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Many problems of nonlinear analysis can be
reduced to studying the structure of the solution set of
the underdetermined nonlinear equations

f(x) =0, (D)

where f: R" — R” for n > m and f(0) = 0. Unfortu-
nately, solutions of nonlinear equations are often hard
to study even in small neighborhoods of zero, and the
equations must be simplified somehow. One of the
most popular simplification methods is the so-called
truncation of Eq. (1). Formally, for a C*-smooth map-
ping f, its r-truncation (where r < k) is defined as the
interval f*)(x) of its Taylor expansion at zero in which
only terms of degrees at most » are retained. The pas-
sage to truncated equations is similar to the analysis of
stability in the first approximation, studying bifurca-
tions by passing to linearized equations, etc.

Simple examples show that the solution sets of
Eq. (1) and the truncated equation

fOx) =0 2)

may be topologically different. In this case, the ques-
tion of under what conditions the solution sets of
Egs. (1) and (2) are locally topologically equivalent
naturally arises. This question is closely related to the
sufficiency problem for jets of mappings. Roughly
speaking, the sufficiency of a jet is a condition under
which all mappings with the same truncations have the
same topological structure.

THE v-SUFFICIENCY OF JETS
OF MAPPINGS

In this section, we recall the basic definitions and
results of the sufficiency theory of jets. In what follows,
€ (x(n, m) denotes the set of germs of C*-smooth map-
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pings f: (R”, 0) — (R™, 0). For r < k, j” f(0) denotes
the r-jet of f € €;,(n, m) at the point 0 € R, which can
be identified with the polynomial f©; by J(n, m) we
denote the set of all r-jets in € «(n, m). Mappings
fge %[k](n, m) are said to be C’-equivalent if there
exists a local homeomorphism 4: (R”, 0) — (R”, 0)
such that f= g o h. Mappings f, g € %lkl(n, m) are said
to be v-equivalent (sv-equivalent) if the germ at zero
of the set f~!(0) is homeomorphic to that of the set
g '(0) (respectively, there exists a local homeomor-
phism 4 : (R”, 0) — (R”, 0) such that #(f~'(0)) =g '(0)).
For r < k, an r-jet w € J'(n, m) is C’-sufficient (v-suf-
ficient, sv-sufficient) in € 1k (n, m) if any two mappings f,
ge %,k](n, m) for which j’f(0) ="g(0) = w are C’-equiv-
alent (respectively, are v-equivalent, are sv-equivalent).

Obviously, the C°-sufficiency of jets implies sv-suf-
ficiency, which in turn implies v-sufficiency. In fact
[1], v-sufficiency is equivalent to sv-sufficiency.

For functions (at m = 1), a criterion for C’-suffi-
ciency, known as the Kuiper—Kuo criterion, was
obtained in [2—4]. According to this criterion, a jet
J"f(0) of a mapping f € %m(n, 1) is C’-sufficient in
%[,](n, 1) if and only if there exist numbers C, € > 0 for
which

[grad/(x)| > Clx""' 3)
at|x| <e. Ajet j”f(0) of a mapping f€ €., y(n, 1) is
(’-sufficient in %[r +1y(n, 1) if and only if there exist
numbers C, d, € > 0 for which

|gradf(x)| > Clx|"~° (4)

at |x| <e.
In [5], it was proved that condition (3) is equivalent

to the following Thom condition: there exist numbers

K, € > 0 for which

z of . of

X, == —X;——
i<j

ox; ’ox;

7

" 0 > Kl )

at [x| <e.
The verification of both the Kuiper-Kuo condi-
tions (3) and (4) and the Thom conditions (5) reduces
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to estimating the growth rate of a polynomial in a
neighborhood of its roots, which is equivalent to cal-
culating the so-called +.ojasiewicz local exponent of a
polynomial. Recall that, according to tojasiewicz’s
theorem [6, 7], for any polynomial p: R* — R with
p(0) = 0, there exist constants C, K > 0 such that |p(x)| >
Clx[© in some neighborhood of zero. The minimum
number k for which this inequality holds is called
FLojasiewicz’s local exponent of p and denoted by
ZL(p). If the zero root of the polynomial p is isolated,
then « exists and is rational [6—8]. Moreover, in this
case, we have £,(p) < (d— 1) + 1 [9], where d denotes
the degree of the polynomial p. The problem of calcu-
lating *.ojasiewicz’s exponent has an extensive litera-
ture; see, e.g., [9—11] and the references therein.

