion can be strict, i.e. the uniform global
attractor can be larger than the non-uniform one. We now present the example from
[Ha88, Ha9l].

We consider the following non-autonomous ordinary differential equation in R:
dyu + a(t)u +u® = 0 (dy = d/dt) (2.12)

with initial data
Ulpmr = Ur, ur € R, (2.13)

where

a(t) =Y n~?sin(2n~"t). (2.14)

The function a(t) is almost periodic (see Example 2.4.1) since it is the uniform limit
of almost periodic (and even quasiperiodic) functions. Equation (2.12) generates a
process {U(t,7)} in R : U(t,7)u, = u(t), t > 7, 7 € R, where u(t) is a solution of
(2.12), (2.13) with initial data u,. We set

A(t) = /Ota(s)ds = inZ sin?(n~*), t € R. (2.15)
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Let us find a (non-uniform) global attractor of the process {U(t, 7)}. It follows from
(2.12) that
diu® = —2a(t)u® — 2u* < —2a(t)u (2.16)
and therefore
w?(t) < u(7)exp (2A(7)) exp (—2A(t)), Vt > 7.
Taking n = [|t|'/*] + 1 in (2.15) we obtain

At) > clt|V2 vt e R (2.17)

for some ¢ > 0. Hence, u(t) — 0 (t — 4o00) and, moreover, U(t,7)B — 0 (t — oo) for
each fixed 7 € R and for any bounded set B € B(R). We conclude that the process
{U(t,7)} has a (non-uniform) global attractor Ag = {0}, that is, a single point.

Let us study the uniform global attractor of the process {U(t,7)}. First of all,
this process is uniformly compact, i.e., it has a compact (bounded in R) uniformly
absorbing set. Indeed, the function a(t) is bounded, so,

—2a(t)u® — 2u* < 2Ru? — 2u* < —qu? + C

for appropriate positive R, «, and C. In view of (2.16), we obtain

and hence the set By = {|u|? < 2C/~} is uniformly absorbing for the process {U(t,7)}.
The set By is compact and, by Theorem 2.1.1, the uniform global attractor A exists.
Clearly, {0} = Ay C A. We claim that A # {0}.

It is sufficient to prove that there exists a nonzero bounded solution @(t) of equation
(2.12) defined for all ¢ € R. Such a solution belongs to the kernel K of the process
{U(t,7)} and, from (2.9), we have that {{J,. @(t)} C A, so, A is large than A, = {0}.

Integrating (2.16) we obtain

d; (u2e?A0) 4 24240 =
dy (v) + 2027240

where v(t) = u?(t)e?4®). Integrating once more, we obtain

S Q/t o—2A() g
o) v(0) 0

Notice that e=246) € L;(R;R,) due to (2.17). Finally,

o—2A() 1/2
a(t) = + L teR
( ) ﬁ + 2f0t e—24A(s) g

is the desired solution of (2.12), if —15 > 2 ffoo e~24¢)ds. The sign of 4 coincides with

o |2

the sign of ug. Indeed, @ satisfies equation (2.12) for all ¢ € R and is bounded in R.
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Notice that in the case of a periodic process, its uniform global attractor coin-
cides with the non-uniform one (see [VC95, CV94b] for more details). For the readers
convenience, we now present a simple result concerning the periodic processes.

A process {U(t, 7)} is called periodic with period p if

Ut+p1+p) =UtT),Vt>1, TR (2.18)

Having a periodic process {U(t, )}, to prove that a set P is uniformly attracting for
{U(t,7)} it is sufficient to show, instead (2.3), the limit relation

sup distg (U (t 4+ h,7) B,P) — 0 (h — +00). (2.19)
T€[0,p)

Indeed, for an arbitrary 7 € R we have that 7 = 7/ + np, where 7/ € [0,p) and n € Z.
Therefore, by periodicity,

Uh+7,1)B=Uh+7 +np, 7 +np)B=U(h+7',7)B
and (2.19) implies (2.3). Using this observation, we have

Theorem 2.2.2 [f a periodic process {U(t,7)} is uniformly bounded and has a com-
pact (non-uniformly) attracting set, then it is uniformly asymptotically compact. In
particular, the process {U(t, )} has both uniform and non-uniform global attractors A

and Ay which coincide, A = A,.

Proof. Let Py € FE be a compact attracting set of the periodic process {U(t, )} with
period p. It follows from Theorem 2.2.1 that this process has a (non-uniform) global
attractor Ag.
Consider an arbitrary bounded set B € B(F). Since the process {U(t,7)} is uni-
formly bounded the set
B= |J U@ )BeB(E).

T€[0,p)

The set Py is (non-uniformly) attracting, therefore, for 7 = p,
dist (U (t,p) B,PO) 0 (t— +00) (2.20)
We now observe that, for all 7 € [0, p),
U(t,7)B = U(t,p)U(p,7)B C U(t,p)B, Vt > p.

Then, from (2.20), we conclude that

sup distg (U (7 + h,7) B, Py) < distg (U (t,p) B,PO) — 0 (t — +00)

7€[0,p)

and relation (2.19) is proved for the set P. Therefore, the process {U(t, 7)} is uniformly
asymptotically compact. Repeating the above reasoning for Ay in place of Py, we
conclude that the set A is uniformly attracting. At the same time, Ajg is the minimal
uniformly attracting set since it is minimal (non-uniformly) attracting. Thus, 4y = A
is the uniform global attractor of the periodic process {U(t,7)} . m

In our paper, we study mostly uniform global attractors of process corresponding
to non-autonomous evolution equations.
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2.3 Cauchy problem and the corresponding process

We now explain how to construct a process corresponding to a non-autonomous evo-
lution equation. We consider a non-autonomous evolution equation of the form:

Ou = A(u,t), t > 7 (1 € R). (2.21)

Here A(u,t)denotes a nonlinear operator A(-,t) : Ey — Ej for every t € R, where E
and Fy are Banach spaces such that F; C Fy. We study solutions u(t) of this equation
that are defined for all ¢ > 7. For ¢t = 7 we consider the initial condition:

u(T) = uly=r = ur, u; € E, (2.22)

where F is a Banach space such that £y C F C Ey. We assume that for every 7 € R and
for all u, € E, the Cauchy problem (2.21), (2.22) has a unique solution u(t) such that
u(t) € E for all ¢ > 7. The meaning of the expression “the function u(t) is a solution
of problem (2.21), (2.22)” should be clarified in each particular example. Similarly
to a solution of autonomous equation (1.7), solutions u(t), 7 < t < T, of (2.21) are
taken from the class F,r of functions satisfying the conditions v € Ly, (7,7 E) and
u € L, (7,T; Ey). We also assume that A(u,t) € L, (7,T; Ep) for some ¢, 1 < ¢ < o0,
and dwu € L,(7,T; Ey). Equality (2.21) holds in the space L, (7,T; Ep). Thus, a
function u(t) from F,r should satisfy (2.21) in the distribution space D'(]7,T[; Ep)
(for the details, see [Lio69, BV89, CV02a]). In order to assign a meaning to the initial
condition (2.22), various embedding theorems can be used (see, e.g., [LioM68, T79]).

We study the following two-parametric family of operators {U(¢,7)}, t > 7, 7 € R,
generated by problem (2.21), (2.22) and acting in E by the formula

Ult,T)ur =u(t), t > 7, 7 € R, (2.23)

where u(t) is a solution of (2.21), (2.22) with initial data u, € E. Since the Cauchy
problem (2.21), (2.22) is uniquely solvable, the family of operators {U (¢, 7)} satisfies the
properties from Definition 2.1.1. Thus, the constructed family of operators {U(t,7)}
is called the process corresponding to problem (2.21), (2.22).

In the next sections, we are going to study global attractors of processes correspond-
ing to various non-autonomous dissipative evolution equations arising in mathematical
physics.

2.4 Time symbols of non-autonomous equations

General Theorem 2.1.1 is applicable to processes generated by non-autonomous evo-
lution equations. However, this basic theorem adds little to the knowledge of the
structure of the uniform global attractor. To say more we have to study some extra
properties of processes. In this connection, the notion of a kernel of a process is very
useful (see Definition 2.1.3). Recall that the kernel of equation (2.21) is the union of all
bounded complete solutions u(t),t € R, of this equation that are defined on the entire
time axis {t € R}.

Having the global attractor A of non-autonomous equation (2.21), we always have
inclusion (2.9). However, in the generic case, this inclusion can be strict, that is,
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there exist points of the global attractor A that are not values of bounded complete
trajectories of the original equation (2.21) (see Remark 2.6.2). Nevertheless, we shall
show that such points lie on the complete trajectories of “contiguous” equations. To
describe these “contiguous” equations we introduce the notion of time symbol of the
equation under the consideration. Speaking informally, the time symbol reflects the
dependence on time of the right-hand side of a non-autonomous equation. We assume
that all the terms of equation (2.21) that depend explicitly on time ¢ can be written as
a function o(t),t € R, with values in an appropriate Banach space . We now rewrite
equation (2.21) itself in the form:

Ou = Aypy(u), t > 7 (1 € R). (2.24)

The function o(t) is said to be the time symbol of the equation. In applications, o(t)
consists of the coefficients and terms of the equation that depend on time. For example,
in the non-autonomous Navier—Stokes system

Oyu+ vLu + B(u,u) = g(z,t)

with time dependent external force g(z,t) € C,(R; H) the time symbol is o(t) = g(z, ).
(This example will be studied in Section 2.6.1 in great details.)
We assume that the symbol o (), as a function of time ¢, belongs to an enveloping
space
=:={{(t),t € R |{(t) € ¥ for almost all t € R},

equipped with a Hausdorff topology. In the above example of the 2D Navier—Stokes
system, W = H and the space = = C},(R; H) can be taken as an enveloped space of
this non-autonomous equation. Recall that a function g(x,t) € C,(R; H) if

lgCs Moy = sup {[lgC, Dllm, t € R} < +oo.

We assume that the translation group {T'(h), h € R} acting by the formula 7T'(h){(t) =
¢(h+t) is continuous in =. This assumption is clearly holds for the space = = C,(R; H).

The symbol of the original equation (2.21) is denoted by o¢(t). Along with this
equation having the symbol o¢(t) we consider equations (2.24) with symbols oy, (t) =
oo(t + h) for any h € R. Moreover, we also consider the equations with symbols o ()
that are limits of the sequences of the form oy, (t) = 0¢(t + h,) as n — oo in the space
=. The resulting family of symbols forms the hull H(og) of the original symbol oy (t)
in the space =.

Definition 2.4.1 The set

H(oo) := [{o(t+h) | h € R}] (2.25)

is called the hull H(o) of the function o(t) in the space = , where [-]= denotes the
closure in the topological space =.

We are going to study equations of the form (2.21) and (2.24), whose symbols o (%)
are translation compact functions in Z (see also [CV95a, CVI5b, CV95¢c, CV02al).

Definition 2.4.2 A function o(t) € = is called translation compact (tr.c.) in Z, if
the hull H(o) is compact in =.

35



Consider the main examples of translation compact functions that we shall use in
this paper.

Example 2.4.1 Let = = C,(R; M), where M is a complete metric space. Let oy(s)
be an almost periodic (a.p.) function with values in M. It is well-known that, by the
Bochner—Amerio criterion, an a.p. function og(s) possesses the following characteristic
property: the set of all its translations {o¢(s + h) = T(h)oo(s) | h € R} forms a
precompact set in Cy(R; M) (see, e.g., [AP71, LevZh78]). The closure in Cy(R; M)
of this set is said to be the hull H(og) of the function oy(s) (see (2.25)). Thus, by
Definition 2.4.2, 0¢(s) is a tr.c. function in Cy(R; M). If the function o¢(s) is almost
periodic, then any function o(s) € H(oy) is a.p. as well. Evidently, the time translation
group {T'(h) | h € R} is continuous in Cp(R; M).

Example 2.4.2 Let = = LLOC(R; E), where p > 1 and & is a Banach space. The space
Lic(R; €) consists of functions £(t),¢ € R with values in € that are p-power locally
integrable in the Bochner sense, that is,

to
/ IE(®)|[2dt < +o0, V[t,ts] C R.

t1

We consider the following convergence topology in the space L;"C(R; £). By the defini-
tion, &,(t) — &(t) (n — 00) in LY*(R; €) if

/ C€a(t) — €@t — 0 (1 — 00)

t1

for every interval [t1,ts] C R. The space L;,OC(R; £) is countably normable, metrizable,
and complete. Consider tr.c. functions in the space L;"C(R; &). We have the following
criterion (see, for example, [CV02a]): a function og(t) is tr.c. in LY*(R; €) if and only

if (i) for any A > 0 the set { tt+h oo(s)ds |t € R} is precompact in € and (ii) there

exists a positive function 3(s) — 0 (s — 0+) such that

t+1
/ loo(s) — ao(s +1)|[2ds < B(]I]), Vt € R.

From this criterion, it follows that
t+1
sup [ lon(s) s < +o0, e € R, (2.26)
teR Jt

for any tr.c. function in LY*(R; ).
It is obvious that the translation group {T'(h) | h € R} is continuous in LI**(R; ).

Example 2.4.3 In a similar way, we define translation compact functions in the space
C'¢(R; €) that consists of continuous functions £(t),t € R with values in £. The space
Cl¢(R; £) is equipped with the local uniform convergence topology on every interval
[t1,t2] C R (see [CV02a]). From the Arzeld—Ascoli compactness theorem, we obtain
the following criterion: a function oy(t) is tr.c. in C'¢(R; &) if and only if (%) the set
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{oo(h) | h € R} is precompact in € and (iz) o¢(t) is uniformly continuous on R, i.e.,
there exists a positive function a(s) — 0+ (s — 04) such that

||0'0(t1) — O'Q(tg)”g S O[(|t1 — t2|), vtl,tg c R.

(See [CV02a] for more details). In particular, any tr.c. function in C*¢(R; &) is bounded
in £. The translation group {T'(h) | h € R} is clearly continuous in C'¢(R;&).

Example 2.4.4 Almost periodic functions with values in £, that is, tr.c. functions in
the space Cy(R; &), are also tr.c. in C'¢(R; &).

Example 2.4.5 Inside the class of a.p. functions, we consider a subclass of quasiperi-
odic functions. A function o((t) € C(R; E) is said to be quasiperiodic (g.p.) if it has
the form:

oo(t) = ¢ (it aot, ..., axt) = ¢ (at), (2.27)

where the function ¢ (w) = ¢ (w1, ws, . .., wy) is continuous and 27-periodic with respect
to each argument w; € R :

O (Wi, wi+2m, . wi) =0 (W, Wiy wE), T =1,k

We denote by TF = [Rmod 2" the k-dimensional torus. Then ¢ € C(T*;&). We
assume that the real numbers ay, @, ..., a4 in (2.27) are rationally independent (oth-
erwise we can reduce the number of independent arguments w; in the representation
(2.27)). It follows easily that the hull of the q.p. function oy(t) in C(R;€&) is the
following set:

{gb(dt +(D1) | w1 € Tk} = H(O’Q), o= (Ckl,OzQ, cee ,Ozk). (228)

Consequently the set H(op) is a continuous image of the k-dimensional torus T*. For
k = 1, we obtain a periodic function: oo(t + 2m) = oy(?).

In [CV02a] other examples of tr.c. functions in C(R;E) are given which are not
a.p. or ¢.p. functions.

2.5 On the structure of uniform global attractors

We now consider a family of equations (2.24) with symbols o(t) from the hull H (o)
of the symbol o¢(t) of the original equation:

O = Ayuy(u), o € H(oy), (2.29)

with initial data
U=y = U, (2.30)

We assume that the function og(t) is tr.c. in the topological space Z. For simplicity, we
assume that the set H(oy) is a complete metric space. In all examples given above, this
assumption holds. We suppose that, for every symbol o € H(oy), the Cauchy problem
(2.29), (2.30) has a unique solution for any 7 € R and for every initial condition u, € E.
Thus, we have the family of processes {U,(t,7)},0 € H(oy), acting in the space E.

The family of processes {U,(t,7)}, 0 € H(oy), is called (E x H(op), E)-continuous
if for any t and 7,¢ > 7 the mapping (u, o) — U,(t, T)u is continuous from E x H(oy)
into F.
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Proposition 2.5.1 If the process {U,,(t,7)} has a compact uniformly attracting set
P and the family {U,(t,7)}, 0 € H(op), corresponding to (2.29) is (E x H(oy), E)-
continuous, then, for every o € H(oy), the set P is also uniformly attracting for the
process {U,(t,7)}. Moreover, A, C A= A,,, where A, is the uniform global attractor
of the process {U,(t,T)} (the inclusion A, C A,, can be strict).

The proof can be found in [CV94a, CV02a].

Remark 2.5.1 A tr.c. function oy in = is called recurrent if for every o € H(op)
the hull H(o) = H(op). For example, any almost periodic function is recurrent. If in
Proposition 2.5.1 the tr.c. symbol o is recurrent (e.g. almost periodic), then clearly
A, = A,, = A for every 0 € H(op). In this case, the uniform global attractor A
describes the limit behaviour of solutions of the entire family of equations (2.29).

We note that the following translation identity holds for the family of processes
corresponding to (2.29):

Ur(no(t,7) = Us(t + h, 7+ h), Vb > 0,t > 7,7 € R. (2.31)

Here T'(h)o(t) = o(t+h). This translation identity follows directly from the uniqueness
of the solution u(t) of problem (2.29), (2.30). To prove (2.31) we replace o(s) in
equation (2.29) by T'(h)o(s) = o(s + h) and change the variable t + h = ¢;. Identity
(2.31) means that a shift by A of the argument of the symbol o(s) in problem (2.29),
(2.30) is equivalent to solving equation (2.29) with symbol o(s) at time ¢ + h with
initial data

Ult—rh = Us.

We now consider a particular case of the symbol oy(t) of equation (2.29) such that
the translation semigroup {7'(h) | h > 0} maps it into itself: T'(h)oo(t) = oo(t + h) =
oo(t) for all h > 0. In other words, oo(t) does not depend on ¢ : oo(t) = ¢ for
any s € R, where oy € U. In this case by (2.31) the corresponding process {U,,(t,7)}
satisfies the equality U, (t,7) = Uy (t+h, 7+h) = U,,(t—7,0) forallh > 0, t > 7, T €
R. Thus, the process {U,,(t,7)} is completely described by the set of one-parameter
mappings S(t) = U,,(t,0), ¢ > 0. Evidently {S(¢)} forms a semigroup corresponding
to the autonomous equation with the constant symbol o(t) = 0y. Such equations were
treated in Chapter 1. We conclude that semigroups generated by autonomous evolution
equations are particular cases of processes generated by non-autonomous equations.

Having the family of non-autonomous equations (2.29), we consider the extended
phase space E' xH (o). Using identity (2.31), we construct the semigroup {S(h),h > 0}
acting in the space F x H(op) by the formula:

S(h)(u, o) = (U,(h,0)u, T(h)o),h > 0. (2.32)

We now prove that the family of mappings {S(h)} form a semigroup in E x H(oy). It
is sufficient to verify the semigroup relation:

S(hi+ ho)(u,0) = (Us(hy + ha,0)u, T'(hy + hy)o)

(Us (b1 + ha, he)Us (ha, 0)u, T'(h1)T'(h2)o)
(Ur(hayo (h1, 0)Uq (ha, 0)u, T (ha) (T (ha)o))
= 8(M) (Us(h2, 0)u, T(h2)o) = S(h1)S(h2)(u, ).
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Here we have used the process property 2. from Definition 2.1.1 and the translation
identity (2.31). It is also obvious that S(0) = Id is the identity mapping.
We denote by II; and I, the projectors acting from E x H(op) onto E and H(oy)
by the formulae:
I (u,0) = u, a(u,0) = 0.

We now formulate the main theorem on the structure of the global attractor of equation
(2.21) with tr.c. symbol oq(t). We denote by {U,,(t,7)} the corresponding original
process with this symbol oy.

Theorem 2.5.1 We assume that the function oy(t) is translation compact in =. Let
the process {U,,(t,T)} be asymptotically compact and let the corresponding family of
processes {Uy(t,7)},0 € H(og) be (E x H(oy), E)-continuous. Then the semigroup
{S(h)} acting in E x H(og) by formula (2.32) has the global attractor A, S(h)A = A
for all h > 0. Moreover

(l) HQQ[ = H(O'Q),
(i) IL,2A = A is the global attractor of the process {Uy,(t,T)},

(iii) the global attractor A has the following representation:

A= |J K0 = |J K@), (2.33)

oc€H(0o0) oc€H(oo)

where IC, is the kernel of the process {U,(t, )} with symbol o € H(oy). Here t is
any fized number. The kernel IC, is non-empty for every o € H(oy).

The detailed proof of Theorem 2.5.1 can be found in [CV94a, CV02a]. The existence
of the global attractor 2 follows from the general Theorem 1.1.1. To apply this theorem,
we have to verify the conditions of asymptotic compactness and continuity of the
semigroup {S(h)} acting in E xH (o) by formula (2.32). Let P be a compact uniformly
(w.r.t. o € H(op)) attracting set for the family of processes {U,(t,7)}, o € H(op).
Obviously, the set P x H(oy) is a compact (in E x Z) attracting set for the extended
semigroup {S(h),h > 0}. Clearly, the semigroup {S(h)} is continuous since the family
{U,(t,7)}, 0 € H(og) is (F x H(og), E)-continuous and the translation semigroup
{T'(h)} is continuous by assumption. Therefore by Theorem 1.1.1, the set

A= w(P x H(0y)) ﬂ [U S(n)(P x H( ao))] (2.34)

is the global attractor of the semigroup {S(h)} and the first assertion of Theorem 2.5.1
is proved. We recall that

2A ={v(0) | v(-)is a complete bounded trajectory of {S(h)}} (2.35)

(see (1.6) from Theorem 1.1.2). Using this representation, we prove the rest assertions
of Theorem 2.5.1 (see [CV02a] for the details).
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Remark 2.5.2 Using formula (2.33), it is easy to show that A = w(P), where P is
an arbitrary compact uniformly attracting set of the process {U,,(t,7)} (see Remark
2.1.1).

Remark 2.5.3 If the time symbol o¢(¢) is periodic with period p, oo(t + p) = oo(t),
then the corresponding process {U,,(t,7)} is also periodic with period p. In this case,
the uniform and non-uniform attractors coincide, A4y = A (see Theorem 2.2.2 and

[VC95, CV94b]). Moreover, the hull H(op) = {oo(t + k) | h € [0,p)} and formula
(2.33) can be written in a simpler form

A= ] Ko(h)
)

helo,p

where KC,, is the kernel of the original periodic process {U,, (¢, 7)} (compare with (2.9)).

2.6 Uniform global attractors for non-autonomous
equations of mathematical physics

In this section, the general theory of uniform global attractors of processes correspond-
ing to abstract non-autonomous equations of the form (2.21) and (2.24) will be applied
to some important evolution equation from mathematical physics.

2.6.1 2D Navier—Stokes system with time dependent force

We consider the following non-autonomous 2D Navier—Stokes system with time-depen-
dent external force:

Ou = —vLu— B(u,u)+ go(z,t), (V,u) =0, (2.36)
ulog = 0, 2= (v1,15) € Q € R

We use the notations from Section 1.3.1, where the autonomous 2D Navier—Stokes
system (1.11) is considered with time-independent external force go(z).

We assume that the external force go(-,t) € H for almost every ¢ € R and gg has a
finite norm in the space L5(R; H), that is,

t+1
9ol 3y gy = llgoll3s == sup/ 1g0(+, 5)|2ds < +oc. (2.37)
teR Jt

Consider the following initial conditions for equations (2.36):
Ulpmr = ur, ur € H (1 € R). (2.38)

Problem (2.36), (2.38) has a unique solution u(t) € C(R,; H)N L5(R,; V') such that
O € L5(R.; H 1), R, = [1,4+00) (see [Lio69, L70, T88, BV89, CV02a]). A solution
u(t) from this space satisfies equation (2.36) in the distribution sense of the space
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D'(R,; H_1). Moreover, the following estimates hold:

@) < fu(r)Pe 0 £ AT L+ (A) ) llgoll7y, (2:39)

0P +v [ TulPds < o)+ 03 [ lals)Pas. (2.40)
(t - D@ < c( o Julr / e |ds) (2.41)

where A = \; is the first eigenvalue of the Stokes operator L and C(z, R, R;) is a
monotone continuous functions of z =t — 7, R, and R; (see [CV02a]).
Consequently, problem (2.36), (2.38) generate the process {U,,(t,7)} acting in H
by the formula Uy, (¢, 7)u, = u(t), where u(t) is a solution of (2.36), (2.38).
It follows from (2.39) that the process {U,,(t,7)} has the uniformly absorbing set
By :
By={ue H ||u < 2R}, B = (N)" (1+ (X)) ool

Besides, due to inequality (2.41), the set

= |J Up (7 +1,7) By (2.42)
TER
is also uniformly absorbing. Moreover, B; is bounded in V = H; and, therefore,

compact in H (see [Lio69, CV02a]). Thus, the process {Uy,(t,7)} is uniformly compact
in H. Applying Theorem 2.1.1 from Section 2.1, we conclude that the process {U,, (¢, 7)}
has the global attractor A and the set A is bounded in V. Moreover, using Remark
2.1.1, we observe that the global attractor can be constructed by the formula

A =w(By) = ﬂ[U Uy, (t,7)B

h>0 Lt—72>h

H

We now assume that the function go(-,t) =: go(t) is translation compact in the
space LY(R; H). The corresponding necessary and sufficient conditions are given in
Section 2.4. Another sufficient condition is as follows: a function go(t) is translation
compact in LY(R; H), if go € L5(R; H,) and 0,90 € L5(R; H_;), where H_; = (H})*,
that is,

t+1
ooy = s [ ool )|Pds < My < +ox,
teR J¢
t+1
JOusnlEyen = s [ o)l ds < My < oc,
(S t

(see [CV02a]). We denote by H(go) the hull of the function gy in the space L¥¢(R; H).
It is clear that
oI, < ool < M (2.3

for every function g € H(go).
The symbol of equation (2.36) is the function go(t) = oo(t). We note that, for every
symbol g € H(go), the corresponding problems (2.36), (2.38) (with external force ¢ in
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place of gy) are uniquely solvable and their solutions u,(t) satisfy inequalities (2.39) —
(2.41) as well. Hence, the family of processes {U,(t,7)}, g € H(go), acting H is defined.
In [CV02al, it is proved that this family is (H x H(go))-continuous. Therefore, Theorem
2.5.1 implies that

A= |J K,0). (2.44)

g€M(go)

where K, is the kernel of the process {Uy(t,7)}, which consists of all the bounded
complete solutions wuy(t),t € R, of the 2D Navier-Stokes system with external force
g(t). The kernel K, is non-empty for every g € H(go). Notice that

A C By=Bg(0), By = (vA) " (1+ (A) llgoll3,, (2.45)
A C B, B={ueV||v| <R}, (2.46)

where R’ depends on v, \, and ||go[|3,. In particular we conclude from (2.44) that
2
Ju(t)] < R, Vt € R, (2.47)

for every function u,(-) € Ky, g € H(go).

We now consider the important particular case of system (2.36). Similarly to au-
tonomous case, we define the Grashof number G for the non-autonomous 2D Navier—
Stokes system by the formula

lgolzg
Y2

Proposition 2.6.1 We assume that G satisfies the following inequality:
1

"o
Co

G < (2.48)

where the constant cq is taken from inequality (1.14) (compare with (1.19)). Then, for
every g € H(go), the Navier—Stokes system
Oyu = —vLu — B(u,u) + g(t) (2.49)

has the unique solution z,(t),t € R, bounded in H, that is, the kernel K, consists of
the unique trajectory z,(t). This solution z4(t) is ezponentially stable, i.e., for every
solution u,(t) of equation (2.49) the following inequality holds:

ug(t) — 24(t)| < Coluy — 2,(7)|e P vt > 7, (2.50)
where ugy(t) = Uy(t, T)u, (the constants Cy and (B are independent of u, and 7).

Proof. By (2.44), at least one bounded solution z,(t) := z(t) exists. Let u,(t) := u(t)
be an arbitrary solution of (2.49). The function w(t) = u(t) — 2(t) satisfies the equation
w) =

Ow + vLw + B(w,w + z) + B(z,

Multiplying by w and using the identities (B(z,w),w) = (B(w,w),w) = 0 (see (1.13))
and inequality (1.14), we obtain that

Ocfw]* + 2v]lw|* = 2(B(w, 2),w) < 2cglwl[wll]=]

<
< vlwl* + v [wl?|2]1*
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Since A\|w|? < ||w]|?, we have
Ol + Al < Bl + vljull? < v 2] (251)

Consequently,
Owl* + (vA = g 2(8)||?) Jw]* < 0. (2.52)

Multiplying this inequality by exp {f: (v — carH|z(s)]?) ds} and integrating over

[, ], we obtain
jw(t)]* < |w(r)]*exp {/t (—vA + v Hz(s)]1%) ds}
- |w(7)]2exp{—u)\(t —7) +ch1/: Hz(s)H2d5}. (2.53)

By (2.40) we find that

JAECIRE

VAN

¢
I/_1|Z(7')|2 + (1/2)\)_1/ |g(s)|2ds

v ()P + (PN) 7 (= T+ 1) [lglly
< 1/—1|Z(7-)|2 + (y2)\)*1 (t—7+1) ||go||ig.

IA

Since z(7) € Ayyg), it follows from (2.45) that
l2(T)2 < (wA) (1 + (V)x)_l)Hgo”ig ~ R2.

Hence,

t
/ l()lPds < (v RS+ (022) " llgolly) + (2N) 7 (= 7) Dol
-1
= BRI+ ("N (=) lloll7y.

where R2 = v 'R2 + (v2\) lg0l|3, . Substituting this estimate into (2.53) we obtain
the inequality ’
lw(t)]? < Jw(r)[PCoexp (=Bt — 7)),
where
B=vA—c) (1/3)\)71 HgOH%g and Cy = exp (cov™'R}) .

Notice that .
A goll2y = G <
Co

and therefore 3 = vAc} <064 - u‘4)\_2|]g0|]ib) > (0. This implies that
2

w()]? = u(t) — (1) < [u(r) — 2(r) [2Coe 2~

Inequality (2.50) is proved. Let us show that such a function z(t) is unique. If there
are two bounded complete solutions z1(t) and z5(t), t € R, then by (2.50)

|21(t) — ZQ(t)|2 <l|z(1) — 22(7')|2006_6(t_7) < C’lc’oe_ﬁ(t_ﬂ.
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Fixing ¢ and letting 7 — —oo we obtain |21(t) — z(t)|]*> =0 forallt € R. m
Properties (2.50) and (2.44) implies that the set

A=z [teRY, = [ {20} (2.54)

g€H(g0)

is the global attractor of the original equation (2.36) under condition (2.48).

Remark 2.6.1 In the work [CI04] it is shown that ¢ < (%)1/2 (see also Remark
1.3.1). Therefore, formula (2.54) holds for G < 3.2562.

Remark 2.6.2 It is easy to construct examples of functions go(z,t) satistying (2.48)
such that the set {z,(¢) | t € R} is not closed in H. Nevertheless, the set A is always
closed and to describe this set we need to consider all the functions z,(¢) from the
kernels of equations with external forces g € H(go).

Remark 2.6.3 Inequality (2.50) implies that, under condition (2.48), the global at-
tractor A of system (2.36) is exponential, i.e. it attracts bounded sets of initial data
with exponential rate.

We now formulate corollaries for some special cases of functions g € H(go).

Corollary 2.6.1 Let the function g(t) in (2.49) be periodic with period p. Then the
function z,(t) has the period p as well.

Proof. Consider the corresponding bounded complete trajectory z,(t). Consider the
function z,4(t + p) that is, obviously, also a bounded complete trajectory of (2.49) with
external force g(t + p) = g(t). Therefore, this function belongs to the kernel IC,, which
consists of the unique trajectory z,4(t). Hence, z,(t +p) = z,(t). m

Corollary 2.6.2 If a function g(t) € H(go) is almost periodic, then the function z,(t)
1s almost periodic as well.

) — z(t + p), where 2(t) := z,4(t) and p is an

Proof. Consider the function w(t) = z(t
to (2.52) we obtain the following inequality:

arbitrary fixed number. Similarly
Orlwl* + (VA — g™ [=(0)]17) [w]* < 2fw] - |g(t) — g(t + p)],
which implies that
Owl* + (VA — v lz()1° = 0) [wl|* < 67 Mg(t) — g(t + p)I*. (2.55)

Here ¢ is a fixed positive number specified below. We also get from inequality (2.40)
that

V/ lz(s)[ds < |=(7)]* + (V/\)_l/ l9(s)Pds < |2(7)]* + (wA) 7! (¢ =7+ D)gll7,
< 2 (OP + N =7+ Dllgol 7y (2.56)
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Since z(7) € A, we have from (2.45)
[2(r)[F < wA) 7 (14 (2) ool 7, = Ri-
Consequently due to (2.56) we obtain:
t
[ leRds < (v B 020 M anlly) + 20 e = Dlaol
= R4+ PN = Dol (257
where R? = v ' R2 + (VQ)\)_ngoH%g
We denote a(t) = vA — cgrt|z(t)||*> — 6. Multiplying equation (2.55) by
exp { f a(s )ds} and integrating over [7,t] we find that
O < e £+ 2 [ g0) = g0+ pPe BeRan. (259)
Using (2.57) we have
t
—/0 a(s)ds < cgu’?’)\’ngOHig(t —0) — (WA —=08)(t—0) + v 'R?

= — (A=A gl —8) (£ - 0) + RS
= —(B-=0)(t—0)+R2, (2.59)

where R3 = cjv'R? and 8 = v\ — céu’?’)\’ngOHi We note that v=4\~ 2”90”Lb =

G? < c;* (see (2.48)) and therefore 3 = u)\—céu_g)\_lﬂgOHLb > 0. We now set § = ﬁ/2
2

Then (2.58) implies that

(&) < Jw(r)Pee A1 ¢ / 19(0) — g0+ p)Pe P00, (2.60)

Let the number p be an e-period of the function g, i.e., |g(8) — g(6 + p)| < € for all
6 € R. Then by (2.60) we have

2 t
WP < u(n)PCae ¥ 4 ot [0

2\
< w(r)PCoe P2 4 (E) (1 — e PU=m/2)

IN

9 2
|w(7)|*Cre™ P72 1 (ﬁg) , where €y = ¢/%. (2.61)

Notice that |w(7)| < C’ for all 7 € R. Therefore using (2.61) and letting 7 — —oo we
obtain the inequality

2VCy

()] = [2(8) = 2(t +p)| s e—5

(2.62)
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Hence, p is also &t#period of the function z(¢). Then it is straightforward that the

function z(t) is almost periodic. =
We now study the case, where the function go(t) is quasiperiodic, that is,

go(z,t) = ¢ (x,aut,...,aut) = ¢ (x,at), (2.63)

¢ (-, w) € CHP(T*; H), @ = (wy,...,wy), and real numbers (ay,...,a;) = & are ratio-
nally independent (see Example 2.4.5).

Proposition 2.6.2 Let the condition (2.48) hold and let the function go(t) be quasi-
periodic. Then the corresponding function zo(t) = 24 (t) (unique by Theorem 2.6.1)
is also quasiperiodic, that is, there exists a function ® (x,0) € CLP(T* H) such that
2o(x,t) = ® (z,ant, ..., axt) and the frequencies (aq, ..., ) are the same as for the
function go(z,t).

Proof. Consider the external force g, (z,t) = ¢ (x, at + @), where @ € T*. It is obvious
that g5 € H(go) (see (2.28)). By (2.48) to each such external force g there corresponds
the unique bounded complete trajectory zz(z,t) of the Navier-Stokes equation with
external force g;(x,t) that satisfies (2.50). We set

¢ (z,w0) = 25(z,0) (2.64)
and prove that @ is the desired function. First of all, we note that
Z@(.T,t—i‘ h) = Z@h+@<x7t>. (265)

This follows from the uniqueness of the bounded complete trajectory zanis(z,t) corre-
sponding to the function gasp o (x,t) and it is easy to see that the function z5(x,t + h)
satisfies the Navier—Stokes system with external force ¢ (x, @(t + h) + @) = ganio(z,t).
By (2.64) we conclude that

2o(x, h) = O(z, ah + ),
that is, zz(z,t) = ®(x,at + w) for all t € R.
We now demonstrate that ®(z,w) = ®(z,w, . ..,ws) has the period 27 with respect

to each argument w;. This property follows from the uniqueness of bounded complete
trajectories because

O(z,0 + 27€;) = z519n,(2,0) = 25(2,0) = (2, 0).

Here {é;,i = 1,..., k} is the standard basis in R¥. It only remains to verify the Lipschitz
condition with respect to @ € T* for the function ®. We set w(t) = 2, (t) — 24,(t).
Similarly to (2.60) we prove the inequality

2 t
w(t)]? < |w(r)[PCoe D72 4 502/ 192, (0) — 92, (0) e =02do. (2.66)

The function ¢ satisfies the inequality
|6 (@01) — ¢ (@2) | < sl — @l Yoy, 5 € T".
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Therefore
192, (0) = 9, (0)] < s¢|@1 — @l (2.67)
Hence, from (2.66) and (2.67) similarly to (2.61) and (2.62) we obtain that

2V,
g

[w(t)| = [z, (t) = 22, ()] < 5 |01 = @,

and finally by (2.64)

@ (- @01) = @ (5, @2) | = |22, (0) = 25, (0)] <

2\2@@1 — wal, (2.68)

that is, ® (z,0) € CLP(T*; H). =

Corollary 2.6.3 Under the assumptions of Theorem 2.6.2 the global attractor A of
the Navier-Stokes system is a Lipschitz-continuous image of the k-dimensional torus:

A = &(TF) (2.69)

and the set A attracts solutions of the equation with exponential rate (see (2.50)).
Recall that ® (-,0) = ® (-, at + @) |=0 = 25 (x,t)]4=0, @ € T*.

Remark 2.6.4 If follows from (2.69) that the uniform global attractor A of the
Navier—Stokes system with quasiperiodic external force gq satisfying (2.48) and (2.63)
is finite dimensional and dp(A) < k,where dp(A) is the fractal dimension of A (see
Section 1.4.1). It is easy to give examples of external forces satisfying (2.48) and (2.63)
such that

dr(A) =k

(see, e.g. [CV94al). Thus, the dimension of global attractors A of non-autonomous
Navier—Stokes systems may grow to infinity as & — oo, while the Grashow numbers
(or Reynolds numbers) of these systems remain bounded. Moreover, there are almost
periodic external forces such that dg(A) = oo (see Section 2.7). These phenomenons
do not occur in autonomous case, where the dimension of the global attractor is always
less than the multiple of the Grashow number (see Theorem 1.4.2 and (1.57)). In
Chapter 3, we study the Kolmogorov e-entropy and the fractal dimension of uniform
global attractors of non-autonomous equations in great details.

2.6.2 Non-autonomous damped wave equations

We study the non-autonomous wave equation with damping
O*u + vOu = Au — fo(u,t) + go(z,t), ulsg =0, v € Q € R", (2.70)

where vO;u is a dissipation term (y > 0). The autonomous case was considered in
Section 1.3.2. We assume that the function fy(v,t) € C'(R x R;R) and the following
inequalities hold:

Fo(v,t) > —mv? — Oy, Fy(v,t) = /v fo(w, t)dw, (2.71)
0

fO(Uv t)?] - 71F0(U7t) + va > _Cma \V/(U, t) € R x Rv (272)
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where m > 0 and y; > 0. The number m is sufficiently small.
Let p be a positive number such that p < 2/(n — 2) when n > 3 and p is arbitrary
large when n = 1,2. We suppose that

|0ufo(v, )] < Co(1 + [v]°), 19ufo(v,1)] < Co(1 + [0]*), (2.73)
O (v, t) < 8Fy(v,t) + Oy, V(v,t) €R x R, (2.74)

where ¢ is sufficiently small.

Remark 2.6.5 Let fo(v,t) = f(v)p(t), where, for example, f(v) = |v|Pv or f(v) =
R+ Bsin(v), |8 < R), and ¢(s) is a positive bounded continuous function such that

¢'(t) < 0%p(t) Vt € R,
then fo(v, s) satisfies (2.71) — (2.74).
It follows from (2.73) that
[folv, )] < Co(L+ ], [Fo(v, s)| < Co(1+ [v]*?). (2.75)

Concerning the term go(z,t), we assume that gy € L5(R; Lo(€2)).
The initial conditions are posed at ¢t = 7:

Uli—r = ur (), Opu|t=r = pr(x), T € R. (2.76)

Proposition 2.6.3 If u, € H}(Q) and p, € Ly(), then problem (2.70), (2.76)
has a unique solution u(t) € C(R.; H}(Q)), du(t) € C(Ry;La(Q)), and u(t) €
Ly (Rys HH(Q)).
The proof is given, e.g., in [T88, H88, BV89, CV02a].
We set y(t) = (u(t), Byu(t)) = (u(t), p(t)) and y, = (ur,p;) = y(r) for brevity. We
denote by E the space of vector functions y(z) = (u(x), p(z)) with finite energy norm
lyll% = 1w, )| = [Vul* + [pf?

in the space E = H}(Q) x Ly(Q). Recall that | - | denotes the norm in Ly(). It follows
from Proposition 2.6.3 that y(t) € E for all t > 0.
Problem (2.70), (2.76) is equivalent to the system

{ 8tu =P { u|t:'r = Ur
8tu: —’VP+AU—f0(Uat)+90(fE>t)a p|t:T = Pr,

which can be rewritten in the operator form

aty = Aao(t) <y>7 y|t:7' = Y (277>

for an appropriate operator Ag, (), where oo(t) = (fo(v, 1), go(x, 1)) is the symbol of
equation (2.77) (see Section 2.4). If y, € F then, by Proposition 2.6.3, problem (2.77)
has a unique solution y(t) € Cy(R,; E'). This implies that the process {U,,(t,7)} given
by the formula Uy, (¢, 7)y, = y(t) is defined in FE.
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Proposition 2.6.4 The processes {Uy,(t,T)} corresponding to problem (2.77) is uni-
formly bounded and the estimate

ly11% < Clly:lI%™ exp(=B(t — 7)) + Ca, § >0, (2.78)
holds, where y(t) = U,, (t, )y, and the constants Cy and Cy are independent of vy, .

The proof is given in [CV02a).
It follows from Proposition 2.6.4 that the process {U,,(t,7)} has a bounded (in E)
uniformly absorbing set By,

By ={y=(u,p) | lylls < 2Cs},

i.e., Uy (t, 7)B C By for t —7 > h(B) for every B € B(E). The following result is more
complicated (for the proof, see [CV02a]).

Proposition 2.6.5 The process {U,,(t,T)} corresponding to problem (2.77) is uni-
formly asymptotically compact in E.

It follows from Theorem 2.1.1 and Proposition 2.6.5 that the process {U,,(t,7)}
has the global attractor A and the set A is compact in E.

We now define the enveloped space = for the symbol o4(t) = (fo(v,t), go(z,t)) of
equation (2.77). We suppose that go(x,t) is a tr.c. function in LY¢(R; Ly(£2)), the
function fo(v,t) satisfies (2.71)-(2.74), and the function (fo(v,t),0:fo(v,t)) is tr.c. in
C(R; M). Here M is the space of the functions

{(®(©),¥1(v), v €R [ (¢,41) € C(R;R*) }

endowed with the following norm:

1,92l = sup {

veER

@)+ ()] | ¢ (v)] } _

2.79
|v|p+1 +1 |U‘p +1 ( )

Evidently, M is a Banach space. The function o¢(t) = (fo(v,1), go(z, 1)) is clearly tr.c.
in 2 =C(R; M) x Ly*(R; H).

Consider the hull H(og) of the symbol oy in the space =. It is easy to show that for
any o(t) = (f(v,t),g(z,t)) € H(op), the function f(v,t) satisfies inequalities (2.71) —
(2.74) with the same constants as fo(v,1).

Thus, problem (2.77) is well posed for all ¢ € H(oy) and generates the family
of processes {U,(t,7)},0 € H(oyp), acting in E. The following assertion is proved in
[CVO02a].

Proposition 2.6.6 The family of processes {U,(t,7)}, o € H(oo), corresponding to
(2.77) is (E x H(oy), E)-continuous.

Applying now Theorem 2.5.1, we have
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Theorem 2.6.1 If the symbol oo(t) = (fo(v,t),go(x,t)) is tr.c. in the space = =
C(R; M) x LY*(R; Ly(R2)), then the process {U,,(t,7)} corresponding to problem (2.77)
has the uniform global attractor

= |J K.

oc€H(o0)

where IKCy is the kernel of the process {U,(t, )} with symbol o € H(oy). The kernel IKC,
is non-empty for all o € H(oy). Besides, we have the following formula

A=uw(By) = ﬂ[U U(t,7)B

h>0 Lt—7>h

E

We now consider a particular case of equation (2.70), namely, the following sine-
Gordon type equation with dissipation:

Otu + O = Au — f(u) + go(z, 1), ulsg =0, ¥ € Q. (2.80)

Here Q € R™, v >0, f € C(R), go(-,t) € L¥*(R; Ly(£2)). We suppose for the function
f(u) the inequalities

£ ()]
| (v1) = f(v2)]

Remark 2.6.6 For f(u) = K sin(u), equation (2.80) is the sine-Gordon equation with
dissipation (see [T88]).