In the general case of n > m, where m is arbitrary, a
criterion for v-sufficiency (sv-sufficiency) was
obtained by Kuo [12]. According to this criterion, for
n > m, the jet j’f(0) of a mapping f= (f}, /5, ---,.[n) €
€,(n, m) is v-sufficient (sv-sufficient) in € ,(n, m) if
and only if there exist numbers C, €, o > 0 such that

% (gradf"(x), gradfs (x), ..., gradf(x)) > Clx|"~" (6)

forx € #,(fV; o) N {{x| <&}. The jet;"f(0) of a mapping

f=hos o fi) € €y y)(n, m) is v-sufficient (sv-suffi-
cient) in %[, +1)(n, m) if and only if, for any polynomial
g = (&1 & ---» &) Of degree r + 1 with /g(0) = /1(0),
there exist numbers C, 8, €, o > 0 (depending on g)
such that

B (gradf,” (x), gradfy(x), ..., gradf, (x)) > Clxl"am

forx e ¥, (g; o) N {x| <e}.

In this statement of Kuo’s criterion, #(f. o)
denotes the so-called horn neighborhood {x € R” :
|/ (x)| < olx|'} of the set f~1(0), and the quantity % (v,
vy, ..., V,,) fOr a set of vectors v,, v, ..., v,, is defined
as the minimum distance over i = 1, 2, ..., m from a
vector v; to the linear span V; of the vectors v; with j # i.

The verification of Kuo’s conditions (6) and (7) is
substantially more complicated than that of the
Kuiper—Kuo conditions (3), (4) or of Thom’s condi-
tion (5). One of the reasons for this is that the function
D(vy, vy, ..., V,,) has a rather complicated expression,
which is very hard to deal with in practice. A more seri-
ous problem is that the values of the function % under
conditions (6) and (7) must be estimated in horn
neighborhoods of the sets (/?)~!(0) and g~'(0), which
are generally unknown a priori! Finally, in the case of
v-sufficiency in %M 11(n, m), condition (7) must be
verified in infinitely many horn neighborhoods deter-
mined by all possible polynomials g of degree » + 1 and
satisfying the relation j’g(0) = ’f(0).

The purpose of this paper is to formulate analogues
of Kuo’s conditions (6) and (7) which do not require
verifying any inequalities in horn neighborhoods of the
set /~1(0), which is not known a priori. Another pur-
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pose is to replace the function % in conditions (6) and
(7) by something easier to compute in applications.

QUALIFIED REGULARITY
AND TRANSVERSALITY

We use the following notions and notation. By (-, -)
we denote Euclidean inner product in R”, and ||
denotes the corresponding Euclidean norm. For a

smooth mapping /= (fi, f5, ..., [): R" = R", df (x) =
ofix)

Xj
adjoint to df (x), which is composed of the m column
vectors gradf(x) withi=1, 2, ..., m.

To any mapping £ R” — R” and any integer p > 1
we assign the two auxiliary functions of x € R”and y
R defined by

R, x,¥) = " + [(df)y* )’ IxI”,

T, (fix,¥) = R,(fs x, ») = K(dH* )y, 0|
Note that both functions R,(f; x, y) and T ,(f; x, y) are
nonnegative and homogeneous with respect to y. They
are polynomials in x and y if fis a polynomial and p is
even.

The positivity of the function R,(f; x, y) fory # 0
and small x # 0 means that |(df)*(x)y| >0 for y # 0 and
any small nonzero solutions x of Eq. (1), i.e., the
derivative of the mapping_f(x) is regular on small non-
zero solutions of Eq. (1). Thus, the inequality R( £ x,
y)>0forx, y#0canbe interpreted as a regularity con-
dition for small nonzero solutions of Eq. (1), and the
inequality

denotes its derivative and (df)*(x), the matrix

R, (f; x,¥) 2 Clx"|yl”, (8)

which holds with some constants C, g > 0 for small x
and all y, can be called the qualified regularity condi-
tion for small nonzero solutions of Eq. (1).

Similarly, the positivity of the function J ,(f; x, y)
for y # 0 and small x # 0 means that |[(df)*(x)y| - |x| >
[{(df)* (x)y), x| for y # 0 and any small nonzero solu-
tions x of Eq. (1). This inequality is an algebraic
expression of the fact that the solution set of Eq. (1) is
transverse to all sufficiently small spheres |x| = €. Thus,
the inequality

T ,(fs x, ) = Clxl™|yl”, )

which holds with some constants C, g > 0 for small x
and any y, can be called the condition for the qualified
transversality of the solution set of Eq. (1) to small
spheres.