C, Yv € R, (2.81)

<
< K|Ul — U2|, \V/'Ul,l)g € R. (282)

We assume that the external force g(x,t) satisfies the condition

t+1
lonllg =sup [ lgo(s) s < +o0. 2:5)
t

As before for equation (2.80), we consider the Cauchy problem with initial conditions
U|t:7— =U; € H&(Q), @u\t:T =p; € LQ(Q) (284)

Similarly to Proposition 2.6.3, we prove that, for any given u,(z) € H}(Q2) and p.(z) €
Ly(92), problem (2.80), (2.84) has a unique solution u(t) € C(R,; Hi(Q)), dwu(t) €
C(R; Ly(Q)), and d%u(t) € L¥¢(R.; H71(Q)). (see, e.g. [T88, H88, BV89, CV02a)).

Denoting y(t) = (u(t),p(t)) = (u(t), dwu(t)) and y, = (u,,p;), we observe that y(t) €
C(R;; E), y(1) = y,. Then, problem (2.80), (2.84) has the form of evolution equation

{ O =p , { Ue=r = ur (2.85)

atp:—’yp+AU—f(U)+go($,t), p|t:T:pT

(see (2.77)). The time symbol of this system is now a one component function oo(t) =
go(+,t) with values in Ly(€2). Since (2.85) has a unique solution it defines via y(t) =
Uy (t,T)y, a process {Uy,(t,7)} acting in E. We study the uniform global attractor
A of this process. Propositions hold for the process {U,,(¢t,7)} (with p = 0) and we
obtain from Theorem 2.1.1
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Proposition 2.6.7 Under the conditions (2.81), (2.82), and (2.83), problem (2.85)
has the global attractor A and the set A is compact in E.

See also [CV02a, CV94a, CVWO05]. We note that the process {U,, (¢, 7)} is not uni-
formly compact but only uniformly asymptotically compact since a hyperbolic equation
does not smooth its solutions in time.

In order to study the structure of the global attractor A we assume that the function
go(w,t) is tr.c in the space LY¢(R; Ly(€2)). Consider its hull H(gy). For any symbol
g € H(go), problem (2.85) with g instead of gy generates the process {U,(t,7)} in E.
In [CV02al, it is proved that the family of processes {U,(t,7)},9 € H(go), is (£ X
H(go), E)-continuous. Using Theorem 2.5.1, we obtain the following result.

Proposition 2.6.8 Let the function go(z,t) be tr.c. in LY°(R; Ly(2)). Then the global
attractor A of the process {Uy,(t,7)} can be represented by the formula

A= |J K,0). (2.86)

g€H(g0)

where K, is the kernel of equation (2.85) with symbol g € H(go). The kernel K, is
non-empty for every g.

We now specify the case when the global attractor A has a simple structure and
is exponentially attracting. We denote by A the first eigenvalue of the Laplacian on

H}(Q). We have the following
Theorem 2.6.2 Let the Lipschitz constant K in (2.82) satisfy the inequality
K < )\ (2.87)

and let the dissipation rate v in (2.80) satisfy
V> =2 <)\ Vs KQ) . (2.88)

Then for every g € H(go), equation (2.85) with external force g has a unique bounded
(in E) solution z(t) = (w(t), dxw(t)) for all t € R. Moreover, for any solution y(t) =
Uy(t, )y, of equation (2.85), the following inequality holds:

ly(t) = 2|z < Clly, — 2(7)[|we "7, (2.89)
where C' > 0 and > 0 are independent of y,.

Proof. For the readers convenience, we repeat the arguments from [CVWO05]. In what
follows all the relations can be justified using the Galerkin approximation method (see
[Lio69, T88, BV&9]). Let uj(x,t) and us(z,t) be two solutions of (2.80) having the
external force g € H(go). Then the difference w(x,t) := ui(x,t) — ua(x,t) solves

OPw +vOw = Aw — (f(u1) — f(ug)) in Q and w|sq = 0, (2.90)
We rewrite this equation in the form

O (Oyw + aw) + (v — a)(Qw + aw) — Aw — a(y — a)w = — (f(u1) — f(u2)). (2.91)
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Here « is a suitable parameter to be chosen later on. Multiplying equation (2.91) by
v = Jyw + aw and integrating the result over 2, we obtain after employing integration
by parts and using condition (2.82), the inequality

1d

5 (WP + Vel —aly—a)wP) + (v=a)lof+

a(lVul —aly —a)lwl) = —(f(ur) = f(us),v) < Klw|[v]. (2.92)
We now choose v > 0 such that
aly —a) <A (2.93)
Then, using Poincaré inequality Aw|* < |[Vwl|?, we obtain

Awl* = aly = a)lwl* < [Vwl* — a(y — a)|w]*,

that is, ) ,
w2 < WML __2‘8__2)””' . (2.94)
Using (2.94) and (2.92) we find that
Ld (X*+Y?) + {(7 —a)X?+aY? - s XY} <0, (2.95)
2dt VAi—aly—a)

where we denote X2 = |v|? = |Qw + aw|? and Y? = |[Vw|? — a(y — a)|w|?.
The quadratic form {...} is positive definite provided o« > 0, v — « > 0, and the
determinant

( ) K >0 (2.96)
aly—a) — : :
4N —a(y—a))
We set 9o = a(y — a). Inequality (2.96) is equivalent to
K2
Q2 — Ao+ T < 0. (297)

Since we assume that K < A the quadratic inequality (2.97) is satisfied for every o

with
A—VA2 - K2 A+ VA2 - K2
5 <0< 5 .

(2.98)

We note that, from (2.98), it follows that o < A, i.e., a(y—a) < A and condition (2.93)
is satisfied. Thus, we have to produce a number o > 0 that satisfies the inequalities

A— VA2 - K? <)\+\/)\2—K2

5 <a(y—a) 5

(2.99)

Such an « always exists if the maximum of a(y — «) with respect to « is greater than
the left bound in (2.99), i.e., when

2 _ ./ 2 _ K2
5 A ; : (2.100)

=3
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This inequality just coincides with assumption (2.88). Consequently, taking an a that
satisfies both inequalities in (2.99), we obtain that the quadratic form {...} in (2.95)
is positive definite and

(v —a)X? +a¥Y? - K XY > B(X*+Y?), 8>0, (2.101)
A—aly—a)

where (8 depends explicitly on v, A, and K.
Then (2.95) becomes

%% (X?+Y*) +6(X?+Y?) <0

and the Gronwall’s inequality yields
X2(t) +Y2(t) < (X*(7) + Y(7)) e 2007, (2.102)

We see that the expression X2+ Y? = |9,w + aw|*+ |Vw|? — a(y — a)|w|? is equivalent
to the norm ||y; — yo||% = |Ow|? + |[Vw|?. Hence, (2.102) implies the inequality

ly1(8) = g2 (@)% < C2llyn(r) = go(n) e 7, Ve = 7, (2.103)

with some constant C' = C(7, A, a).

By Proposition 2.6.8, the kernel IC, of (2.85) is non-empty, i.e. there is a bounded
(in E) solution z(t) = z,(t),t € R, of system (2.85).

If we substitute this solution z(t) into (2.103), then we obtain for any other solution
y(t) = Uy(t, 7)y, the estimate

ly(t) = 2|5 < Cllyr — 2(7)|lpe™ "7, vt = 7. (2.104)

This inequality also implies that z(¢) is the unique bounded complete trajectory of the
process {U,(t,7)} corresponding to (2.85). m

In conclusion, we formulate some corollaries from Theorem 2.6.2 that can be proved
in analogous manner as for the corresponding propositions for the 2D Navier—Stokes
system in Section 2.6.1 (see Corollaries 2.6.1 — 2.6.3 and Proposition 2.6.2).

Corollary 2.6.4 Under conditions (2.87) and (2.88), the global attractor of equation
(2.85) has the forms

=z® [teRY = |J {2(0) (2.105)

g€H(g0)

Corollary 2.6.5 The constructed global attractor A is exponential, i.e., for every
bounded set B C E

distz (Uy, (t, 7)B, A) < C||B||ge?*7 vt > 1, (2.106)
where || B|lg = sup{|ly|le | y € B}.

Corollary 2.6.6 If the function g(t) is periodic with period p, then z,4(t) is also periodic
with period p.
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Corollary 2.6.7 If g(t) is almost periodic, then z4(t) is almost periodic as well.
Proof. Similarly to (2.102), we establish that the function w(t) = z4(t) — z,(t + p)
satisfies the inequality

d

- (XZ2+Y?) +28 (X2 +Y?) <2|g(t) — g(t +p)||v], (2.107)
where X? = [v(t)|? = [Oyw(t) + aw(t)]? and Y? = |[Vw(t)]* — a(y — a)|w(t)|? . Using
the estimate

2lg(t) — g(t + p)llv] < BX* + B |g(t) — g(t +p)I*, (2.108)
we find that

(X2 HY?) 4 B (X2 V%) < 57 g(t) - g(t+ ) (2.109)
If now a number p is an e-period of the function g, i.e., |g(t) — g(t + p)| < € for all
t € R, then from (2.109) we obtain that

2
_Bt—r) . E
X210 +YA(0) < (X2(r) +YA() €707 4 .
Fixing ¢ and letting 7 — —o0o, we have that
12(t) — z4(t +p) ||z < C(X3(1) + Y?(1)) < C— vt € R, (2.110)

B
that is, the number p is an v/C/B-period of the function z, and, thereby, z,(t) is
almost periodic. m
We now assume that the function go(¢) is quasiperiodic and it has k rationally
independent frequencies, i.e.,

go(t) = oz, ant, ..., aut) = ¢(x, at), (2.111)
where ¢ € C'"(T*; Ly(Q)), @ = (a1, ...,ax) € R (see Example 2.4.5).

Proposition 2.6.9 If go(t) is a quasiperiodic function of the form (2.111), then the
corresponding function zg4(t) is also quasiperiodic. Thus, there exists a function ® €
CU(T*; Ly(2)) such that

Zgo(t) = ®(x, ot ..., agt).

The proof is analogous to the proof of Proposition 2.6.2.

Corollary 2.6.8 If the external force go(t) has the form (2.111), then the global at-
tractor A of equation (2.80) is a Lipschitz continuous image of a k-dimensional torus
T :

A= ®(T") and dr(A) < k.

Remark 2.6.7 It is easy to construct external forces go(t) of the form (2.111) such that
dr(A) = k. Moreover, there exist almost periodic external forces such that dp(A) = oo
(see Section 2.7).

Remark 2.6.8 Changing in (2.80) the time variable ¢t = t'/~, we obtain the equation
58t2u + Ju = Au — f(u) + go(x,t), ulgg =0,

where € = 72, The above result are applicable to this equation provided that

-1
1f/(u)] < \,Yu € R, and 0 < & < gy := 2" ()\ Vv kZ)

54



2.6.3 Non-autonomous Ginzburg—Landau equation

We consider shortly the following non-autonomous generalization of the Ginzburg-
Landau equation from Section 1.3.3 with zero boundary conditions (periodic boundary
conditions can be treated in a similar way):

O = (14 iag(t))Au + Ro(t)u — (1 + iBo(1))|ul?u + go(z,t), ulsq = 0. (2.112)

Here u = u!(z,t) + tu?(x,t) is an unknown complex function and z € Q € R™. The
coefficients «(t), [o(t), and Ro(t) are given real functions belonging to the space
Cy(R). We assume that

1Bo(t)] < V3, ¥t € R. (2.113)

The phase space for equation (2.112) is H = Ly(Q2; C). The norm in H is denoted by
| - ||. We denote also V = H}(Q; C) and Ly = L4(Q2; C). We assume that the function
go(w,t) = gi(z,t) +igé(z,t) belongs to the space LY(R;H), that is,

T+1
oo ez = 50 [ oG 2114

Recall that equation (2.112) is equivalent to the following system for the vector-
function u = (u!,u?)"

dpu — ( aol(t) ~eal) ) Au+ Ro(t)yu ( 601@ ~lt) ) [ul?u + go(x, ),

where go = (g8, 92)"
Under the above assumption, the Cauchy problem for equation (2.112) with initial
data

Uli=r = u,(2), u.(-) € H, 7 € R, (2.115)

has a unique weak solution u(t) := u(z,t) belonging to the space
u() € CbORT; H) N LSGRT; V) n L]i(RT; L4)7

and the function u(t) satisfies (2.112) in a weak distribution sense (see [T88, BV89,
CV02a)).
Any solution u(t),t > 7, of equation (2.112) satisfies the differential identity

S lu@I + 1Vu@* + u@®)lz, — REOIu)]* = (go(t),u(t)), ¥t > 7, (2.116)

The function ||u(t)||* is absolutely continuous for ¢ > 7. We note that the parameters
ap(t) and fy(t) are missing in this identity. The proof of (2.116) is analogous to the
proof of the corresponding identities for weak solutions of general reaction-diffusion
systems considered in [CV02a, CV96b] (see also [CV05]).

Using the standard transformations and the Gronwall lemma, we deduce from
(2.116) that any weak solution u(t) of equation (2.112) satisfies the inequality

lu(®)? < llu(r)|Pe™7 + CF, vt > 7. (2.117)
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where A is the first eigenvalue of the operator {—Au, u|sq = 0} and the constant Cj
depends on || Rollc, = supyez |R(1)| and llgoll (e
Let {U(t,7)} be the process corresponding to problem (2.112), (2.115) and acting
in the space H. Recall that the mappings U(¢t,7) : H — H, t > 7,7 € R, are defined
by the formula
U(t, T)u, = u(t), Yu, € H, (2.118)

where u(t),t > 7, is a solution of equation (2.112) with initial data u|—, = wu,. It
follows from estimates (2.117) that the process {U(t,7)} has the uniformly absorbing
set

that is bounded in H.
We claim that the process {U(t,7)} has a compact in H uniformly absorbing set

Bi={ve V| |vlv <4} (2.120)

for an appropriate C{. For the proof see [CV02a, CV05] and Section 5.1. The set B is
bounded in V and compact in H since the embedding V &€ H is compact. Thus, the
process {U(t,7)} corresponding to (2.112) is uniformly compact.

Applying Theorem 2.1.1, we conclude that the process {U(¢,7)} has the global
attractor A and the set A is compact in H, bounded in V, and can be constructed by
the formula

A=w(Bo) =) [ U u(t.m)B

h>0 Lt—7>h

H
The time symbol of equation (2.112) is the function

oo(t) = (ao(t), Bo(t), Ro(t), go(z, 1)), t € R.

The values of o4(t) belong to ¥ = R? x H. We assume that [y(t) satisfies (2.113).
Let the functions ag(t), Bo(t), and Ry(t) be tr.c. in the space C*(R) and let
the function go(x,t) be tr.c. in LY*(R;H). Then clearly the function o(t) is tr.c. in
= = C(R; R?) x L¥¢(R; H). Consider the hull H (o) of the function o¢(t) in the space
Cloe(R; R?) x LY¢(R; H).
Along with equation (2.112), we consider the family of equations

Ou = (1+ia(t)Au+ Rt)u — (1 +iB(t))|ul*u + g(x,t), o € H(oy), (2.121)

with symbols o(t) = («(t),5(t), R(t),g(z,t)), where 0 € H(og). We note that for
every 0 = («a,3,R,g) € H(og), the function 3(t) satisfies inequality (2.113) and
g(x,t) satisfies (2.114). Therefore, equations (2.121) generates the family of processes
{U,(t,7)},0 € H(op), acting in H (see [CV02a, CV05]). Recall that {U(t,7)} =
{U,,(t,7)} is the process corresponding to the original Ginzburg—Landau equation
(2.112). Consider the kernels K,, 0 € H(oy), of equations (2.121). In [CV02a, CV05],
it is proved that the family {U,(t,7)}, 0 € H(oy), is (HxH(0p); H)-continuous. Then,
by Theorem 2.5.1, we observe that

A= |J K.(0), (2.122)

oc€H(o0)
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where the kernel I, of equation (2.121) is non-empty for all o € H(oyp).
In conclusion, we present an example of the Ginzburg-Landau equation having a
simple global attractor.

Proposition 2.6.10 Let the function (o(t) satisfy (2.113) and let the coefficient Ry(t)
satisfy the inequality

Ry(t) < A—0, VteR, (0<d<A). (2.123)

Then, for any o € H(og), the kernel K, of equation (2.121) consists of the unique
element {z,(t),t € R}. Moreover, the function {z,(t),t € R} satisfies the following
property of exponential attraction of any solutions {u,(t),t > T} of equation (2.121):

s (8) = 2o (]| < € g (7) = 2 (7], V2 2 7. (2.124)

Proof. It is established that the kernel IC, of equation (2.121) is non-empty. So, there
exists a bounded complete solution z,(t),t € R, of this equation. Consider any other
solution {u,(t),t > 7} of equation (2.121). Then the difference w(t) = u,(t) — 2,(t)
satisfies the equation

dyw(t) = (1 +ia(t)Aw(t) + R(w(t) — (1 +i6(t) (Ju()Pult) — |2(1)]?2(1)) . (2.125)
We set
A(t)yv = (1 +ia(t))Av + R(t)v and f(t,v) = (1 +iB(t))|v]*v.
Using (2.123), we find that

(A)w,w) = —{((1+ia(t))Vw, Vw) + (R(t)w,w)
= —(Vw, Vu) + (R{t)w,w) < —Aw|]® + R(t)||w]* < —]w]*. (2.126)
Inequality (2.113) implies that the function f(¢,u) is monotone with respect to w :

<f(t?u> - f(tvz)au o Z) = <f1/t<t7 v)(u o Z)vu - Z> = <f;(t,v)w,w> >0, (2'127)

where v = z 4+ 0(u — 2), 0 < f(x,t) < 1. See (1.34) and [CV02a] for more details.
Multiplying equation (2.125) by w, taking the scalar product in H, and using (2.126)
and (2.127), we obtain the inequality

S o) = (Aw, w) — (f(t,u) — f(t,2),w)
< =0llwl* = {fu(t, v)w, w) < —d]lw]]*. (2.128)

u

This implies that
lu(t) = 2@)|1” = [ho@®)* < e w ()P = e u(r) — 2(7)]%, ¥t > 7,

and inequality (2.124) is proved for any function z,(¢) from the kernel K, of (2.121).
It follows from inequality (2.124) that {z,(¢),t € R} is the unique element of the
kernel IC, of equation (2.121). m
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Remark 2.6.9 Property (2.124) of the exponential attraction by the unique trajec-
tory {z,(z,t),t € R} of all solutions {u,(z,t),t > 7} of equation (2.121) is the non-
autonomous analogue of the exponential stability of the unique stationary point {z(z)}
of the autonomous equation (2.21) when R < A and |3] < /3.

Finally, we formulate some natural corollaries from Proposition 2.6.10.

Corollary 2.6.9 Under the assumptions of Proposition 2.6.10, the global attractor A
of equation (2.112) has the following forms

A= U,z = U {03 (2.129)

oc€H(o0)

Moreover, the global attractor A is exponential, i.e., for every bounded set B C H
disty (Uy, (t,7)B, A) < C (|| B||) e % vt > 7, (2.130)
where || B|| = sup{|lyl| | y € B}.

Corollary 2.6.10 If the symbol o(t) is periodic, then z,(t) is periodic. If o(t) is almost
periodic, then z,(t) is almost periodic as well. If the initial symbol oy(t) is quasiperiodic
of the form

oo(t) = p(ait, ..., axt) = p(at),

where ¢ € C'(T*;R3 x H) and the numbers & = (aq,...,ax) are rationally inde-
pendent, then the function z,,(t) is also quasiperiodic, i.e., there exists a function
® € C'"(T*; H) such that

250 (1) = P(ait, ..., ayt).

Moreover, the global attractor A is a Lipschitz continuous image of a k-dimensional

torus T* :
A= ®(T") and dp(A) < k.

The proofs are analogous to the proofs of Corollaries 2.6.1 — 2.6.3 and 2.6.4 — 2.6.8.

Remark 2.6.10 There are symbols og(t) satisfying (2.113) and (2.123) such that
dr(A) = k. Moreover, it is easy to construct almost periodic symbols such that

2.7 On the dimension of global attractors of pro-
cesses

Dealing with non-autonomous evolution equations, we see that the dimension of their
uniform global attractors depends on the dimension of the symbol hulls of these equa-
tions. E.g., for evolution equations with quasi-periodic time symbols, the fractal dimen-
sion of global attractors depends on the number of rationally independent frequencies
of the symbols (see Remarks 2.6.4, 2.6.7, and 2.6.10).
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In conclusion we demonstrate, that uniform global attractors of processes corre-
sponding to general non-autonomous evolution equation can have infinite fractal di-
mension.

Consider a process {U(t,7)} acting in a Hilbert (or Banach) space E. We assume
that the process {U(t,7)} is uniformly asymptotically compact. Then, by Theorem
2.1.1, this process has the global attractor A. Consider the kernel K of the process
{U(t,7)}. Tt follows from Proposition 2.1.2 that the set

K=|]JK()

TER

consisting of all values of all complete trajectories u € K of the process belongs to A.
Moreover, the closure K of this set in F also belongs to A since the global attractor is
a closed set.

We claim that the set K can have infinite dimension

dyK = +oc0 (2.131)

for all the problems described in Section 2.6. For example, for the Navier-Stokes system
we set

ug(w, 1) =Y a;(x) cos(t) + by (x) sin(ut), (2.132)
=1
where a;(z) = (aj(z),a5(x)), bj(x) = (bj(z),b3(x)) are smooth linear independent

vector functions such that ajlsqo =0, (V,a;) =0, bjlan =0, (V,b;) =0. We assume
that series (2.132) and its derivatives with respect to = and t converge rapidly. We also
assume that the frequencies p; (j = 1,2,...) are rationally independent real numbers.
We set

go(z,t) = Oyug(x,t) + vLug(z,t) + Blug(z,t), ue(x, 1)), (2.133)

and see that go(-) € Cy(R; H). System (2.36) with such an external force go(z,t)
generates a process {U(¢,7)} in H having the compact attractor A (see Section 2.6.1).
The process {U(t,7)} has at least one complete bounded solution, namely (%), so
its kernel K is non-empty and uy € K. It is easy to show that the projection ul (z,t)
of the function ug(x,t) onto 2N-dimensional space spanned by the vector functions
{(a;(z),b;(x)) | 5 =1,...,N} provides a dense winding of the N-dimensional torus
TV C H. (Here we use the fact that the frequencies {y;} are rationally independent).

Therefore, the set Imug = {ug(-,t) : t € R} has the fractal dimension greater than
N : dplmug > N for each N € N, i.e.,

drlmuy = .
Evidently, Imuo C K and hence, dpK = 400 . We recall that K C A and thereby
dF.A = +00.

In the next chapter, we study the fractal dimension and the Kolmogorov e-entropy
of uniform global attractors of non-autonomous evolution equations.
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Chapter 3

Kolmogorov c-entropy of global
attractors

In the end of the previous chapter, it was shown that the fractal dimension of the
global attractor A of a non-autonomous evolution equation can be infinite. At the
same time, global attractors are always compact sets in the corresponding phase spaces.
Then it is reasonable to study their Kolmogorov e-entropy since this quantity is finite
for every e. In this chapter, we find upper estimates for the Kolmogorov e-entropy
of global attractors of non-autonomous evolution equations with translation compact
symbols. These estimates are optimal in some sense and generalize the estimates for
the e-entropy of finite dimensional global attractors of the corresponding autonomous
equations considered in Section 1.4.

In Section 3.1, we present a general upper estimate for the e-entropy of the uniform
global attractor A of a process {U,(t, 7)} corresponding to a non-autonomous equation
Oy = Ag(y)(u) with translation compact symbol o(t).

In Section 3.2, we consider cases, when the fractal dimension dz.A of the uniform
global attractor A is finite. This property holds when, for example, the time symbol
o(t) is a quasiperiodic function in time ¢ with & rationally independent frequencies.
Then we prove that dp A < d+ k for an appropriate value d depending on the problem
under the study. This means that the dimension dz.4 can grow to infinity as k — +oc.

In Section 3.3, the mentioned above results are applied to the estimates of the
e-entropy and the fractal dimension of the uniform global attractor of some non-
autonomous equations of mathematical physics, namely, the 2D Navier—Stokes sys-
tem with translation compact external force, damped wave equation with translation
compact terms, and the non-autonomous complex Ginzburg-Landau equation.

We have to highlight the fundamental role of the paper [KTi59] in the study of the
e-entropy of compact sets in Hilbert or Banach spaces.

3.1 Estimates for c-entropy

Using the notations from Chapter 2 and Section 2.5, we consider the family of non-
autonomous equations

O = Agpy(u), uli=r = ur, ur € K, (3.1)
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with symbols o(t) € H(oo(t)). Here E is a Hilbert space. We assume that symbol
oo(t) of the original equation (2.21) is a translation compact function in the space Z.
The topological space = is assumed to be a Hausdorff space. Usually in applications,
E=CR;V) or = = L(R; ¥) (p > 1), where ¥ is a Banach space. We can also
assume that = is a product of a number of such spaces. The space = is endowed with
local uniform convergence topology on every bounded segment from R. By definition,
a sequence {o,(-)} converges to an element o(-) as n — oo in = if

My, (0n(:) = o ()l

for every closed interval [t1,t5] C R. Here II;, ;, denotes the restriction operator onto
the interval [t1,t5], =, 4, are the family of Banach spaces generating =, and [£]|z, ,, is
the norm of ¢ in =y, ;,. For example, if = = C(R; V), then =4, ;, = C([t1,t2]; ¥), and
on(:) = o) (n — o0) in C(R; ¥) if

=0y 0 (n — o)

max ||o,(s) —a(s)|lg — 0asn — oo (3.2)
SE[tl,tQ}

for every [t1, 1] C R. Similarly, o,,(-) — o(-) (n — o0) in Z = LI*(R; ) if

to
/ low(s) — o(s)|[Bds — 0 as 1 — 00 (3.3)
t1

for all [t1,t2] C R (see [CV02a] for more details). In addition, we assume that the
norms in the spaces =, 4, satisfy the following condition:

e 15€ll=,, < Iy 1ol 00 ¥ (1 85] C [Hs 2] (3.4)

The spaces C([t1,t]; ¥) and LI(t1,to; ) clearly satisfy (3.4).

We suppose that, for every o € H(oy), the Cauchy problem (3.1) generates a process
{U,(t,7)} acting in E, by the formula U, (¢, 7)u, = u(t), t > 7,7 € R, where u(t) is a
solution of (3.1) with initial data u, € E.

We assume that the conditions of Theorem 2.5.1 take place. Then the process
{U,,(t,7)} has the global attractor 4 that has the form (2.33).

The problem is to study the e-entropy H.(A) = H.(A, E) of the global attractor
A in the space E (see Definition 1.4.1). We are going to estimate H.(.A) using the
information on the behaviour of the e-entropy of the sets

HQJH(O’())

in the space =, (where, e.g., Zg; = C([0,1]; ¥) or =, = L;)OC(O, [;U)). This behaviour
is assumed to be known as [ — 400 and € — 0+ . Here Ily; denotes the restriction
operator on the segment [0, [].

Let us formulate some additional notions and conditions for the process {U,,(t,7)}
that we need to formulate the main theorem. First of all, we have to generalize for
processes the property of quasidifferentiability (1.40) introduced in Section 1.4.1 for
semigroups. Let {U(¢,7)} be a process in E. Consider the kernel K of this process (see
Definition 2.1.3). The kernel sections, clearly, satisfy the following invariance property:

Ut, K(t) =K(r), vt > 71, T €R. (3.5)
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Definition 3.1.1 A process {U(t,7)} in E is called uniformly quasidifferentiable on
IC, if there exists a family of linear bounded operators {L(t,7,u)}, where u € K(7)
and t > 7, 7 € R, such that

IO, m)ur = Ut m)u = Lt 7, u)(ur — w)l|z < y([lug = ullz, t = 7)|lur —ullg - (3.6)

for all u,u; € K(7), and 7 € R, where the function v = (&, s) — 0+ as { — 0+ for
each fixed s > 0.

We now assume that the process {U,,(¢,7)} corresponding to (3.1) is uniformly
quasidifferentiable on the kernel K,, and its quasidifferentials are generated by the
variational equation

O = Aggu(u(t))v, v|i=r = v,, v, € E, (3.7)

where u(t) = Uy, (¢, T)ur, ur € Koo (7), that is, L(t, 7, u,)v, = v(t), where v(t) is a
solution of problem (3.7) with initial data v,. It is assumed that this Cauchy problem
is uniquely solvable for all u, € IC,,(7) and for every v, € E.
Similar to (1.43) we introduce the numbers
T+T
1
¢; '=limsup sup sup — / Tr; Agyu(u(t))dt, (3.8)
T—+oco TER ueX(r) T
where u(t) = U,,(t,7)u, and the j-trace Tr;(L) of a linear operator L in a Hilbert
space E is defined in (1.42).
We also assume that the following Lipschitz condition holds for the family of pro-
cesses {U,(t,7)}, 0 € H(oyp), corresponding to (3.1):

1Us, (h, 0)ug — Usy (h, O)uo||le - < C(h)|lor — 02|z, (3.9)
\V/O'1,0'2 c H(O’Q), Yug € .A, Vh > 0.

It follows from (3.9) that
\Ug, (t, T)ttr — Ugy (t, T)ur| < C(Jt = 7)||01 — 022, You, 00 € H(0o), Yu, € A,

forallt > 71, 7 €R.
We now are ready to formulate the main theorem of this chapter.

Theorem 3.1.1 Let the assumptions of Theorem 2.5.1 hold. Assume that the original
process {Uy,(t,7)} is uniformly quasidifferentiable on K,,, its quasidifferentials are
generated by the variational equation (3.7), and the numbers §; (see (3.8)) satisfies the
mequalities

G <aq,j=123,... (3.10)

We also assume that the Lipschitz condition (3.9) holds for the family of processes
{U,(t,7)}, 0 € H(oy), and the function q; is concave in j (like N). Let m be the
smallest number such that ¢+1 <0 (then g, > 0). We denote

d=m~+ gn/(qm — Gm+1)- (3.11)
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Then for every 6 > 0 there exist numbers n € (0,1), g9 > 0, h > 0 such that

H€("4> S (d+5) 10g2 (%) +H€0<A>+H en (HO,hlogl/n<60)H(ao>) y Vs < &g. (312)

4C(h) ne
The value C'(h) is the Lipschitz constant from condition (3.9).

Recall that in the right-hand side of (3.12) the valueH, (Ilo;H(0o)) denotes the e-
entropy of the set H (o) restricted to the interval [0, ] and this e-entropy is measured in
the space Zo; (e.g., in C([0,]; ¥) or LY(0,1; ¥)). The complete proof of this theorem
is given in [CV93e, CV02a].

Remark 3.1.1 Comparing inequality (3.12) with estimate (1.46) in the autonomous
case, we observe that the term (d + &) log, (€9/ne) corresponds to the upper estimate
for the e-entropy of the kernel sections K(7) and in particular

drK(7) < d, V7 € R, (see [CV02a]).

Remark 3.1.2 We note that, when 0 is small, inequality (3.12) is optimal with respect
to the estimate of the e-entropy of the kernel sections. However, another important
parameter, namely h, in (3.12) approaches infinity as 6 — 0+. This parameter controls
the denominator in € = 7=k, where the function C'(h) is the Lipschitz constant in
(3.9) which usually grows exponentially when A goes to infinity. So, if the hull H (o) is
infinite dimensional, then the e-entropy of H(og) can grow extremely rapidly as e — 0+
and faster than the value D log (%) for arbitrary D. Thus, it is reasonable to optimize
estimate (3.12) with respect to small values of h. The following theorem presents a
result in this direction. The proof is given in [CV02a].

Theorem 3.1.2 Let the assumptions of Theorem 3.1.1 be valid and

Assume that
q;

4 — —o0 (j — ). (3.13)
Then for any h > 0 there exist D > 0 and ¢y > 0 such that

H.(A) < Dlogy (22) + H., (A) + H e (T ) H(00))  (314)

S

for all e < eq. (Usually in applications, C'(h) approaches 1 as h — +0).

We now consider a particular case, where oy(t) is an almost periodic function, that
is, the hull H(op) is compact in Cp(R; ¥) with respect to the topology of uniform
convergence on R. The norm in Cy(R; V) is given by

1€l ey ®swy := sup [[€(t)]]w.
teR

Since
1€ lleqon:w) < €lley@w), VI >0,

we clearly have that
H.(I1y ,H(0oo); C([0,{]; V) < H(H(0p); Cop(R; ¥)) = H(H(00)), VI > 0, (3.15)

and Theorems 3.1.1 and 3.1.2 imply
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Corollary 3.1.1 We assume that the function oo(t) is almost periodic. Let the as-
sumptions of Theorem 3.1.1 be valid. Then

1c(h)

H.(A) < (d+9)log, (%) +H., (A) +H = (H(og)), Ve < e, (3.16)

where H, (H(0y)) is the e-entropy of the hull H(og) in the space Cp(R; V).

Corollary 3.1.2 Under the assumptions of Theorem 3.1.2, let H(og) € Cy(R; ).
Then

(H(oyp)), Ve < ey. (3.17)

() < Dlog, (220) 4 1, (4) + B

1
8C(h)

Remark 3.1.3 If it is known that H(oo) € LY(R; U), i.e., oo(t) is an almost periodic
functions in the Stepanov sense, then estimates (3.16) and (3.17) are also valid. In this
case, H (H(00)) denotes the e-entropy of H(op) in the space L?(R; ¥) measured in the

norm
t+1 1/p
ey = (stup / ||f<s>||i;ds) .
t

€R

The estimate (3.16) shows that for a generic almost periodic function o¢(t) having
infinite number rationally independent frequencies, the main contribution to the esti-
mate for the e-entropy of the global attractor A is made by the e/ L-entropy of the hull
H(oyp), where L = &n(h). However, if the function oy () has a finite number of frequen-
cies, i.e., it is quasiperiodic, then the contribution of this quantity is comparable with

the contribution of the term dlog, (Z—%) This leads to the finite dimensionality of the
global attractor of the non-autonomous equation under the consideration. We discuss
this question in the next section.

In conclusion, we consider two more important characteristics of a compact set X

in the space F introduced in [KTi59]. The number

. 10g2 (HE(X>)
df (X, F) =df(X) := limsup———~ 3.18
(6 B) = dELX) = B ubioy Tog, (176 19
is called the functional dimension of the set X in F and the number
1 H.(X
(X, B) = q(X) = limsup 222 H(D) (3.19)

e—0+ lOgQ (1/8)

is called its metric order in E. It is easy to see that df (X) =1, q(X) =0, if dp(X) <

+00. Thus the values df(X) and q(X) characterize infinite dimensional sets. Some

examples of calculations of these values are given in [KTi59] (see also [VC98, VCO03)).
Using Corollaries 3.1.1 and 3.1.2, we obtain

Corollary 3.1.3 Let 0o(t) be an almost periodic function, then

df(A, E)
q(A, E)

df (H(UO>7Cb<R; \If)) ’ (320)

<
< q(H(oo), Cp(R; ¥)). (3.21)
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3.2 The cases of finite fractal dimension of global
attractors

In this section, we study the fractal dimension of the uniform global attractor A of the
process {U,, (t,7)} corresponding to (2.21) and its dependence on the fractal dimension

of the hull H(op). Recall that the fractal dimension dp(X) = dp(X, F) of a compact
set X € F in a Banach space E is the number

. H.(X)
dr(X):=1 —
r(X) ligliplOgQ (1/¢)

We start with a very important example of a quasiperiodic symbol o¢(t) (see Ex-
ample 2.4.5):
UO(t) = Sp(alta Oégt, sy Oék;t) = QO(@S),

where p(w),0 = (wi,...,wg), is a 2m-periodic function in each argument w;, i =
L.k &= (a,q,...,a;),0; € R, {a;} are rationally independent numbers. We
assume that (@) is a Lipschitz continuous function on the k-dimensional torus T* =
[R mod 27]" with values in a Banach space ¥, p € CU(T* W), i.c.,

||Q0((D1) — QD((DQ)H\I/ < L|(IJ1 — @2|'H‘k \V/&)l,(zjg - Tk (322)

Here | - |p+ denotes the usual Euclidean norm in R*. By (2.28) the hull H(og) of the
function oy(t) in the space Cp(R; ¥) coincides with

{o(as+0) |0 € T} = H(op). (3.23)

Proposition 3.2.1 If 0y(t) is a quasiperiodic function, then
2
HL(H(ow) = H.(H(ou), (B W) < Ho(T) < klog, (=) (320

for all e < L' and
dr(H(op)) = dr(H(og), Cp(R; ¥)) < k.

Proof. If 01,05 € H(0y), then by (3.23) 0; = ¢(as +6;) for some ; € T*, i = 1,2 and
by (3.22)
lor = o2lloy @) = sup lor(t) = o2 (t) || w
te

= suﬂg lo(at + 0,) — p(at + 05)||¢ < L|0; — Oa|qw.
te

Therefore
N.(H(00)) < Np(T").

It is known that the torus T* with Euclidean metric can be covered by at most (%)k
balls of radius € < 1 (see, e.g., [ConSI88]). Hence,

wire < ()
H.(H(o)) < klog, <%),VE<L1,
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and consequently

dp(H(op)) :=lim supw

<k
e—0+ loge (1/€> B

which complete the proof. m

Remark 3.2.1 In the generic case, H(oy) is clearly a Lipschitz continuous manifold
in Cy(R; ¥) isometric to the torus T*, therefore dp(H(oo)) = k.

Theorem 3.2.1 Let in the assumptions of Theorem 3.1.1 the function oo(t) be quasi-
periodic of the form oo(t) = ¢(ait, aot, ..., aut) = P(at), where p(wy,ws, ... ,wg) =
B(w) € CHP(T W). Then the estimate (3.16) becomes

€o SC(h)
H.(A) < (d+0)log, (77_5) +H,, (A) + klog, (Tna) , Ve < e, (3.25)

where L is the Lipschitz constant from inequality (3.22). Moreover,
dr(A) <d+k. (3.26)

Proof. Indeed, inequality (3.16) along with (3.24) gives

H.(A) < (d+0)log, (%)m (A) + H_oo (H(on))

ic(h)
8C'(h)
Lne )~

< (d+ ) log, (%) FH., (A) + klog, (

Passing to the limit in the ratio H.(A)/log,(1/¢) as ¢ — 0+ we obtain
dr(A) <d+§+k.

Since § was arbitrary small, we have (3.26). m

Recall that, in the autonomous case with k£ = 0, estimate (1.45) is an analog of
estimate (3.26), where X = A : dp(A) < d. In the non-autonomous case, when
k # 0, estimate dp(A) < d + k holds, where the number k of rationally independent
frequencies of the function oy (t) is added to the quantity d.

We now generalize Theorem 3.2.1 for more general symbols o () that are not almost
periodic, however, the dimension of the corresponding global attractors A is also finite.

Let, as before, og(t) be a tr.c. function in = and, thereby, its hull H(og) is compact
in Z. (For example, the space Z is C(R; ¥) or Z = LI*°(R; ¥).) In [CV02a], it is proved
that the value

lim gup H, (HO,llog2(K/e)E)/ 10g2 (1/6> (327)
e—0+

is independent of a number K > 0 for any compact subset ¥ € Z. We now define the
following number for  :

di¢(3,1) := lim Eup H, (HO,Z log2(1/5)2)/ log, (1/€) (3.28)
e—0+

depending on a positive parameter [.

66



Remark 3.2.2 If ¥ = H(0y), where oy is a smooth q.p. function with k& independent
frequencies, then d%2°(%,1) < k for any | because H (o) is a Lipschitz continuous image
of a k-dimensional torus T* (see Proposition 3.2.1).

If for some [ the value d2°(%, 1) < 4oo for a set X, then we say, by definition, that
Y has a local fractal dimension d%¢°(%,1) in the topological space C(R; W).

Theorem 3.2.2 Under the conditions of Theorem 3.1.1 assume that
d*(H(0o), h1) < +o0,
where hy = h(0)/logy(1/n). Then, for any § > 0,
dp(A) < d+ 6+ de(H(oy), hy). (3.29)

Moreover, if
d'2°(H(oy), h) < k, Vh >0,
then
dr(A) <d+k.

Indeed, dividing (3.12) by log, (1/¢) and changing the variables € = Fn(h)s, we find

dr(A) < (d+6)+ limsup H, (Ho’hlogl/x . )H<UO))/ (10g2 (1/€) + log, %@)

e—0+ T
. H€ (HO,hIIDgQ(K/E)H<O-O>) .

— (d+0) + limsup — (d+ ) + d¥(H(o0), ),
e—0+ 10g2(1/€)

where K = g¢/ (4C(h)) . Here we used the fact that (3.27) is independent of K.

3.3 Applications to non-autonomous equations of
mathematical physics

3.3.1 2D Navier—Stokes system

We consider the family of equations

Oyu+ vLu + B(u,u) = g(x,t),

u‘tZT = Ur, Uy € H7 (330)

(see Section 2.6.1) with external forces g € H(go). We assume that the original external
force go(z,t) is a tr.c. function in LY*(R; H) =: Z. The space LY°(R; H) is endowed
with the strong convergence topology on every [t1,t,] C R. Then clearly gy € L5(R; H)
and

t+1
ol < ooy =sup [ lon(s) s < oc, (3.31)
teR J¢

for every function g € H(go) (see (2.37) and (2.43)).
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We consider the family of processes {U,(t,7)}, g € H(go), corresponding to problem
(3.30) and acting in H. In Section 2.6.1, it was proved that the process {U,, (¢, 7)} has
the uniform global attractor A € H and the set A has the structure form

A= |J Ky (3.32)

g€H(g0)

where IC, is the kernel of the process {U,(t, )} with external force g € H(go).

We now study the Kolmogorov e-entropy H.(.A) of the set A in H.

In [CV02a], it is proved that the family {U,(¢,7)}, g € H(go), satisfies the Lipschitz
condition (3.9), namely, we have the inequality

|Uy1(h7 O)UO - U!]Q(h7 0)u0| < C(h)Hgl - 92||L2(0,h;H) v91792 € H(go), Uy € Av (333)

where the Lipschitz constant C'(h) depends also on v, A1, and || go||ig and has an expo-
nential growth in A.

Let us discuss the property of quasidifferentiability. In [CV02a], it is proved that
the process {Uy,(t,7)} is uniformly quasidifferentiable on K, and the corresponding
variation equation reads

0w = —vLv — B(u(t),v) — B(v,u(t)) =: Agou(u(t), t)v, v|t=r = v, (3.34)

where u(t) = Uy (t,7)ur, ur € Ky (1) (the proof is based on the methods from
[BV89] and [T88]). Thus, the quasidifferentials are the maps L(t,7;u,) : H —
H, L(t,7;u,)v, = v(t), where v(t) is a solution of (3.34).

Following the scheme described in Section 3.1, we set

1 T+T
¢; = limsupsup sup (—/ TrjAgou(u(s))ds> , JEN,

T—oo T€R uTEICgo () T

where u(t) = Uy, (t, 7)u,, and Tr; is the j-dimensional trace of an operator. Similar to
the autonomous case (see the proof of Theorem 1.4.2 in Section 1.4.2), we obtain the
following estimate:

t I/CQjQ
/ TrjAgyu(u(s))ds < — 2] (t—71)+ \uT|2 \ ds.
Therefore 0o Q)
- vCsj i .
where

) 1 T+T
M) i= timswpsup (7 [ )at) < ol < o

T—oo T€R

The dimensionless constants C; and Cy were defined in (1.55) (see also Remark 1.4.5).
The function ¢(j) in (3.35) is concave with respect to j.
Let m be the smallest integer such that ¢,,+1 = ¢(m+1) < 0 (see Theorem 3.1.1).

We set
qm

d=m+—Im
Gm — Gm+1
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Let also d* be the root of the equation ¢(x) =0, i.e.,

d* = cw, c= (Cf@)m. (3.36)
Then, clearly,
< ol
since M (|go]?) < ||go||ig. It is obvious that
d<d < 07”90”23'9', (3.37)

v

because the function ¢ is concave (see Remark 1.4.2).
Now Theorem 3.1.1 is applicable and we have the following result.

Theorem 3.3.1 For any § > 0 there exist h > 0,9 > 0, and n < 1 such that

llgoll ;512

H.(A) < (c +5) log, (;—2) e (A) +H oz (T, () Hl90)) (3:38)

for all ¢ < ey (the constant C(h) is taken from (3.33)). Here H. (Ily,H(go)) denotes
the e-entropy of the set Iy H(go) in the space Lo(0,1; H).