According to the following lemma, for polynomial
mappings f, the functions R,(f; x, y) and T ,(f; x, y)
are comparable in a natural sense for small x.

Lemma 1. If a mapping f: R" — R™ with f(0) = 0 is
a polynomial, then, for every positive integer p, there
exists a p, > 0 such that
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2R x, 1) SR X, ¥) S 2RI x, ),

WR (s X, ¥) < T ,(fs x, ) SR, (f; X, ¥)

forsmall x and all y.

If the mapping fis polynomial, then the set of small
nonzero solutions of Eq. (1) is regular if and only if it
is transverse to small spheres [13]. According to
Lemma 1, for a polynomial mapping f, the set of small
nonzero solutions of Eq. (1) is qualifiedly regular (with
some parameter g) if and only if it is qualifiedly trans-
verse (with the same parameter g) to small spheres.
Moreover, conditions (8) and (9) with the same g > 0
but different p are equivalent to each other.

MAIN RESULTS

Theorem 1. The jet j’f(0) of a mapping f € €,,(n, m),
where n > m, is v-sufficient (sv-sufficient) in %m(n, m)
if and only if, for any positive integer p, there exists a
number q > 0 such that

K, x, ) > qlxd” |yl (10)

Jor small x and all y, where K is any of the functions ng
and J ,.

The jet j’f(0) of a mapping f € %,,H (n, m), where
n=> m, is v-sufficient (sv-sufficient) in %[H n(n, m) if
and only if, for any positive integer p,

r.

KE”5 %0 o
r+

™7yl

(11)

as x = 0, x # 0 uniformly with respect to y # 0, where
H is any of the functions R, and T .

For p =2, Theorem 1 was proved in [14; 15, Chap-
ter 8].

A standard argument [7, 8] shows that (11) is
equivalent to a condition similar to (7), namely, that
there exist numbers ¢, 5 > 0 such that J{(fV; x, y) > g
P[P+ 7= 3|y for small x and any y. This inequality can
be verified by using the technique of estimating *.ojas-
iewicz’ exponents mentioned above.

Each of the functions H(f; x, y) in Theorem 1 is
a y-homogeneous polynomial in x and y. This makes it
possible to simplify the statement of Theorem 1 in the
case of functions (for m = 1). We set

REF; x) = (F00) + lgrad/ )l 1,

T x) = R x) - (erads ), )l
Theorem 2. The jet jf(0) of a mapping f € € ,(n, 1)
is v-sufficient (sv-sufficient) in %[,](n, 1) if and only if,
Jfor any positive integer p, there exists a number q > 0
such that

I (7 %) > glxl” (12)

for small x, where JU* is any of the functions R\ and T ;.
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The jet jf(0) of a mapping f € €, , |(n, 1) is v-suf-
ficient (sv-sufficient) in %[r +1(n, 1) if and only if, for
any positive integer p,

I x)

=250
|x|pr+p

(13)

as x — 0, x # 0, where J{* is any of the functions R
and T .

For any analytic germ A: R” — R! satisfying the
condition #(0) = 0, any 0 < 6 < 1, and any sufficiently
small x, the Bochnak—kFojasiewicz inequality
|grada(x)| - |x| = 6JA(x)| is valid [4, Lemma 2]. There-
fore, for the polynomial f“)(x) in Theorem 2, there
exists a number y > 0 such that

YR (7 x) < lgrads Vo) - x| < RF (7 )
for small x. This inequality means that conditions (12)

and (13) with H* = R are equivalent to the Kuiper—

Kuo conditions (3) and (4). Therefore, conditions (10)
and (11) in Theorem 1 can be interpreted as natural
generalizations of the Kuiper—Kuo conditions (3) and
(4), respectively.

A direct verification shows that

SHULEEDY

i<j

hence, condition (12) with J{* =
Thom’s condition (5) for the mapping /. Therefore,
conditions (10) and (11) in Theorem 1 can be inter-

preted as a natural generalization of Thom’s condi-
tion (5) to the case of mappings (m > 1).

(r) 2
x - + 1)

(r)
Lo
ox, 7 ox

j i

2
)

J5 is nothing but
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