Remark 3.3.1 The best up-to-date estimate for the constant ¢ in (3.38) is:

< 1
€= 27T3/2

(see Remark 1.4.5 and [CI04]).

We note that ¢(j)/j — —oo (j — o0) (see (3.35)). Thus, using Theorem 3.1.2 we
obtain the following result.

Theorem 3.3.2 For any h > 0 there exist D > 0 and €9 > 0 such that

250

H.(A) < Dlog, <?) +He, (A) + H_ . (Hoyhb&(z%o)?'l(go)) (3.39)

for all e < gy.
We now consider a special case, where go(z,t) is a quasiperiodic function, i.e.,
go(z,t) = G(x, aqt, ant, ..., agt) = G(z, at).

Here G(-) € C"(T"; H) and the numbers @ = (a1, @, . .., o) are rationally indepen-
dent (see Section 3.2). Thus, H(go) = {G(z,at + 0) | § € T*}.
It follows from Kronecker-Weyl’s theorem (see, e.g., [KoSiFo80]) that

1" .
M(|go|*) = Tlim sup <T/ |G(-, 9+at)|2dt)

T 9eTk
2 —. T2
|27T|k/ /|G Wy ey W) Tdwy - - dwy =2 T
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Then from (3.36) we conclude that

M([H(g0) )10 _ TIf

12 12

d<d*=c
Using Theorem 3.2.1 we obtain the

Theorem 3.3.3 The fractal dimension of the uniform attractor A of the 2D Navier-
Stokes system with quasiperiodic external force go(z,s) = G(z,as), G € C(T*; H)
satisfies the estimate
Y
dpA < c— +k, (3.40)
where the dimensionless constant ¢ depends on the shape of Q (c(Q2) = c¢(AQ)) and
admits the following absolute upper bound: ¢ < %%/2

Remark 3.3.2 In the autonomous case (k = 0) estimate (3.40) becomes the upper
bound (1.49) for the fractal dimension of the attractor of the autonomous Navier-
Stokes system (where I' = |go|, go = go(x)). In the non-autonomous case, the estimate
(3.40) contains also the term k = dim T* that is the dimension of the hull H(gy) =
{G(x,as +0) | 0 € T*}, where k is the number of rationally independent frequencies
of the q.p. external force go(x,t).

Remark 3.3.3 It was proved in [CV02a] that

rQ
dFICg(t) S C% Vit € ]R,

v

and since dpH(gg) < dim T* = k we conclude that estimate (3.40) agrees well with the
representation (3.32).

Remark 3.3.4 Suppose that functions Gy(x,wy, ..., wy) = Gr(z,0%), oF € TF k =
1,2,... are given such that

1 1/2
= — Gi( .. ") |2do" <R VkeN.
= (e [ 16u0 Pt ) < e

Assume also that 1/v < R;. Consider the global attractors {A*} of the 2D Navier—
Stokes systems with external forces gox(x,t) = Gi(z, ait, ast, ..., axt), where the se-
quence {«;} consists of rationally independent numbers, then it follows from (3.40)
that

dpA* <k+ D, VEkeN, (3.41)

where D = D(R, Ry). Therefore, the right-hand side of (3.41) tends to infinity as
k — oo, while the non-autonomous analogues of the Reynolds number Re and Grashof
number Gr depending on R, 1/v, and || remain bounded.

Let us present an example of external forces {Gy(z, %)} satisfying the conditions

of Remark 3.3.4 such that
dr A > k. (3.42)
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Consider the following function:

w(z,t) = Z (a;(x) cos(aut) + a;x () sin(ast)) , (3.43)

i=1

where a;(v) (i = 1,...,2k,...) are linearly independent vector-functions, a;(z) =
(a}(x),a?(x)), satisfying the conditions: a;(z) € (C?(Q2))?, (V,a;(z)) = 0, a;lsq = 0.

We assume that the frequencies (ay, ..., qy,...) are rationally independent. We set
gx(z,at) = i + vLu + B(u,a), (3.44)

where 4(z,t) is defined by formula (3.43). Obviously, gx(x,at) is a q.p. function.
The function u(zx,t) is a complete bounded trajectory of the Navier-Stokes system
with external force gi. If the coefficients a;(z) in (3.43) decay rapidly, then I'y < R
for all £ € N. We note that, a(-,t) € A for all ¢ € R. It is easy to see that
the trajectory u(-,t) provides an everywhere dense winding of a k-dimensional torus
T* ¢ H. Therefore, the closure in H : {a(t) | t € R} = T* belongs to .A. Hence,

d;TF = k < dpA.

This example shows that the main term k in estimate (3.41) is precise.

3.3.2 Wave equations with dissipation

We consider the non-autonomous wave equation from Section 2.6.2

O?u +y0u = Au — fo(u,t) + go(z,t), ulaa =0,

3.45
Ultmr = Uy, Optili=r = pry u, € HY(Q), pr € Lo(Q), (3.45)

where z € 0 € R3. The function fy(v,t) € C*(R x R;R) satisfies conditions (2.71) —
(2.74) from Section 2.6.2 and the following inequality that is analogous to (1.61):

[folvr,t) = folvz, )] < C(la]*™ + ua*~° + D)for —va’, (3.46)

for all v1,v, € R, t € R, where 0 < § < 1.

Moreover, we assume that the function (fo(v,t), fo:(v,t)) is tr.c. in C(R; M;) and
the function go(w,t) is tr.c. in LY¢(R; Ly(£2)). The norm in the Banach space My is
defined in (2.79). The symbol of problem (3.45) is oo (t) = (fo(v,t), go(z,t)). It is clear
that the function oo(t) is tr.c. in = = C(R; My) x LY°(R; Ly(Q2)). As usual, H(op)
denotes the hull of oy(¢) in Z. Consider the family of problems (3.45) with symbols
o(t) = (f(v,t),g9(x,t)) € H(op). By Proposition 2.6.3, problem (3.45) generates a
family of processes {U,(t,7)}, o € H(og), U,(t,7) : E — E, acting in the energy
space E = H}(Q) X La(Q).

By Propositions 2.6.5 and 2.6.6, the process {U,,(t,7)} is uniformly asymptoti-
cally compact and the family {U,(t,7)}, 0 € H(op), is (E x H(oyp), E)-continuous.
Propositions 2.6.1 implies that the process {U,, (¢, 7)} has the uniform global attractor

-’4 - U ICO’(O)7

oc€H(o0)
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where IC,, is the kernel of {U,(t,7)}. The set A is compact in E.
In [CV02a] it is proved that A is bounded in By = H?(Q) x H() (recall that
Qe R,
[Ylle, < M, Vy e A,

where the constant M is independent of y. Then by the Sobolev embedding theorem
[u(- )o@ < My, Vy = (u(-),p() € A (3.47)

We study the e-entropy of the global attractor A in E.
In [CVO02al, it is proved that the family of processes {U,(t,7)}, o € H(oy), corre-
sponding to problem (3.45) satisfies the Lipschitz condition (3.6): for any A > 0

|Us, (h, 0)y = U, (h, 0)y| < C(h)ljor = 0all=,,, (3.48)
\V/O'l,O'Q S H(O’o), Yy < A.

Here =g, = C([0, h]; M) x L¥<(0, h; Lo(2)). Moreover, in [CV02a], an explicit formula
for the Lipschitz constant C'(h) is presented.

Similar to autonomous case (see the proof of Theorem 1.4.3), we rewrite the problem
(3.45) in the form

ow = A(w) = Low — Gy (W), Wl=r = w-, (3.49)

where we use the new variable w = (u,v) = (u, p + au), the operator L,, is defined in
(1.66), and Gy (w) = (0, fo(u,t) — go(w,t)). Here o is a real parameter to be chosen
later on.

The variational equation for (3.49) has the form

Oz = Loz — Goguw(w(t))z := Agpw(w(t))2, 2|lt=r = 27, 2= (r,q), (3.50)

where Gy (w(t))z = (0, fu(u(t),t)r). Similarly to autonomous case (see [BV89]), we
prove that the process {U,,(t,7)} of problem (3.49) is uniformly quasidifferentiable on
the kernel K, and its quasidifferentials are generated by the system (3.50). We set

1 T+T
¢; = limsupsup sup (T/ TrjAoow(w(t))dt) L i=1,2...,
T—oo TER w.,—GICgO(T) T

where w(t) = Uy, (t, 7)w,. Using the reasoning from the proof of Theorem 1.4.3, we
obtain the following estimate for the numbers ¢;:

G; < g = —(a/4)j + (C(M)/a)j'* = ¢(j), ¥j €N, (3.51)
where M; is due to the inequality
sup {[[u(- t)llo@ [t € R, (u(-), (")) € Koy} < My (see (3.47)).

The function ¢(z), x > 0, in (3.51) is concave and its root is d* = 8C;(M;)*2a =3 =:
C(My)a=3. All the assumptions of Theorem 3.1.1 are verified so we have
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Theorem 3.3.4 For any 6 > 0, there exist h > 0,g¢9 > 0, and n < 1 such that

€0

C
H.(Ap) < <$ + 5) log, <_) +H,, (A + H4cfzzh) <H0,hlog1/n(;—2)H(ao)> (3.52)

ne

for all e < gy, where a = min{y/4,\1/(27)} and C = C(M;) (see (3.51)). Here
H, (Ilo,H(00)) denotes the e-entropy of the set H(oy) measured in the space Z¢; =
C([Ov l]vMZ) X LlQOC(Oa la LQ(Q))

Remark 3.3.5 We cannot apply Theorem 3.1.2 to the hyperbolic equation (3.45)
because the function ¢(j) in (3.51) does not satisfies (3.13).

In conclusion, we consider a hyperbolic equation with quasiperiodic terms. We
suppose that
fo(v,t) = D(v,aqt, ot ..., apt) = O(v, at),
go(z,t) = G(z,0qt,ast, ..., cut) = G(x, at),
where ®(v,0) € CU(T*; My) and G(z,0) € CU(T*; Ly(Q)). To obtain inequality

(2.74) we assume that
la| <xe <1,

where s = »(0). Now, if ®(v,w) satisfies the inequality

|y (v, @) < 2®(v,@) +C, V(v,0) € R x T,
then (2.74) is also valid for a small ». It follows that

H(oo) = {(®(v,at +0),G(z,as +0)) |6 € T}

and hence
dp (H(00), Co(R; Ms x L(Q2)) = drH(oo) < k.

Using Theorem 3.2.1 we obtain the

Theorem 3.3.5 The fractal dimension of the uniform global attractor A of the hyper-
bolic equation (3.45) with quasiperiodic symbol oo(t) = (P(v, at), G(z, at)) satisfies the
estimate

C
drA< 5+ (3.53)

To illustrate Theorem 3.3.5 we consider the dissipative sine-Gordon equation with
quasiperiodic forcing term

Otu + yOu = Au — Bsin(u) + ¥(at)g(z), ulag =0, Q € R?, (3.54)

where 1 € C1(T*;R) and g € Ly(Q). Observe that the constant C in (3.52) and (3.53)
does not exceed ¢3%, where ¢ depends on Q (see (1.69) and (1.70)). For the global
attractor A of problem (3.54) we have the estimate

63
drpA < c— + k. (3.55)
«

Remark 3.3.6 In the autonomous case k = 0, estimates (3.53) and (3.55) coincided
with (1.63) and (1.72).
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3.3.3 Ginzburg-Landau equation

Here, we continue to study the non-autonomous Ginzburg-Landau equation (2.112)
from Section 2.6.3. We consider the family of problems with periodic boundary condi-
tions:

O =v(l+ia)Au+ Ru— (1 +iB())|ul*u + g(z,t), x € T3,

Uli—r = u-(7), ur € H= Ly(T%C). (3.56)

For simplicity, we assume that coefficients @ and R are independent on time. The
symbol o(t) = (5(t), g(z,t)) of (3.56) belongs to the hull H(oy) of the original symbol
oo(t) = (Bo(t), go(z,t)). We assume that oo(t) is a tr.c. function in C¢(R ;R) x
L¥¢(R,; H) =: Z and the parameter 3y(t) satisfies inequality (2.113).

Similar to the autonomous case (see Section 1.4.2), we rewrite equation (3.56) in a
vector form

ou =vaAu+ Ru — f(u, 5(t)) + g(z,t), ul;=r = u,, u, € H. (3.57)

sterea= (1 5 )t = v (5 ) v ond o) = (o). )

We know from Section 2.6.3 that, for every o € H(oy), problem (3.56) has a unique
solution u € C(R,; H) N LY(R,; V) N LP(R,; Ly). (see also [BV89, CV94a, CV96a)).
Thus for a given initial symbol oy (), problem (3.56) generates a family of processes
{U,(t,7)}, 0 € H(oyp), acting in H. It is proved that the process {U,,(t,7)} has the
uniform global attractor A and

-’4 - U ICO’(O)7

oc€H(o0)

where IC, is the kernel of the process {U,(t,7)}. The set A is bounded in V.
In [CV02a], Lipschitz condition is established for the family of processes {U, (¢, 7)},
o € H(op):

HUUI <h7 O>u0 - U0'2 <h7 O>u0”H

< C(h) (181 = Balleqon) + g1 — g2llLaomm) - (3.58)
Vo, = (61, 01) € H(0p), 02 = (B2, 92) € H(oop), ug € A.

Now, to apply Theorem 3.1.1 we have to check that the process {U,,(t,7)} corre-
sponding to problem (3.57) with the original symbol o¢(t) is uniformly quasidifferen-
tiable on the kernel KC,,. This fact is proved in [CV02a]. Recall that the variational
equation for (3.57) is

0yv = vaAv + Rv — f,(u(t), 8(t))v =: Agpu(u(t))v, v|i=r = v, € H, (3.59)

where the Jacobi matrix f,(u, 3) is defined in (1.33). Similar to autonomous case, we
prove that

1 TJrT
g; = limsupsup sup <?/ Trj(Aaou(u(t))dt)

T—oo T€ER ur €L (7)

< —wC PP+ Rj=9()=q, i=1,2,...,
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where u(t) = Uy, (t, 7)u, and finally (see (3.11))

R \3/2
d<d" =|—
<e=(2)

where d* is the root of the equation ¢(x) = 0 and C was defined in (1.79).We conclude
that Theorem 3.1.1 is applicable to the Ginzburg-Landau equation (3.57) and we have
the following

Theorem 3.3.6 For any § > 0 there exist h > 0,9 > 0, and n < 1 such that

R \*? €
Hz—:(A) < ((@) + 5) 10g2 <7’/_Z> + Hso ('A) + H% (Ho,hloglm(;—g)H(UO)> )

for all e < ey (C(h) is defined in (3.58)). Here H, (H(00)o,) denotes the e-entropy of
H(og) in C(]0,1]) x L2(0,1; H).

Theorem 3.1.2 implies the

Theorem 3.3.7 For any h > 0 there exist D > 0 and €9 > 0 such that

2e
H€<A) < D10g2 <?0) + Hz—:o (A) + HSCE(h) (H07h10g2<25T0)H(0'0)>

for all e < g.

Let us study the Ginzburg-Landau equation with quasiperiodic terms

ﬁO(t) = B(altv a2t7 ) Oékt) = B(dt)7
go(z,t) = G(z,0qt,ast, ..., cut) = G(x,at),

where B(w) € C"(T*;R), |B| < /3, and G(x,w) € C"(T*; H). We suppose that the
numbers (g, @, ..., ;) =: @ are rationally independent. As we know,

H(oo) = {(B(at +0),G(z,at +0)) | § € T}

and
dF (H(Uo),cb(R) X LQ(R, H)) = dFH(O'()) < k

(see Section 3.2).
Using Theorem 3.2.1 we obtain the

Theorem 3.3.8 The fractal dimension of the global attractor A of the Ginzburg—
Landau equation with quasiperiodic symbol o(s) = (B(at), G(x,at)) satisfies the es-
timate

R\ 372
dpA < (C—> + k. (3.60)

1V
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Now similarly to the Navier-Stokes system we consider the sequence of functions
By (&%) and Gy(z,o") which satisfy the above conditions. We denote by A(k) the
corresponding uniform global attractors. Inequality (3.60) implies that

dpA(k) <k + D, (3.61)

where the constant D does not depend on k.

Similarly to the examples from the end of Section 3.3.1 we can construct examples
of Ginzburg-Landau equations with terms By(w*) and Gy(z,o%) and with uniform
global attractors A(k) such that

k< dpA(k).

Therefore the main term k in estimate (3.61) is exact.
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Chapter 4

Uniform global attractor of
non-autonomous 2D Navier—Stokes
system with singularly oscillating
external force

In this chapter, we study the global attractor A° of the non-autonomous 2D Navier—
Stokes (N.-S.) system with singularly oscillating external force of the form go(z,t) +
e g (z/e,t), T € Q @R*:t € R, 0 < p < 1. If the functions go(z,t) and g (z,t)
are translation bounded in the corresponding spaces, then it is known that the global
attractor A° is bounded in the space H (see Section 2.6.1). However, its norm ||.A%||#,
as a function of €, can be unbounded as ¢ — 0+ since the magnitude of the external
force is growing.

Assuming that the function g; (z,t) has a divergence representation of the form
a1 (2,t) = 0,,G1(z,t) + 0.,Ga(2,t),2 = (21,22) € R?, where the functions G,(z,t) €
L5(R; Z) (see Section 4.2), we prove that the global attractors A° of the N.-S. system
are uniformly bounded: || A%||y < C forall 0 <e < 1.

We also consider the “limiting” 2D N.—S. system with external force go(z,t). We find
an explicit estimate for the deviation of a solution u®(x,t) of the original N.-S. system
from a solution u°(x,t) of the “limiting” N.-S. system with the same initial data. If
the function g; (z,t) admits the divergence representation and the functions go(x,t)
and gy (z,t) are translation compact in the corresponding spaces, then we prove that
the global attractors .A° converge to the global attractor A° of the “limiting” system
as € — 0+ in the norm of H. In the last section, we present an explicit estimate for
the Hausdorff deviation of A° from A° of the form: disty (A%, A%) < C(p)e'" in the
case, when the global attractor A° is exponential (providing that the Grashof number
of the “limiting” 2D N.—S. system is small).

Some problems related to the homogenization and averaging of global attractors for
the Navier—Stokes systems and for other evolution equations of mathematical physics
with rapidly (non-singularly) oscillating coefficients and terms were studied in [HVe90,

196b, 198, VCO1, VFi02, VC03, EfZ02, CVW05, CGoVO05].
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4.1 2D Navier—Stokes system with singularly oscil-
lating force

We consider the non-autonomous 2D N.-S. system of the form

1
O+ ur0p,u +u?0p,u = vAu— Vp+ go(x,t) + i (g, t) : (4.1)
Oty + Opyts = 0, tgq =0, z:= (21, 72) € Q, Q € R

Here, u = u(x,t) = (u'(x,t),u*(z,t)) is the velocity vector field, p = p(x,t) is the
pressure and v is the kinematic viscosity. In equation (4.1), € is a small parameter,
0<e<1, and pis fixed, 0 < p < 1. We assume that the origin 0 € €.

The vector functions go(x,t) = (go1(z,t), go2(x, 1)),z € Q,t € R, and ¢ (2,t) =
(911 (2,t) 912 (2,1)), 2 € R:t € R, are given. The function go(z,t) + g1 (£,¢) is
called the external force. We assume that, for every fixed ¢, this external force belongs
to the space Ly°(R; Ly(£2)?) (we shall clarify this assumption later on). Under this
condition, the Cauchy problem for equation (4.1) is well-studied (see, [Lio69, L70,
T79, CoF89, BV89, CV02a] and Section 2.6.1).

As usual, we denote by H and V' = H' the function spaces that are closures of
the set Vg := {v € (C2()? | 8y, 01(2) + Dyyva(x) = 0, VY € Q} in the norms | - | and
| - || of the spaces Ly(Q)? and Hj(2)?, respectively. We recall that

lo]* = [Vo]* = /Q (10200 (@)1” + |00, 0" (2)* + |00, 0% (@)* + |00,0* (2)]?) da.

The space V/ = V* is dual to V. We denote by P the orthogonal projector from Lo((2)?
onto H (see Section 1.3.1). We set

1 T
“(z.t) = Pgo(z.t) + —P (—,t).
9°(,t) = Pgo(w,t) + —Pou ( -

Applying the operator P to both sides of equation (4.1), we exclude the pressure
p(z,t) and obtain the following equation for the velocity vector field u(x,t) :

Owu + vLu + B(u,u) = g°(z, 1), (4.2)

where L = —PA is the Stokes operator, B(u,v) = P [u'0,,v + u?d,,v] and ¢°(-,t) €
L¥¢(R; H). The Stokes operator L is self-adjoint and the minimal eigenvalue A; of the
operator L is positive.

We assume that the function go(-,t) € Lo(Q)? for almost every ¢ € R and has a
finite norm in the space L(R; Lo(£2)?), that is,

T+1
HgoHig(R;LQ(Q)z) = Hgo”ig = Slelg/ (Hgo(ws)nig(nﬁ) ds < +00. (4.3)

To describe the vector function g;(z,t),z = (21,22) € R?,t € R, we use the space
7 = L5(R?;R?). By definition, a vector function (2) = (¢1(21, 22), @2(21, 20)) € Z, if

- ) - 21+l pzo+l 2d p
leO)IZ = o) 2ygee = sup (G, C)PdGdG < +oc.

(z1,22)€R?
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We now assume that the function ¢;(-,t) € Z for almost every ¢t € R and has a finite
norm in the space L4(RR; Z), that is,

T+1
9O ey =50 [ (lnCl) ds

TER

T+1 z1+1 zo+1
= sup/ sup / / |91(¢s Co, )\ d(1d(y | ds < +oo. (4.4)
TeR Jr (21,22)€R?

For equation (4.1), we consider the initial data at an arbitrary time 7 € R :
Ulpmr = U, u, € H. (4.5)

For a fixed € > 0, the Cauchy problem (4.1) and (4.5) has a unique solution u(t) :=
(z,1) in a weak sense, that is, u(t) € C(R,; H) N LY*(R,; V), du € LY(R,; V'), and
(t) satisfies equation (4.1) in the dlstrlbutlon sense of the space D'(R,; V'), where
R, = [r,+00) (see [Lio69, L70, CoF89, BV89, CV02a, T88] and Sections 1.3.1, 2.6.1).

Recall that every weak solution u(t) of equation (4.1) satisfies the following energy
equality

u\x

1d

2 dt
where the function |u(t)|* is absolutely continuous in ¢ (see Section 1.3.1).
We need the following lemma proved in [CV02a)].

— )+ vllu)]* = (u(t), g°(t)) , ¥t >, (4.6)

| 2

Lemma 4.1.1 Let a real function y(t),t > 0, be uniformly continuous and satisfy the

inequality
y'(t) +y(t) < f(1), vt =20, (4.7)
where v > 0, f(t) >0 for allt >0, and f € L'**(R,). Suppose also that
/ f(s)ds < M, vt > 0. (4.8)
t
Then
y(t) <y(0)e "+ M(1+~71), vt >0. (4.9)

Using the standard transformations and the Poincaré inequality, we obtain from
(4.6) the following differential inequalities:

L@+ vl < @A) g (4.10)

<
dt

4
thU( O +vhfu@)? < (wA) g0 (4.11)

Applying Lemma 4.1.1 to (4 11) with y(t) = |u(t +7)|2, f(t+7) = (LX) @)
v =y, and M = (vA) 7" ||gf HLb(RH we obtain the following main apriori estimate
for a weak solution u(t) of equation (4.1):

u(t +7)* < Ju(r)Pe™™ + D¢ |75 g,y (4.12)

where D = (vA;)~ (1 + (vA\1)~ ) Inequality (4.10) implies that

|2+1// lu(s)|[2ds < |u(T)]* + (vA1)~ / lg°(s)|*ds. (4.13)
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Lemma 4.1.2 If the function ¢(z) € Z = L5(R%;R?), then ¢ (%) € Ly()? for all

e >0 and ‘
HSO (g) ’ <Cle (')”Lg(Rg;W) 5 (4.14)

where the constant C' s independent of € and .

Ly (Qz)?

Proof. Indeed, changing the variables £ = 2, dx = e2dz, we have

H‘P(g) ;(9)2 = /Q’go (g)’zd:p:g2/€_m|¢(z)|2d2’

z1+1 zo+1
<o s 2 [ [ el PG = Clle Ol
1 z2

(21,22)€ER?

Here, in the last inequality, we have used the fact that the domain e 1€ can be covered
by at most C'e™2 unit squares of the form [z1, 21 + 1] X [29, 22 + 1], where C' depend on
the area of the domain 2 only. m

Corollary 4.1.1 If the functions go(z,t) € L5(R; Lo(Q)?) and gi(z,t) € L5(R;Z),
where Z = L3(R%; R?), then the external force g°(x,t) = Pgo(x,t)+ 5 Pg1 (£,t) belongs

to the space L(R; H) and

C
HgEHLg(R;H) < ||90||Lg(R;L2(Q)2) + ;HngLg(R;Z)a (4.15)
where the constant C' is independent of €.

Inequality (4.15) follows directly from Lemma 4.1.2 and the formulas for the norm
(4.3) and (4.4) in the spaces L5(R; Ly (2)?) and L5(R; Z).
We now apply inequality (4.15) in (4.12) and obtain

lu(t + 7')|2 < |U(T)|26_V)\1t + 002 + 5_2"012, (4.16)

where the constants Cy and C depend on v, A;, and the norms (|gol[ 14 r;1,()2) and

1911 3R, 7), respectively.

We now consider the process {U.(t,7)} := {U(t,7),t > 7,7 € R} corresponding to
problem (4.2) and (4.5) and acting in the space H (see Section 2.6.1). Recall that the
mapping U.(t,7) : H — H is defined by the formula

Ud(t,T)u, = u(t), Vu, € H, t > 7, 7T € R, (4.17)

where u(t) is the solution of (4.2), (4.5).
It follows from estimate (4.16) that for every €,0 < ¢ < 1, the process {U.(t,7)}
has the uniformly (w.r.t. 7 € R) absorbing set

Bo.={veH]|v|<2(Co+ Cie™)} (4.18)

and the set By, is bounded in H for a fixed €. That is, for any bounded (in H) set B,
there exists a time ¢’ = ¢/(B) such that the set U(t+7,7)B C By for all t > t(B) and
TeR.
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Using the standard argument, we prove that the process {U.(t,7)} has a compact
in H uniformly absorbing set

Bi. = {v eV | |v]| < Cav, A\, Co + C’lefp)} (4.19)

where Cy(y1, y2, y3) is a positive increasing function in each y;, j = 1,2, 3 (see inequality
(2.41)). So, the process {U.(t, )} corresponding to problem (4.1) and (4.5) is uniformly
compact and it has a compact uniformly absorbing set B; . (bounded in V') defined in
(4.19). Consequently, the process {U.(t,7)} has the uniform global attractor A® (see
Section 2.6.1) and A® C By. N By ..

Since A° C By ., we conclude from (4.16) and (4.18) that

| A% < (Co+ Che™?). (4.20)

Remark 4.1.1 For p > 0, the norm in H of the uniform global attractor A% of the 2D
N.—S. system (4.1) may grow up as € — 0+. In the next sections, we present conditions
that provide the uniform boundedness of A® in H with respect to e. Moreover, we also
study the convergence of A° as ¢ — 0+ to the global attractor A° of the corresponding
“limiting” equation.

Along with the original N.-S. system (4.1), we consider the following “limiting”
System

O+ u'Op,u + u?0pu = vAu— Vp+ go(m,t), (4.21)
8:1:1u1 + 81'2u2 = 0, U|ag =0,

without the term depending on e. Excluding the pressure, we obtain the equivalent
equation
Owu + vLu + B(u,u) = Pgy(z,t), (4.22)

where, clearly Pgo(z,t) € L5(R; H). Then the Cauchy problem for equation (4.22) also
has a unique solution u(t) := u(x,t) (in a weak distribution sense). Hence, there is a

“limiting” process {Uy(t,7)} acting in H : Uy(t, 7)u, = u(t),t > 7, 7 € R, where u(t)
is the solution of problem (4.22), (4.5). Similarly to (4.12) and (4.13), we have the
inequalities

u(t+7)7 < Ju(r)?e™ ™M + DI Pgol 7y gy (4.23)
)+ u/ lu(s)||?ds < |u(T)]* + (u)\l)I/ |Pgo(s)|*ds. (4.24)
It follows from (4.16) that
lu(t +7)|? < |u(r)|?e™ M 4 C2, (4.25)
which implies that the set

BO,O = {’U cH ’ ”U‘ S 200} (426)
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is uniformly absorbing for the process {Uy(t,7)}. (The constant Cy is the same as in
(4.16)). Moreover, this process has a compact (in H) absorbing set

Big={veV]|v|]<Cir,\,Ch)}. (4.27)

Therefore, the process {Uy(¢,7)} is uniformly compact and has a compact global at-
tractor A" such that A° C Byo N By and

1% < Co. (4.28)

4.2 Divergence condition and some properties of
the global attractors A°

We consider the non-autonomous 2D N.-S. system (4.2) with external force ¢°(x,t) =

Pgo(z,t) + E%Pgl (f,t). We assume that the function go(z,t),z € Q,t € R, satisfies
(4.3), i.e., Hgo(-)Hig(R;LQ(QF) < 400 and the function ¢i(z,t), 2 € R% t € R, satisfies

(4.4), i.e., ||gl(-)||ig(R;Z) < 400, where Z = L5(R?; R?). We now formulate
Divergence condition. There exist vector functions G;(z,t) € LY(R;Z), j = 1,2,
such that 9.,G;(z,t) € L5(R; Z) and

821G1<21, 29, t) + aZQGQ(Zl, 29, t) = 91(21, 29, t), V(Zl, 22) c RQ,t € R. (429)

Theorem 4.2.1 [f the function g1(z,t) satisfies the divergence condition (4.29), then,
for every p, 0 < p <1, the global attractors A® of the 2D N.-S. system are uniformly
(w.r.t. € €]0,1]) bounded in H, that is,

A%y < Ca, Ve €]0,1], (4.30)
where Cy is independent of €.

Proof. Taking the scalar product in H of equation (4.2) and u(t), we have equality
(4.6), ie.,
1d

§£|u(t)\2+y||u(t)|!2 = (u(?),g°(1))

= (ool ) 1) =7 (g0 (20) u,0) . (431)

For the first term in (4.31), we have the inequality

(30,0l ) < O + —lanl0) (4.52)

For the second term in (4.31) using (4.29), we have

(o (1) w0) =03 [ (065 (1) st o
_ glﬂifﬂ(axjc:j (g,t),u(x,t)) d:c:—alpi/Q(Gj (g,t),&pju(x,t)) dz
< 52<1—p>u—122:/9)c;j (g,t>’2dx+iy||u(t)||2. (4.33)
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In the third equality above we have integrated by parts in x taking into account the
zero boundary condition in (4.1). Using (4.33) and (4.32) in (4.31), we have that

2
d 2 2 2 2 2(1—p). — / T\ |2
— Ju(t D2 < ——1go(t 2e2(1=p) 1 ‘G(—,t)‘d,
P O < im0+ 2220t [ 6 (o)
and therefore, due to the Poincaré inequality,

Tl + v < (), (434

—p). — x 2
where h(t) = 2 [go(®)[ + 2520001 2, |G (2.0) [ do
By the assumptions,

t+1
/ l90(t)*ds < [l90() 175 . p(02) = Mo, VE ER. (4.35)
t

It follows from Lemma 4.1.2 that

t+1 " 9 ‘
[ [les G0 d <6 Ol = My veeR G=12. (439

where C' is independent of ¢.
Applying Lemma 4.1.1 with y(t) = |u(t + 7)|%, v = vAy, and M = 2 (vA\y) ™" My +
2e20=P)y=1 (M + M,), we obtain the following main estimate for the function u(t):

lu(t +7)* < |u(r)]Pe M + [2 (A1)~ My + 282021 (M, + Ms)] Dy, (4.37)

where Dy = (1 + (V/\l)fl).
Since 0 < p < 1 and 0 < ¢ < 1, inequality (4.37) implies that the process {U.(t,7)}
corresponding to equation (4.1) has a uniformly absorbing set

B={veH]|v| <}, (4.38)

where C5 = 2 [2 (A1) My + 201 (M, + M>)] D;. 1t is clear, that the global attractor
A® belongs to any absorbing set, i.e.,

| A% g < O, Ve,0<e <1, (4.39)

when the divergence condition (4.29) holds and the theorem is proved. m

We now estimate the deviation of solutions of the original 2D N.-S. system (4.2)
from the corresponding solutions of the “limiting” system (4.22).

We supplement equations (4.2) and (4.22) with the same initial data at ¢t = 7:

Ulper = Ur, U)ier = ur, u, € B, (4.40)

where the absorbing ball B is defined in (4.38). Recall that the set B is independent
of p,0<p<lande 0<e<1.
Let u(z,t) and u°(z,t) be the solutions of equations (4.2) and (4.22), respectively,

with the same initial data (4.40) taken from the ball B. We are going to estimate
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the deviation of u(z,t) from u®(x,t) for t > 7. We set w(x,t) = u(x,t) — u’(z,t). For
simplicity, we take 7 = 0. The function w(z, t) satisfies the equation

1
Ow + vLw + B(u,u) — B(u®,u°) = —Pa (E, t) (4.41)
£ £

and zero initial data
wl=o = 0. (4.42)

We note that
B(u,u) — B(u®,u°) = B(w,u’) + B(u’, w) + B(w,w).
Taking the scalar product in H of equation (4.41) and w, we have

1d

STw®P + vlw®IP + (Blw,u"),w)

+ (B’ w),w) + (B(w,w),w) = é <91 (é,t) ,w>. (4.43)

It follows from (1.13) that (B(u’, w),w) = 0 and (B(w,w),w) = 0. Therefore,

—Z ()P + vlfw®)]2 + (B(w, u'(t)), w) = % <91 (gt> ,w> . (4.44)

Using the divergence condition, similarly to (4.33), we observe that

(o () ) - —Z (6 (50) otz ) as
< %gm—p)y—li/glaj (g,t)rdx+%y||u(t)||2. (4.45)

It follows from (1.13) and (1.14) that

| (B(w,u’),w) | = | (B(w,w),u’) | < c}w||Jwl[][u’]. (4.46)
Then
0 2 0 1 2 163 20, 02
| (B(w,u’), w) | < cilw|||u’||[|w]| < §V||w|| + §;|w| | (4.47)

Combining (4.45) and (4.47) in (4.44), we find that

d 2 _ 2110/ 47 (2 2(1—p), — & z
- < 20 p),,—1 ’ (Z
O < OO + 0073 [l (20)

2
dzx.

We set
2(t) = lwt) P, (1) = o (1)

and

2
dz.

b(t) = 201 22:/9 )Gj (gt)
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Then we have the following differential inequality:
2'(t) < b(t) +~(t)z(t), 2(0) = 0. (4.48)
Applying the Gronwall lemma, we obtain:

A(t) < /0 "b(s) exp < / ty(@)d&) ds < ( /0 t b(s)ds) exp < /0 t7(5>ds) C (449)

Recall that u°(t) satisfies (4.24) and uy € B, i.e.

/Otws)ds _ / I O1Pds < o (fuf? + ) /t|go<s>|2ds)

< v’ <022+(V/\1) (t+ DllgoC) 7y a0 ><Cg(t+1) (4.50)

Using (4.36), we see that

¢ o 2 t z 9
/Ob(s)d5:€2(l Py 1;/0 /Q‘Gj <g,5>

< 207y 10t + 1) ZHG My <Pt + 1)(My + My)  (4.51)

7=1
Replacing (4.50) and (4.51) to (4.49), we find the following inequality
B < P+ 1)(M] + My)e™ Y
_ 62(17p)V71<M{ + Mé>8tecs(t+1) — 62(1,@0262%’ (4.52)

where C? = v=1(M] + M})e®®, 2r = C3 + 1. The constants Cy and r are independent
of €. Inequality (4.52) holds for all p, 0 < p < 1. We have proved the following

Theorem 4.2.2 Let the function g,(z,t) satisfy the divergence condition (4.29). Then,
for every initial data u, € B (see (4.38)), the difference w(z,t) = u(z,t) — u®(x,t) of
the solutions of the N.-S. equations (4.2) and (4.22), respectively, with initial data
(4.40) taken from the ball B, satisfies the following inequality:

lw(t)] = |u(t) —ult)] <P PCem Ve, 0 < e <1, (4.53)
where the constant Cy and r are independent of €, u, € é, and 0 < p <1.

In Section 4.4 using Theorems 4.2.1 and 4.2.2, we prove that the global attractors
A? converge to A in the strong norm of H as & — 0 + .

4.3 On the structure of the global attractors A°

We start with consideration translation compact (tr.c.) functions with values in the
spaces Ly(Q)? and Z. The definition of a tr.c. function in = = LI*°(R; E) with values
in a Banach space F is given in Section 2.4 (see Example 2.4.2). Below, we consider
tr.c. functions in = = LI*°(R; Ly(2)?) and in E = LY(R; Z).

Consider the vector functions gg(z,t),r € Q,t € R, and g, (2,1),2z € R%t € R,
that appear on the right-hand side of the 2D N.—S. system. We assume that go(z,t) €
LE(R; Ly(Q2)?) and g (2,t) € LY*(R; Z).
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Proposition 4.3.1 If the function g, (2,t) is tr.c. in LY°(R; Z), then, for every fived
g, 0 < e <1, the function gy (x/e,t) is tr.c. in the space LY*(R; Lo(22)?), Q € R2.

Proof. We have to establish that the set of function {gi(z/e,t + h) | h € R} is
precompact in LY(R; Ly(Q)?). Let {h,, n = 1,2,...} be an arbitrary sequence of
real numbers. Since the function g; (z,t) is tr.c. in LY(R;Z) there is a subsequence
{hn} C {h,} such that g,(z,t + h,) converges to a function §;(z,t) as n’ — oo in
LY*(R; Z) i.e., for every interval [t;,t5] C R,

to
/ 19115+ har) = g1, 9)llds — 0 (' — o).

t1

Using inequality (4.14), we conclude that

t2

to

/ g1 (-/e, 8+ haw) = G1(-/2, )Ly ds < C* / lg1(ys + ) = G1(-, 5)lIds,
t1 t1

that is, gi(z/e,t + h,) converges to gi(x/e,t) as n’ — oo in LY¢(R; Ly(2)?) . Thus,

the set {g1(z/e,t + h) | h € R} is precompact in LY(R; L,(Q)?). =m

Proposition 4.3.2 Let go(z,t) be tr.c. in the space L¥(R; Ly(Q)?) and g, (2,t) be
tr.c. in LY°(R; Z). Consider the function g°(z,t) = go(x,t) + e Pg1(x/e,t) as an ele-
ment of the space LY(R; Ly(2)?). Then this function is tr.c. in LY°(R; Ly(2)?) and
the hull H(g®(x,t)) (in the space LY*(R; Ly(2)?)) consists of (tr.c. in LY°(R; Ly(2)?))
functions §°(x,t) of the form §°(x,t) = go(x,t) + e Pq1(x/e,t) for some go(x,t) €
H(go(x,t)) and g1(z,t) € H(g1(2,1)), where H(go(x,t)) and H(g1(z,t)) are the hulls of
the functions go(z,t) and g, (z,t), respectively.

Proof. It follows from Proposition 4.3.1 that, for a fixed ¢ € (0,1], the function
g5 (x,t) = golx,t) + e Pgi(x/e,t) is tr.c. in LY(R; Ly(2)?) (as the sum of two tr.c.
functions). Let now ¢°(z,t) € H(g°(z,t)), i.e., there is a sequence {h,} such that
g (x,t+hy) = go(z, t+hy)+ePgi(x/e, t+hy) — §5(x,t) as n — oo in LY(R; Ly(Q)?).
Since the functions go(z,t) and g; (z,t) are tr.c. in LY°(R; Lo(Q)?) and LY*(R; Z),
respectively, we may assume passing to a subsequence {h, } C {h,} that go(z,t +
ho) = Go(,t) in LYS(R; La(2)?) and g1(z,t + hy) — §1(2,t) in LY(R; Z) as n' — oo.
Therefore, ¢°(x,t + hy) = go(x,t + hy) + e Pq1(x /e, t + hy) = Go(z,t) + e Pg1(x /e, t)
as n — oo in LY¢(R; Ly (22)?). So,

ge(x7t> = lim [QO(xat+hn>+8ipgl<x/€>t+hn)]
= lim go(x,t+ hy) + lim e7Pg(z/e,t + hy) = Go(x, 1) + € gu(x/e, 1)

n’—oo

Thus, every function §°(x,t) € H(g°(x,t)) has the form §°(x,t) = go(z,t)+e g1 (x /e, t)
for some go(x,t) € H(go(x,t)) and §1(2,t) € H(g1(z,%)). m
We now consider equation (4.2)

Owu + vLu + B(u,u) = g°(z, 1), (4.54)

where ¢°(z,t) = Pgo(x,t) +e ?Pgi(z/e, t) and € is fixed. We assume that the function
go(x,t) is tr.c. in the space LY°(R; Ly(2)?) and gy (z,t) is tr.c. in the space LY¢(R; 7).
In particular, go(z,t) € L5(R; Lo(Q)?) and g1(z,t) € L5(R; Z).
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Let H(g%) be the hull of the function ¢°(z,t) in the space LY*(R; H) :
H(g") = {g°( i+ h) | h € R} poemy - (4.55)

Recall that H(¢°) is compact in LY¢(R; H) and, by Proposition 4.3.2, each element
G°(z,t) € H(g°(x,t)) can be written in the form

G (x,t) = Pgo(x,t) + e PPgi(x/e,t) (4.56

for some functions go(z,t) € H(go(x,t)) and §1(2,t) € H(g1(z, 1)), where H(go(z,1))
and H(g1(z,t)) are the hulls of the functions go(x, ) and g; (2,t) in LY*(R; Ly(2)?) and
LY(R; Z), respectively.

We note that

~—

||§0||L3(R;L2(Q)2) < HgOHLg(R;Lg(Q)Q)a Vo € H(go);
< HngLg(R;Z)a Vg1 € H(gr).
Then it follows easily from Corollary 4.1.1 that

HngLg(R;Z)

. C
197N Ly sy < 90l Ly @szay2y + 5||91||L3(R;Z), Vg € H(g%), (4.57)

where the constant C' is independent of gg, g1, p, and € (see (4.14) and (4.15)).

It was shown in Section 4.1 that the process {U.(t,7)} := {Ug(t, 7)} corresponding
to equation (4.54) has the uniform global attractor A® C By, N By, (see (4.18) and
(4.19)) and

[ A% < (Co + Cie™), (4.58)

where the constants Cp and Cy depend on ||gol| g (r;£,0)2) a0d [|91]| £y (r.2), Tespectively.
We now describe the structure of the attractor A°.
Along with equation (4.54), we consider the family of equations

Oyt + vLii+ B(a, 4) = §°(z, 1), (4.59)

with external forces ¢° € H(g¢%). It is clear that, for every ¢ € H(¢%), equation (4.59)
generates the process {U(t,7)} acting in H. We note that the processes {Us(t,7)}
satisfy the similar properties as the process {U,(t,7)} corresponding to the 2D N.—
S. system (4.54) with original external force g°(z,t) = Pgo(z,t) + e PPgi(z/e,t). In
particular, the sets By . and B . are absorbing for each process {U(t,7)}, §° € H(g°)
(see (4.57)). Moreover, every process {Uz(t,7)} has a uniform global attractor Age
that belongs to the global attractor A® = A, of the 2D N.-S. system (4.54) with initial
external force ¢°(x,t), Az C Ay (the inclusion can be strict, see Proposition 2.5.1).

Proposition 4.3.3 Let the function go(x,t) be tr.c. in the space LY°(R; Ly(Q)?) and
let g1 (2,t) be tr.c. in LY°(R;Z). Then for any fived £,0 < ¢ < 1, the family of
processes {Uz(t,7)}, G5 € H(g%), corresponding to equations (4.59) has an absorbing
set By ., which is bounded in H and V' and satisfies

[Bielly < (Co+ Cre™). (4.60)
The family {Us(t,7)}, 65 € H(g%), is (H x H(g%); H)-continuous, that is, if
G5 — 9 (n — 00) in LY(R; H) and ury — uy (n — o0) in H, (4.61)
then
Ugs (t, T)trn — Uge (¢, T)ur (n — 00) in H. (4.62)
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The proof of these properties is analogous to the proof given, e.g., in [CV02a], for
the case of a non-oscillating tr.c. external force in LY(R; H)).

We denote by 4= the kernel of equation (4.59) (and of the process {Ug(t,7)})
with external force §° € H(g%). Recall that the kernel ICs is the family of all complete
solutions u(t),t € R, of (4.59) which are bounded in the norm of H :

[a(t)] < Mg, Yt € R. (4.63)

The set
Ks(s) ={u(s) |t € Kg}, s €R,

(belonging to H) is called the kernel section at time t = s.
We recall the theorem on the structure of the uniform global attractor A° of the
2D Navier-Stokes system (4.54) (see also (2.44)) .

Theorem 4.3.1 If the function g°(z,t) is tr.c. in the space LY(R; H), then the process
{Ug(t, 7)} corresponding to equations (4.59) has the uniform global attractor A° and
the following identity holds:

A= ] Kx(0). (4.64)

G°€M(g°)

Moreover, the kernel Kz is non-empty for all §° € H(g%).

The proof of Theorem 4.3.1 is given in [CV02a].
We also note that the attractor A® is given by the following formula

)

A* = w(By) =) [ U Up(t.,7)Bs

h>0 Lt—7>h

i.e., to construct the attractor A° of the entire family of processes {Uj(t,7)},4° €
H(g*), one can use only the process {Ug (¢, 7)} of original equation (4.54) with external
force g* = Pgo(z,t) + e PPgi(x/e,t).

All the above results are also applicable to the “limiting” 2D N.-S. system (4.22)

O+ vLu + B(u,u) = ¢°(, 1) (4.65)

with tr.c. external force g°(t) := Pgo(-,t) € LY*(R; H). Equation (4.65) generates the
“limiting” process {Uy(t,7)} = {Uyp(t,7)} which has the uniform global attractor .A°
(see the end of Section 4.1).

Consider the family of equations

Oyt + vLi + B(a,4) = §°(x,t), (4.66)

with external forces §° € H(¢°) (the hull H(g°) is taken in the space LY(R; H)) and
the corresponding family of processes {Uzo(¢,7)}, §° € H(g°).

We note that we can apply Proposition 4.3.3 and Theorem 4.3.1 directly to the
equations (4.65) and (4.66) taking the function g;(z,t) = 0. Therefore, the family of
processes {Ugo(t,7)}, ¢° € H(g°), has a uniformly absorbing set B; o (bounded in V'),

| B1oll; < Co, (4.67)
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and the family {Uzo(¢,7)},9° € H(g"), is (H x H(g"); H)-continuous. Moreover, the
attractor A° of the “limiting” equation (4.65) has the form

A= | Kyp(0), (4.68)

G°€H(g°)

where Ky is the kernel of equation (4.66) with external forces % € H(g°).
The formulas (4.64) and (4.68) will be important in the next section, where we
study the strong convergence of the attractors A to A° as e — 0 + .

4.4 Convergence of the global attractors A° to 4"

In this section, we consider equations (4.54) and (4.65), where the functions go(z,t) and
g1 (2,t) are tr.c. in the spaces LY°(R; Ly(2)?) and LY¢(R; Z), respectively.

We also assume that the function ¢ (z,t) satisfies the divergence condition (4.29).
Then due to Theorem 4.2.1 the uniform global attractors A of equations (4.54) with
external forces g°(z,t) = Pgo(x,t) + e PPgi(x/e,t) are uniformly bounded in H with
respect to € :

|A%]| g < Ca, Ve, 0 <e <1, (4.69)

where the constant C, is independent of €. We also consider the global attractor A° of
the “limiting” equation (4.65) with external force ¢°(t) = Pgq(-,t). Clearly, the set A°
is also bounded in H (see (4.67)).

We need a generalization of Theorem 4.2.2 that can be applied to the solution of
entire families of equations (4.59) and (4.66).

We choose an arbitrary element u, € B. Let @(-,t) = Uy (t,7)u,, t > 7, be the
solution of equation (4.59) with external force §° = Pgy + ¢ *Pg; € H(g°). Let also
a’(-,t) = Up(t, T)u,, t > 7, be the solution of (4.66) with external force §° € H(g°).
We assume that the initial data at ¢ = 7 of these two solutions are the same: a(-,7) =
@°(-,7) = ug, and ug € B, where the absorbing ball B is defined in (4.38). (Notice that
the function §° can be different from the function §° = Pg, being the first summand
in the representation ¢° = Pgg + e *Pg;.) We now consider the difference

w(z,t) = w(x, t) — a(z,t), t > 7.

Proposition 4.4.1 Let the original functions go(x,t) and g1 (z,t) in (4.1) be tr.c.
in LY°(R; Ly(Q)?) and LY*(R; Z), respectively. Let also the function g(z,t) satisfy
the divergence condition (4.29). We set g°(x,t) = Pgo(z,t) + ¢ PPgi(x/e ,t) and
°(z,t) = Pgo(w,t). Then, for every external force G = Pgo + e PPg, € H(g%), there
exist an external force §° € H(g°) such that, for every initial data u, € B (see (4.38)),
the difference
w(t) = a(t) — a’(t) = Ug(t, 7)u, — Ugo(t, T)u,

of the solutions of the 2D N.-S. systems (4.59) and (4.66) with external forces G°(x,t) =
Pgo(x,t) + e PPgi(z/e,t) and §°(z,t), respectively, and with the same initial data u.,
satisfies the following inequality:

[w(t)| = |a(t) — a°t)] < PP Cuem™ ) Ve, 0 < e <1, (4.70)

where the constant Cy and r are the same as in Theorem 4.2.2 and they are independent
ofe and 0 < p < 1.
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Proof. Consider the functions
u(t) = Uge (t, T)u, and u°(t) = Ugpo(t, T)u,, Vt > T, (4.71)

where ¢°(t) = Pgo(t) + e ?Pgy(t) and ¢°(t) = Pgo(t) are the original external forces.
Using (4.71), we rewrite inequality (4.53) in the form

Uye (t, )y — Ugo(t, T)uy | < €179 Cue=), (4.72)

By Theorem 4.2.2, inequality (4.72) holds for all u, € B. We claim that this inequality
also hold for the time shifted external forces

gn(t) = g (t+h)=Pgo(t +h)+e"Pgi(t+h),
gh(t) = g"(t+h) = Pgo(t+h),
where h € R is arbitrary, that is,

[Uge (t, T)ur — Ugo (¢, T)ur| < =P Cert="), (4.73)
where the constants Cy and r are independent of h. Indeed, for every h € R, the time
shifted function gi,(z,t) = ¢1(z,t + h) apparently satisfies the divergence condition
(4.29) for the time shifted functions G(z,t) = G;(z,t + h) € L5(R; Z), j = 1,2. So,
(4.73) follows directly from Theorem 4.2.2.

We recall that the family of processes {Ug-(t,7)},9° € H(g®), is (H x H(g®); H)-
continuous. In particular, (see (4.61) and (4.62)) for a fixed u, € B, if

g; — §° (n — o0) in LIQOC(R; H),

then
Ugs (t, T)uy — Uge(t, T)u, (n — 00) in H, (4.74)

and similarly
Ugp (t, T)ur — Uzo(t, T)u, (n — o0) in H, (4.75)
when §° — §° (n — o0) in L¥¢(R; H) for some §° € H(g°).
We now fix the external forces §° = Pgy + e *Pg; € H(g%). The function §°(t) is
tr.c. in L¥(R; H). Therefore, there exists a sequence {h;} C R such that

i, — §° (n — o0) in LY*(R; H), (4.76)

where g;, (t) = g°(t+ h;). Consider now the sequence of external forces g) = g°(t+h;).
Since the function ¢°(t) is tr.c. in LY°(R; H), there exists a function §° € H(g°) such
that

gh, — §° (n — o0) in LY“(R; H). (4.77)
(Here we have possibly passed to a subsequence of h; which we label the same). Tt
follows from (4.73) that

Uy (t,7)ur — Ugo (8, 7)u,| < e07PCue"™) Vi e N, (4.78)

Using (4.76) and (4.77) in (4.74) and (4.75), we pass to the limit in (4.78) as i — oo
and obtain the required inequality:

Uge (t, )y — Ugo(t, Ty | < €177 Cue=), (4.79)
So, inequality (4.70) is proved. =

We are now ready to formulate the main theorem of this chapter.
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Theorem 4.4.1 Let the functions go(z,t) and g1 (z,t) in (4.1) be tr.c. in the space
LY(R; Ly(2)?) and LY*(R; Z), respectively. Let also the function gi(z,t) satisfy the
divergence condition (4.29). Then the global attractors A® of equation (4.54) converges
to the global attractor A° of the “limiting” equation (4.65) in the strong norm of H as
e — 0+, that is

distz (A%, A%) — 0 (¢ — 04). (4.80)

Proof. For a given ¢, let u® be an arbitrary element of A®. By (4.64), there exists a
bounded complete solution u°(t),t € R, of equation (4.59) with some external force
G° = Pgo+ e "Pg € H(g%),where gy € H(go) and §; € H(g1), such that

w = 45(0). (4.81)
We consider the point 4°(—R) which clearly belongs to A° and hence
u*(—R) € B, (4.82)

(see (4.38)). Recall that B is the absorbing set and the global attractor .A° belongs to
B. The number R will be chosen later on.

For the constructed external force ¢, we apply Proposition 4.4.1: there is a “lim-
iting” external force §° € H(¢°) such that, for any 7 € R and for all u, € B, the

following inequality holds:
Uz (t, T)u, — Uzo(t, T)u,| < 5(1”))04er(t’7), Yt > T 4.83
g g =

Consider the “limiting” equation (4.65) with the chosen “limiting” external force
g% We set 7 = —R. Let @°(t),t > —R, be the solution of this equation with initial
data

i°—_r = 4°(—R). (4.84)

Taking — R in place of 7 and —R~+1 in place of ¢, it follows from (4.83) (see also (4.82))
that
|05 (—R+t) — @°(—R + t)| < 1P Cuem™, vVt >0, (4.85)

where 4 (—R+t) = Ug(—R+t, —R)4°(—R) and 0°(—R+t) = Up(—R+t, —R)04°(—R).

The set A% attracts Uy (t + T, 7)B in H as t — +oo (uniformly with respect to
7 € R and §° € H(g%) (see [CV02a]). Then, for any § > 0, there exist a number
T =T(0) such that

| >

disty (Up(t +7,7)B, A%) < =, V7 € R, ¥§" € H(g"), Vt > T(9).

Hence, for 7 = —R and 4°(—R) € B,

distg(Ugp(—R +t, —R)a(—R), A°) < =, V§° € H(q"), Vt > T(9).

| S

In particular, for the function §° specified above

dist (a°(—R +t), A”) = dist g (Ujo(—R + t, —R)a°(—R), A%) < =, Vt > T(5). (4.86)

|
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Recall that T'(d) is independent of u® € A°.
It follows from (4.86) and (4.85) that

disty (@°(—~R+1),A”) < |a°(=R+1t) —a°(—R +t)| +disty(a°(—R + 1), A")
< e=ACuemt + g, vt > T(6). (4.87)

We now set t = R = T'(0) in (4.87) and since 4°(0) = u® we obtain that

dist g (u, A%) = dist(a°(0), A°) < 01790y 4 g, Vu® e A°.

Consequently,
J
dist (A%, A%) < 1700 4 5 70> 0. (4.88)
Finally, for an arbitrary § > 0, we define gy = £¢(J) such that Eél_p)04erT(5) = §/2.
Thus, if
1
5 =
< ald) = (p0mm)
then

diStH<A€, AO) < 0.

We conclude that
dist (A%, A%) — 0 (e — 0+4).

The theorem is proved. m

4.5 Estimate for the distance from A° to A"

In this section, we consider the 2D N.—S. system (4.54) when the Grashof number of the
corresponding “limiting” N.—S. system (4.65) is small. In this case, the global attractor
AP is exponential, i.e., A° attracts bounded sets of initial data with exponential rate
as time tends to infinity. This property allows to estimate explicitly the distance from
the global attractor A® to A°.

We consider the “limiting” system (4.65) with external force ¢°(t) := Pgy(-,t) €
LY°(R; H). Let the Grashof number G of this 2D N.-S. system satisfy the following
inequality:

2 <5 (4.89)

where the constant ¢2 is taken from the inequality (1.14).

Then, by Proposition 2.6.1, the equation (4.65) has the unique solution zy(t),t € R
bounded in H, that is, the kernel ICypo consists of the unique trajectory z,(t). This
solution z,0(t) is exponentially stable, i.e., for every solution uy(t) of equation (4.65)
the following inequality holds:

lugo(t +7) — 20 (t + 7)| < Colu, — zg0(7)]e Pt ¥t > 0, (4.90)
where uyo(t +7) = Up(t + 7, 7)u, (in (4.90), Cy and § are independent of u. and 7).
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Property (4.90) implies that the set

A ={zpt) [ teRY,, = | {2(0)} (4.91)

g€H(g%)

is the global attractor of the equation (4.65) under condition (4.89) ( see (2.54)).

Remark 4.5.1 It is shown in [CI04] that inequality (1.14). holds with ¢? = (%)1/2 =
0.3071.... Using the numerical result from [We83], it was also shown in [CI04] that
c2 =0.2924 . ... This value is possibly the best for inequality (1.14). Hence, (4.90) and

(4.91) are valid if G < 3.42.

Remark 4.5.2 Inequality (4.90) implies that the global attractor A° of system (4.65)
is exponential under the condition (4.89), i.e., for any bounded set B in H

sup dist 7 (Uyo (t + 7,7) B, A”) < Cy(|B|)e ™, (4.92)

TER

where C7 depends on the norm B in H.
We now formulate the following result concerning the distance from A° and A°.

Theorem 4.5.1 Under the assumptions of Theorem 4.4.1, we assume that the Grashof
number G of the “limiting” 2D N.-S. system satisfies (4.89). Then the Hausdorff
distance (in H) from the global attractor A® of the original 2D N.-S. system (4.54)
to the global attractor A° of the corresponding “limiting” system (4.65) satisfies the
following inequality:

distg (A5, A%) < C(p)e'™?, Ve, 0 <e < 1.
Here 0 < p <1 and C(p) > 0 also depends on v, |gol|s, and ||g1| .

The proof of Theorem 4.5.1 is analogous to the proof of the similar result concerning
the complex Ginzburg-Landau equation with singularly oscillating terms (see Section
5.4).

Remark 4.5.3 In this chapter, we consider the non-autonomous 2D N.-S. systems
with singularly oscillating external forces and prove some results concerning the be-
haviour of their global attractors. We have proved analogous theorems for other non-
autonomous evolution equations of mathematical physics with singularly oscillating
terms, e.g., for the following damped wave equation

OPu +y0u = Au — f(u) + go(z,t) + e Pgi(z,t/e), ulog =0,

where
¥v>0,0<p<py, 0<e<],teR z2€QeR"

and the functions go(z,t) and g;(x,t) are tr.c. in the corresponding space (see [VC06])).

In the next chapter, we study the complex Ginzburg-Landau equation with singu-
larly oscillating terms.
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Chapter 5

Uniform global attractor of
Ginzburg—Landau equation with
singularly oscillating terms

In this chapter, we study the global attractor A° of the non-autonomous complex
Ginzburg-Landau (G.—L.) equation with constant dispersion parameters «, 5 and with
singularly oscillating external force of the form go(z,t) + ¢ gy (x/e,t), © € Q E
R™ n >3, 0<p <1 We assume that |3] < v/3. In this case, the Cauchy problem
for the G.—L. equation has a unique solution and the corresponding process {U.(¢,7)}
acting in the space H = Ly(€2;C) has the global attractor A® (see Sections 1.3.3
and 2.6.3). Along with this G.—L. equation, we consider its “limiting” equation with
external force go(x,t). We assume that the function g;(z, t) has the following divergence
presentation: g¢i(z,t) = X ,0,,G;(z,t) (z = (21,...,2,) € RY), where the norms of the
functions G;(z,t) are bounded in the space L5(R;Z), Z = L5(R?; C) (see Section 5.1).

We find the estimate for the deviation (in H) of the solutions of the original G.—L.
equation from the solutions of the corresponding “limiting” equation with the same
initial data.

If the function g; (z,t) admits the divergence representation and the functions
go(x,t) and ¢ (z,t) are translation compact in the corresponding spaces, then we prove
that the global attractors A° converges to the global attractor A° of the “limiting” sys-
tem as € — 0+ in the strong norm of H.

We also study the case where the global attractor A° of the “limiting” G.-L. equa-
tion is exponential. In such a situation, we prove the estimate for the deviation of the
global attractor A° from A°: distg (A%, A%) < C(p)e'~* for all e, 0 < & < 1, where the
constant C(p) is independent of .

5.1 Ginzburg—Landau equation with singularly os-
cillating external force

We consider the following non-autonomous Ginzburg—Landau (G.—L.) equation:

1
Ou = (1 +ia)Au+ Ru — (1+if)|ul*u + go(z,t) + id (g, t) , ulagg =0.  (5.1)
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Here u = uy(x,t) +iug(x,t) is an unknown complex function depending on z € 2 € R”
and t € R (see Sections 1.3.3 and 2.6.3). We assume that 0 € Q2 and

18] < V3.

(5.2
In equation (5.1), 0 < p <1 and ¢ is a small positive parameter. We set H = Ly(Q2; C
and Z = L5(R™ C). The norm in H is denoted by || - ||g. A function f(z) € Z

\_/\_/

. 2 — . 2 = ZI+1... Zn+1 2 oo
£l = 1Oy erie) = sup 7o GGG < o0,

(5.3)
We assume that the function go(z,t) = goi(x,t) + igea(x,t), © = (21, 29,...,2,) € R,
belongs to the space LY(R;H) and the function gy(z,t) = g11(z,t) + igia(2,t), 2 =

(21,22,...,2,) € R™ belongs to LY(R;Z), i.e., the following norms of these functions
are finite:
T+1
2 2
oo Mg = sup [ oo o) s 54
T74+1
= sup/ </ |g0(x,s)|2dx) ds < +00,
TER Jr Q
T+1
lg1( M g zy = = sup g1+, 8)llzds (5.5)
(R:Z) °
Zl+1 zZn+1
= sup/ (sup/ / 191(Cey - o5 Gy 8)|PdC - - C)ds < 400,
TER z€R™
where z = (21, 22, ..., 2,)-

Equation (5.1) is equivalent to the following system of two equations for the real
vector-function u = (u1, ug) "

1 — 1 — 1 T
atu:(& 1a)Au+Ru—<ﬁ f)\u\2u+g0(:c,t)+€—pg1(g,t), (5.6)

where gy = (9017902)T and g1 = (9117912)T-
Under the above assumption for every fixed ¢, 0 < ¢ < 1, the Cauchy problem for

equation (5.1) with initial data
U=y = ur(x), u () € H, (5.7)
(here, 7 is arbitrary and fixed), has a unique solution wu(t) := u(x,t) such that

u(:) € CRH)NLY(R-; V)N LY(R,; Ly), (5.8)

V = H)(C), Ly = Ly(Q;C), R, = [, +00).
and the function u(t) satisfies equation (5.1) in the sense of distributions of the space
D'(R;H™™), where H™" = H"(;C) and r = max{1,n/4} (recall that n = dim(£2)).
In particular, dyu(-) € Lo(r,T;H™) + Ly5(7,T;Lys3) for any T > 7. The proof of
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the existence of such solution w(t) uses the Galerkin approximation method (see, e.g.
[T88, BV89, CV02a]). The proof of the uniqueness relies on inequality (5.2) (see, e.g.,
[CV02al).

We recall that, if (5.2) does not hold, the uniqueness for n > 3 and for arbitrary
values of the dispersion parameters o and (3 is not proved yet, see [Mi02, Mi98, Z00]
for known uniqueness theorems.

For brevity, we set || - || := || |- Any solution wu(t),t > 7, of equation (5.1) satisfies
the following differential identity:

5 dtH u* + [Vu@* + lu@®)ly, — Rllu@)* = (¢°(0), u®)), vt = 7. (5.9)

where we denote ¢°(t) := go(z,t) + ¢ Pg (£,t). The function [lu(¢)||* is absolutely
continuous for ¢t > 7. The proof of (5.9) is analogous to the proof of the corresponding
identity for weak solutions of the reaction-diffusion systems considered in [CV02a,
CV96b] (see also [CV05]).

Using the standard transformations and the Gronwall lemma, we deduce from (5.9)
that any solution u(t) of equation (5.1) satisfies the inequality

u(t +7)|2 < lu(r)|2e 2t + C2 + C2%~%, Wt > 0, 7 € R. (5.10)

where \; is the first eigenvalue of the operator {—Au, ulsqo = 0}, the constant C
depends on R and ||gol|pp ;) and the constant Cy depends on |[g1]|1pr.z) (see (5.4)
and (5.5)). We also use the following inequality:

t
/],
where C' is independent of . Indeed,
t
/ /‘91 — s e M=) d:zcds—/ ~Au(t=s) (5"/ g1 (2, 5)|° dz)
z1+1 zn+1
C/ —Ai(t=s) (Su]%)/ / 191(Cts s Gy )Py - )
T zeR™

< C”()\l)”ngLg(R;Z)v

2
e M%) drds < C’||gl||ig(R;Z), Vi > 71,7 €R, (5.11)

X
g1 <_7 5)
15

IN

since we can cover the domain ¢7'Q by C’e™" unit boxes (see the proof of Lemma
4.1.2) and, therefore, (5.11) is proved.
Integrating (5.9) in time from 7 to 7 + ¢ and using (5.10), we obtain that

QMPHW+[TUmeWWMﬂmMS

1 ) T+t ) T+t
séwmn+R/ M@H%+/ I - lals) s,
t
/waﬂﬁwwﬂmws
1 _
< §||U(T)||2 + Ca(t+1) + Cs <||90||%Q(R;H) +e 2p||gl||%‘5(R;Z)) t, (512
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(see (5.4) and (5.5)).

We consider the process {U.(t,7)} := {U(t,7) | t > 7,7 € R} corresponding to
problem (5.1), (5.7) and acting in the space H (see formula (2.118)). It follows from
estimates (5.10) that the process {U.(t,7)} has the uniformly absorbing set

By ={veH]||jv]| <2(Co+ Cie™")} (5.13)

that is bounded in H for every fixed £ > 0.
We now establish that the process {U.(t, 7)} has a compact in H uniformly absorb-
ing set
Bi.={veV||vlv <Cj+ Cie™"}. (5.14)

To prove this fact we take the scalar product in H of equation (5.1) with the term
—tAu. After the standard transformations, we obtain

1
577 UIVul®) = SIVul® + tAul® = R Vull*
— (A +iB)|ul*u, tAu) = —{go,tAu) — e (gi(x/e), tAu). (5.15)

We denote
s =i (7 ) vy =t

We notice that since |3 < /3 the matrix f/(v) is positive definite, that is,
fo(v)w-w >0, Vv = (v1,v2),w = (w1, ws), V¢t >0 (5.16)

(see (1.34)). Therefore, the term in (5.15) containing 3 is also positive. Indeed,

— (1 +iB)|u*u, tAu) = — (f(u),tAu) = tzn:/ (fl(0)d,,u,0,,u)dx >0, Vt > 0.
i=1 79

(5.17)
Integrating both sides of (5.15) in ¢ and taking into account (5.17), we have

1 1 t t t
Va0 =5 [ 1vuPas+ [ slaus)Pas =k [ sivus)Pis
t t
< —/ (g0(s), sAu(s)) ds — 5‘”/ (g1(x/e,s), sAu(s)) ds. (5.18)
0 0
Using (5.12), we obtain from (5.18) the inequality
1 2 ' 2 ' 2
SUNVu@I® + G5 [ sllAu(s)["ds < B | s|[Vu(s)||°ds
0 0
t t
+ Cs </ slgo(s)||*ds +82p/ s|\g1(a:/5,s)\|2ds) . (5.19)
0 0

Applying in (5.19) an inequality similarly to (5.11), we find that

tVu@)* < Crtllu(O)” + t + 1+ tllgol Ty mmny +te™ N9y z))-
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Assuming that u(0) € By and setting ¢ = 1, we obtain

[Vu(1)]| < Cs(1 + ||90HL5(R;H) + 5_p|’91”Lg(R;Z))- (5.20)
Clearly, the same inequalities holds if we replace 0 and ¢ with 7 and 7 + ¢ :
tVu(r + )7 < Cotllu(m)lI* +t + 1+ tllgoll Ty @) + te~ 191175 2)):
So, if u(7) € By, then
[Vu(r + DI < Cs(1+ llgoll ) + € “llgrllyrizy)s V7 = 0. (5.21)
It follows from (5.21) that the set
Bie={veV||vlv <G +lgollry +’llgrllry)} (5.22)

is uniformly absorbing for the process {U.(t,7)} corresponding to the G.—L. equation
(5.1). The set By is bounded in V and compact in H since the embedding V € H
is compact. Recall that a process having a compact uniformly absorbing set is called
uniformly compact. We have proved the following

Proposition 5.1.1 For any fized € > 0, the process {U.(t,T)} corresponding to equa-
tion (5.1) is uniformly compact in the space H. It has the compact uniformly absorbing
set By . defined in (5.22).

Along with the G.—L. equation (5.1), we consider its “limiting” equation
o’ = (1 +ia)Au’ + Ru® — (1 +iB)|u’Pu® + go(x,t), u’|sq =0, (5.23)

where the coefficients «, 3, R and the external force go(x,t) are the same as in (5.1).
In particular, conditions (5.2) and (5.4) hold. Therefore, the Cauchy problem for this
equation with initial data

u’| =y = u (1), u(-) € H, (5.24)

also has a unique solution u°(x,t) and there is the corresponding process {Uy(t,7)} in
H: U(t,7)u, = u°(t),t > 7 € R, where u°(t),t > 7, is a solution of equation (5.23)
with initial data u|—, = u,. Similar to (5.10), the main a priory estimate for equation
(5.23) reads

lu(7 + )17 < [lu’(7)[Pe™" + C5. (5.25)

Following the above reasoning, we prove that the process {Uy(¢,7)} has the uni-
formly absorbing set

Boo = {ve H| ||v] <20y} (5.26)

(Comparing with (5.13), we observe that in (5.26) the parameter ¢ is missing since the
term e Pg; (z/e,t) is missing in equation (5.23).) Moreover, the process also has the
uniformly absorbing set

Bro={v e V[|Vullv < Cs(1 +llgoll yem) } (5.27)
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which is bounded in V and compact in H. Consequently, the process {Uy(t,7)} corre-
sponding to the “limiting” equation (5.23) is uniformly compact in H and Proposition
5.1.1 holds for the “limit” case € = 0 as well.

Using this results, it follows easily that the processes {U.(t,7)},e > 0, and {Uy(t, 7)}
have the uniform global attractors A. and Ay, respectively (see [CV02a] and Section
2.6.3), that satisfy the inequalities

| Acllm
| Aol

C10 + Clg_pa

<
< Cy.

However, the formulated above conditions for the function g;(z,t) is not sufficient to
establish that the global attractors A. are uniformly (with respect to € > 0) bounded
in H.

We now present the assumption that provide the uniform boundedness of global
attractors A, for 0 < ¢ < 1. We assume that the function g;(z,t) satisfies the following

Divergence condition. There exist vector functions G;(z,t) € LY(R;Z), j = 1,n,
such that 0,,G;(z,t) € Ly(R; Z) and
Z 0.,Gj(z,t) = g1(2,t), Vz€ R", t € R, (5.28)
j=1

Theorem 5.1.1 [f the function g1(z,t) satisfies the divergence condition (5.28), then,
for every p, 0 < p < 1, the global attractors A of the G.-L. equations are uniformly
(with respect to € €)0,1]) bounded in H, that is,

A% < Cs, Ve €]0,1]. (5.29)

The proof is analogous to the proof of Theorem 4.2.1.

5.2 Deviation estimate for solutions of the G.—L.
equation with oscillating external forces from
solutions of the “limiting” equation

We consider equation (5.1)

1
O = (1 +ia)Au+ Ru — (1+if)|ul*u + go(z,t) + s (g, t) , ulag = 0. (5.30)

We assume that the coefficients of this equation satisfy conditions (5.2) — (5.5) and
0 < p < 1. The corresponding “limiting” equation is
O’ = (1 +ia)Au’ + Ru® — (1 +i8)[u’*u’ + go(w,t), u’|sa = 0. (5.31)

For t = 7, we consider the same initial data

Uli—r = ur(2), U=y = ur(x), u(-) € H. (5.32)
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Let u(x,t),t > 7, and u°(x,t),t > 7, be solutions of problems (5.30), (5.32) and (5.31),
(5.32), respectively. We set w(z,t) = u(x,t) — u®(x,t). The function w(t) := w(-,t)
satisfies the equation

1
O = (1+i0)Aw + R = (1+i8) (jul*u — [u°[*u’) + g, (‘” ) , won = 0, (5.33)
and has the initial data w(7) = 0.
Theorem 5.2.1 Under the divergence condition (5.28), the difference w(t) = u(-,t) —

u®(-,t) of the solutions u(z,t) and u®(z,t) of equations (5.30) and (5.31), respectively,
with common initial data (5.32) satisfies the following inequality:

lw(t)]| = lJu(- ) = u®(-, t)]| < CeMPer ™D vt > 7, (5.34)
where ; \
|0, or R< )\

T_{R—/\1+5, for B>\ (5-35)

d > 0 is arbitrary small, and C = C(§) for R > A;.

Proof. We assume for simplicity that 7 = 0. Taking the scalar product in H of
equation (5.33) and w, we have

1d
2dt

+ (A +8) (Julu — [u’Pu’) ,u—u’)y =e* <g1 (g,t) ,w>. (5.36)

Since |B| < /3, it follows from (5.16) that

—llwl® +[Vw|* = Rlw|?

((1+iB) (Julu — [u’Pu’) ,u —u®) >0 (5.37)
(see also (1.34) and ([CV02a])). From (5.36) and (5.37), we obtain
d 2 2 2 —p T
Zlell? + 21wl < 2RljulP + 257 (g1 (2.1) w). (5.:38)

Applying (5.28), we find that

270 (o (£.) ) s =223 (0,65 (1) )

7=

- 20y (0,65 (20) ) = 20 Y (6 (20) 0w

J= J=

n 2
< )\1 £2(1=p) Z/ )G Zot d;p+)\—5/ |Vw(:p,t)|2dx, 6> 0. (5.39)
= 1JQ

We claim that

fles

_ n/_1Q |G, (z,t)|2 de < C ||G](’t)||2z (5.40)
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Here, we use the n-dimensional analog of Lemma 4.1.2. Hence,

Z/ ‘Gj <—,t>‘ de < O NG, DL, Ve € R.

- Q 9 -

7j=1 7j=1

It follows from (5.39) and (5.41) that
o X )\1 _ 2(5
P P< <—,t), >< 2L20-00 ) pt) + 2 2§50,
e o (2 w) < | 53¢ C') h(t) + )\1HV7~U|| >

where we set

ZOES N [HENI P

Consequently from (5.38), we have

d A
Sl + 2= 25Vl < 2Rl + (330790 1o,

20

We assume that 6 < A\;. From the Poincaré inequality, we conclude that
i||w||2 < 2(R— Ay +0)||lw|]? + A a1 h(t)
dt = ! 26 '
If now R > Ay, then r = R — A\ + 6 > 0 and hence

d A _
IO < I + (5:20C ) o). @) =o.

Applying the Granwall inequality (see (4.48) and (4.49)), we have

t
|w(t)]|? < (;\—;52(1_/’)0)/ h(s)em =) ds.
0

(5.41)

(5.42)

(5.43)

(5.44)

Recall that G;(z,t) € L5(R; Z) since g; satisfies the divergence condition. Therefore,

o+

t+1 n
/ h(s)ds <Y G175 gz = M.
j=1

and hence

t
/ h(s)e™"ds =
0

1 t

]

]

< (I+e"+...+e<M(1+e"+..)
_ M -1
— 1_€_r§]\/[(1—|—r ).
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h(s)e "ds + / h(s)e " ds + ...+ / h(s)e "ds
1 [t

/
1 2 t
< /h(s)derer/ h(s)ds+...+e[ﬂ/ h(s)ds
0 1 [t
M

(5.45)



Using this estimate in (5.45), we obtain
A
|w(t)]]? < (2—352“@0]\4(1 + r1)> e, vt >0, (5.46)

that is,
lw(B)]| < C(8)e e,

where r = R — A + 6 and C(§) = (671270 CM (1 + r—1))"/%.
If R < Ay, then —r; = R— A1+ < 0 for a sufficiently small § > 0. Then have from
(5.43) that

d A
Sl < —riul? + (52070 (o) (5.47)

Using Lemma 4.1.1 and (5.45), we have
lw®)]* < Jw(0)%e™" + 2710 MOM (1 +rp )7, vt > 0,

and since w(0) = 0,
lo(®)] < C ()",

1/2

where C(6) = (2716 '\ CM (1 +r{Y))
Inequality (5.34) is proved. m

,le)\l—R—(5>0.

5.3 On the structure of the attractors A° and A"
We now consider the G.—L. equation (5.30)
O = (1 +ia)Au+ Ru — (14 48)|u|*u + ¢°(z,1), ulsq = 0, (5.48)

where ¢ is fixed and ¢°(z,t) = go(x,t) +e Pg1(z /e, t) is the time symbol of the equation
(see Section 2.4). We assume that the function go(z,t) is tr.c. in the space LY¢(R; H)
and g; (2,t) is tr.c. in the space LY¢(R;Z). In particular, go(z,t) € L(R;H) and
gi(z,t) € Ly(R; Z).

Let H(g%) be the hull of the symbol g°(x,t) in the space LY°(R;H) :

o) = {g" (ot + 1) | 7 € RY] e - (5.49)

Recall that H(g) is compact in L¥¢(R; H) and each element §°(x,t) € H(g°(z,t)) can
be written in the form

G (x,t) = go(x,t) + e Pg1(x/e,t) (5.50)

for some functions gy € H(go) and ¢1 € H(g1), where H(go) and H(gq) are the hulls
of the functions go(x,t) and gy (2,t) in LY°(R;H) and LY°(R;Z), respectively (see
Proposition 4.3.2 which is also true for the n-dimensional complex spaces H and Z).
It was shown in Section 5.1 that the process {U.(t,7)} := {Uy(t,7)} corresponding
to equation (5.48) has the uniform global attractor A® C By, N By, (see (5.13) and
(5.14)) and
[ A < (Co + Che™). (5.51)
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We now describe the structure of the attractor A°.
Along with equation (5.48), we consider the family of equations

00 = (1 + i) AU + R — (1 +iB)|a° 20 + §°(x,t), 0°|gq = 0, (5.52)

with symbols §° € H(g®). It is clear that, for every §° € H(g®), equation (5.52) generates
the process {U(t,7)} acting in H. We note that the processes {Uj (¢, 7)} satisty the
similar properties as the process {Ug (¢, 7)} corresponding to the G.—L. equation (5.48)
with original symbol ¢°(z,t) = go(x,t) + e *g1(z /e, t). In particular, the sets By, and
B . are absorbing for each process of the family {Ug(t,7)}, §° € H(¢%).

We denote by IC4 the kernel of equation (5.52) (and of the process {Ug (¢, 7)}) with
symbol §° € H(g%). Recall that the kernel IC4 is the family of all complete solutions
u(t),t € R, of (5.52) which are bounded in the norm of H :

|G (t)| < Mg, Vt € R. (5.53)

As usual,

Kye(s) = {a5(s) | &5 € Kye}, s € R,

denotes the kernel section at time t = s (a set from H).
We recall the theorem on the structure of the uniform global attractor A° of the
G.—L. equation (5.48) (see Section 2.6.3 and (2.122)).

Theorem 5.3.1 If the function g(z,t) is tr.c. in the space LY(R; H), then the process
{Ug(t, 7)} corresponding to equations (5.52) has the uniform global attractor A° and
the following identity holds:

= U K& (5.54)

gc€H(g%)

Moreover, the kernel Ky is non-empty for every §° € H(g%).

All the above results are also applicable to the “limiting” G.-L. equation (5.31)
o’ = (1 +ia)Au’ + Ru® — (1 +i8) [u’)?u’ + ¢°(x, 1), u’|oq =0, (5.55)

with tr.c. symbol ¢g°(t) := go(-,t) € LY°(R; H). Equation (5.55) generates the “limit-
ing” process {Up(t,7)} := {Uyp(t,7)} which has the uniform global attractor A° (see
Section 5.2).

Consider the family of equations
90" = (1 +ia)Ad’ + Ra® — (1 +4B)|a°)Pa° + §°(x, 1), 0°]pn = 0, (5.56)

with symbols §° € H(¢") and the family of processes {Uzo(¢,7)}, §° € H(g°).

Notice that we can apply Theorem 5.3.1 directly to the equations (5.55) and (5.56)
taking the function g;(z,t) = 0. Therefore, the attractor A° of the “limiting” equation
(5.55) has the form

L K0, (5.57)

9°€M(9°)

where Kz is the kernel of equation (5.56) with symbol ¢° € H(g?).
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5.4 Convergence of the global attractors A° to 4"
and the estimate for their deviation

All the results of Sections 4.3 and 4.4 can be obtained to the G.—L. equation.

We consider equations (5.48) and (5.55), where the functions go(x,t) and g; (z,t)
are tr.c. in the spaces LY¢(R; H) and LY°(R; Z), respectively.

We also assume that the function ¢ (z,t) satisfies the divergence condition (5.28).
Then due to Theorem 5.1.1 the uniform global attractors A° of equations (5.48) with
external forces ¢°(x,t) = go(z,t) + e Pgi(z/e,t) are uniformly (with respect to ¢)
bounded in H:

| A% < Ca, Ve, 0 <e < 1. (5.58)

We also consider the global attractor A° of the “limiting” equation (5.55) with external
force g(t) = go(-, 1).

We have to generalize Theorem 5.2.1 in order to apply estimate (5.34) to the families
of equations (5.52) and (5.56).

Consider an arbitrary initial data u, € H. Let u°(-,t) = Ug(t, 7)u,, t > T,
be the solution of equation (5.52) with symbol §° = gy + ¢7?¢1 € H(¢°). Let also
a%(+,t) = Up(t, T)us, t > 7, be the solution of (5.56) with symbol g° € H(¢") and with
the same initial data. (We note that the symbol g° can be different from the function
G" = go in the representation §° = gy +£°g1). We now consider the difference

w(z,t) =0 (z,t) — a’(x,t), t > 7.

Proposition 5.4.1 Let the original functions go(x,t) and gy (z,t) in (5.1) be tr.c.
in LYS(R; H) and LY°(R;Z), respectively. Let also the function g,(z,t) satisfy the
divergence condition (5.28). We set g°(x,t) = go(x,t) + e Pgi(x/e,t) and ¢°(x,t) =
go(x,t). Then, for every symbol G5 = o + e *g1 € H(g%), there exist a symbol §° €
H(g°) such that, for every initial data u, € H, the difference

w(t) = a°(t) — a’(t) = Ug(t, T)ur — Ugo(t, T)u,

of the solutions of the G.-L. equations (5.52) and (5.56) with symbols §°(x,t) =
Go(w,t) + e Pgi(x/e,t) and §°(z,t), respectively, and with the same initial data u,
satisfies the following inequality:

lo@)] = [1a°(-,t) — a°(-,t)|| < Celt=Per=7) v > 7, (5.59)

where the constant C' and r are the same as in Theorem 5.2.1 and they are independent
ofe and 0 < p < 1.

The proof is similar to the proof of Proposition 4.4.1.

We now formulate the analog of Theorem 4.4.1 on the strong convergence of the
global attractors A, of the G.—L. equation (5.30) to the global attractor Ay of the
“limiting” equation (5.31) as e — 0 +.

Theorem 5.4.1 Let the functions go(z,t) and g; (z,t) in (5.30) be tr.c. in the space

L¥Y°(R; H) and LY(R; Z), respectively. Let also the function gi(z,t), z € R", satisfy the
divergence condition (5.28). Then the global attractors A® of equation (5.30) converges
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to the global attractor A° of the “limiting” equation (5.31) in the strong norm of H as
e — 04, that is
distg (A%, A%) — 0 (e — 0+). (5.60)

The proof is similar to the proof of Theorem 4.4.1.
We now estimate the value distg (A%, AY) explicitly under the assumption that the
global attractor A° is exponential using the results of Proposition 2.6.10.

We assume that
R < A\ — s, Vit €R, (5.61)

where the number s > 0 and A, is the first eigenvalue of the operator {—A, u|gsq = 0}.
Then the global attractor has a simple structure. We reformulate the corresponding
results from Section 2.6.3.

Proposition 5.4.2 Under the assumptions of Theorem 5.4.1, let R satisfy inequality
(5.61). Then

(i) for every §° € H(g°), there exists a unique bounded (in H) complete solution
zpo(t),t € R, of equation (5.56) with symbol §°, i.e., the kernel Kz consists of the
unique element zz0, and, in this case, the formula (5.57) for the global attractor

A has the form
A= | o) (5.6

§°€H(g°)

(ii) the complete solution zyp(t),t € R, attracts any solution tg(t) = Up(t, T)ur, t > 7,
with exponential rate:

ligo(t) = zgo (1) < Ildigo() — 2o (T)lle """, We > 7, 7 € R, (5.63)
and, therefore, the global attractor A° is exponential, i.e.,

sup distg(Ugpo(t,7)B,A) < Ce™™ C = C (|| Bllu), (5.64)

9°€M(9°)
where B is a bounded (in H) set of initial data and » is taken from (5.61).

Combining Propositions 5.4.1 and 5.4.2, we obtain

Theorem 5.4.2 Let 0 < p < 1. Then, under the assumptions of Theorem 5.4.1 and
(5.61), the Hausdorff distance (in H) from the global attractor A° to the “limiting”
global attractor A° satisfies the inequality

distg (A%, A) < C(p)e'™”, Ve, 0 <e < 1. (5.65)

Proof. We fix €. Let u® be an arbitrary element of A°. By (5.54), there exists a
bounded complete solution 4°(t),t € R, of equation (5.48) with some symbol ¢¢ =
Go(x,t) + 771 (x/e,t) € H(g®), such that

@5(0) = ue. (5.66)
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We consider the point 4°(—T") which clearly belongs to .A°. So, it follows from (5.58)
that
[a=(=T)[| < Cs, (5.67)

where () is independent of € and 7.

For the constructed external force §°, we apply Proposition 5.4.1: there is a “lim-
iting” external force g° € H(g°) such that, for any 7 € R and for all v, € H, the
following inequality holds:

|Uge (t + 7, 7)ur — Ugo(t + 7, 7)u || < Ce=P Wt >0, (5.68)

where r = 0 since R < Ay (see (5.35)). Here C' is independent of u..

Consider the “limiting” equation (5.56) with the chosen “limiting” external force
g% We set 7 = —R. Let u°(t),t > —T, be the solution of this equation with initial
data

e = 0°(=T). (5.69)

It follows from Proposition 5.4.2 that there is a unique bounded complete solution
20(t),t € R, of equation (5.56) with symbol g° such that

[@°(=T +t) = 2°(=T + t)|| < |a°(=T) = 2°(=T)|le™*", Vt > 0. (5.70)
Recall that 2°(t) € A° for all ¢ € R and therefore
12°(=1)|| < A% < ¢, (5.71)
where C" is independent of z° and T Using (5.69) and (5.67), we observe that
[a° (=TIl = a*(=T)]| < Ca. (5.72)
From (5.70), (5.71), and (5.72) we obtain
|@°(=T +t) — 2°(=T +t)|| < C"e ™, Vt >0, (5.73)

where C" = C" + C,.
Setting 7 = —T in (5.68), we have that

a5 (=T +t) — a°(=T + t)||
= U (t 4+ 7, T)ur — Ugo (t 4+ 7, 7)ur || < C7P) Wt > 0. (5.74)

Using (5.73) and (5.74), we find that

65 (=T +t) — 2°(=T +t)]|
|65 (=T +t) —@®(=T + t)|| + ||@°(~=T +t) — 2°(=T + 1)
Cel=P) 4 e, (5.75)

IA A

We now choose T' from the equation

1-— 1
e — ¢ that is, T = d log <—)
> €
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and we set t =T in (5.75). Then we obtain
13°(0) = 2°(0)|] < (C + C") 7

and hence

dister(u?, A°) < [|Ju” — 2°(0)]| = [[a%(0) — 2(0)]| < C(p)e" ™7,
where C(p) = (C' + C"). Since u® is an arbitrary point of A° we find that

distg (A%, A%) < C(p)et7).

The theorem is proved. m
Remark 5.4.1 If R < Ay, then Proposition 5.4.2 holds also for equation (5.48) with
symbols ¢°(x,t) = go(z,t) + e Pg1(x/e,t) and for the family of equation (5.52) with
symbols ¢° € H(g%) (see Proposition 2.6.10 and Corollary 2.6.9). In particular, the

global attractor A° of equation (5.48) is exponential as well as the global attractor A"
and the attraction rate is the same.

Remark 5.4.2 In fact, inequality (5.65) holds (with another constant C') for the sym-
metric distance disty;(A%, A%) = distg (A, A%) + distgy (A%, A°) :

distyy (A%, A%) < Ci(p)e' ™, Ve, 0 <e < 1.

This result relies on the property of the exponential attraction of solutions to the global
attractor A° mentioned in Remark 5.4.1.
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