ISSN 0081-5438, Proceedings of the Steklov Institute of Mathematics, 2010, Vol. 271, pp. 322-338. (© Pleiades Publishing, Ltd., 2010.
Original Russian Text © I1.V. V’yugin, R.R. Gontsov, 2010, published in Trudy Matematicheskogo Instituta imeni V.A. Steklova, 2010, Vol. 271,
pp. 335-351.

Construction of a System of Linear Differential
Equations from a Scalar Equation

I. V. V’yugin® and R. R. Gontsov*?

Received January 2010

Abstract—As is well known, given a Fuchsian differential equation, one can construct a Fuch-
sian system with the same singular points and monodromy. In the present paper, this fact is
extended to the case of linear differential equations with irregular singularities.

DOI: 10.1134/S008154381004022X

1. INTRODUCTION

The classical Riemann—Hilbert problem, i.e., the question of existence of a system

dy _

oo B(2)y, y(z) € CP, (1)
of p linear differential equations with given Fuchsian singular points a1, ..., a, € C and monodromy
X: Wl(@\{al,...,an},ZO) _)GL(p7C)7 (2)

has a negative solution in the general case. Recall that a singularity a; of system (1) is said to be
Fuchsian if the matrix differential 1-form B(z) dz has simple poles at this point. The monodromy of
a system is a representation of the fundamental group of a punctured Riemann sphere in the space
of nonsingular complex matrices of dimension p. Under this representation, a loop ~ is mapped to
a matrix G, such that Y(z) = ?(Z)GW, where Y'(z) is a fundamental matrix of the system in the
neighborhood of the point zg and 37(2) is its analytic continuation along ~.

The first counterexample to the Riemann—Hilbert problem was produced by A.A. Bolibruch in
the case of p = 3 and n = 4 (see [1, Ch. 2| for more details). He also obtained various sufficient
conditions for the positive solution of the problem. Here we focus on one of them that served as
the basis for the present study.

(A) If representation (2) is the monodromy of a linear differential equation

dPu Pty
of order p all of whose singularities ay,...,a, are Fuchsian, then the Riemann—Hilbert problem has

a positive solution (see |4, Addendum 1]). A singular point a; of the scalar equation (3) is Fuchsian
if the coefficient b;(2) has a pole of order at most j at this point, j =1,...,p.

Note that the Fuchsian singularities of both the system and the scalar equation are regular
singular points; i.e., all solutions near these points have at most power growth. Therefore, the
Riemann—Hilbert problem, as well as the above-mentioned sufficient condition for its solvability,
can be reformulated in terms of meromorphic equivalence of systems of linear differential equations.
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CONSTRUCTION OF A SYSTEM OF LINEAR DIFFERENTIAL EQUATIONS 323

A linear transformation
y=T(2)y (4)

(either local in a neighborhood O; of a singular point a;, or global) is said to be meromorphically
invertible if the matrix I'(z) is meromorphic (either in O; or in C, respectively) and det I'(z) % 0.
Such a transformation makes system (1) into the system

;l—gz/ = B(2)y, B(z)= Z—I;F’l +TB(2)I 1, (5)
which is said to be meromorphically equivalent to the original system (1).

According to Plemelj’s theorem, there always exists a system (1) with given regular singular
points ay,...,a, and monodromy (2). Therefore, the negative solution to the Riemann-Hilbert
problem implies that some systems with regular singular points cannot be (globally) meromorphi-
cally equivalent to Fuchsian systems with the same singularities.! At the same time, in view of the
sufficient condition (A), a system of special form

0O 1 0 ... 0
dy
= | 0 0o 1 0 |v (6)
........ 0 1
by e -

du dP—ly
Yy =u, Yy = cees Y dap—1

(7)
(hence, all singular points of this system are regular), is globally meromorphically equivalent to a
Fuchsian system with the same singularities.

In this paper, we consider a generalized Riemann—Hilbert problem for linear systems with #rreg-
ular (i.e., nonregular) singular points and an analog of the sufficient condition (A) for this problem.
The basic concepts and facts related to irregular singularities of linear differential equations are
presented in the next section.

Prior to formulating the generalized Riemann-Hilbert problem (posed in [5]), we recall the
definition of the minimal Poincaré rank of system (1) at a singular point.

If the Laurent series of the matrix B(z) of coefficients of system (1) has the form
B 1 B_1

(z—a)’”*l—'—”'—’_z—a

B(z) = +DBy+..., B_,_1#0,
in a neighborhood of a singular point a = a;, then the number r is called the Poincaré rank of the
system at this point.

It is easy to notice that (local) meromorphic transformations (4) can either increase or de-
crease the Poincaré rank. The minimal Poincaré rank of system (1) at a singular point a; is the
least of the Poincaré ranks of systems (5) that are meromorphically equivalent to system (1) in a
neighborhood O; of the point a;.

For example, the minimal Poincaré rank of a regular singular point is zero, while the minimal
Poincaré rank of an irregular singularity is positive.

1Here we use the simple fact that two linear systems with identical sets of regular singular points are (globally)
meromorphically equivalent if and only if they have the same monodromy.
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324 LV. V’YUGIN, R.R. GONTSOV

The generalized Riemann—Hilbert problem for systems with irregular singular points can be
formulated as follows.

For every i =1,...,n, consider a local system
dy B, _, B, :
7 _ B, Bi(z)=—"“——+...+——+ B +... 8
dz z(z)y’ Z(Z) (Z _ ai)Ti+1 + + Z—a; + 0 + ’ ( )

in a neighborhood O; of a singular point a; of minimal Poincaré rank r;. Does there exist a global
system (1) with singularities ay, ..., a, of Poincaré ranks r1,...,r, that has a given monodromy (2)
and is meromorphically equivalent to systems (8) in the respective neighborhoods O;?

Naturally, this problem may have a positive solution only if the monodromy groups of the local
systems (8) coincide with the corresponding restrictions x|, (0,\{a;}) Of representation (2).

Representation (2) together with local systems (8) will be referred to as generalized mon-
odromy data.

The classical Riemann—Hilbert problem is a particular case of the generalized problem (with
all 7; = 0).2 In Section 3, we consider some types of counterexamples to the latter with positive
minimal Poincaré ranks r;, i.e., with irregular singularities of systems (8).

The main result of this study is the following generalization of the sufficient condition (A). This
result is proved in Section 4.

Theorem 1. Suppose that system (6) corresponds to equation (3) with more than one singular-
ity and each of these singularities is formally unramified. Then such a system (6) is meromorphically
equivalent to a system (1) with the same singular points whose Poincaré ranks are minimal.

In other words, the generalized Riemann—Hilbert problem has a positive solution for generalized
monodromy data corresponding to a scalar equation (3) whose singularities are formally unramified.

2. A METHOD FOR SOLVING THE GENERALIZED
RIEMANN-HILBERT PROBLEM

First, recall the basic concepts and facts from the local theory of linear differential equations
and systems with irregular singular points.

It is well known (see, for example, [2]) that in a neighborhood of an irregular singularity a = a;
of Poincaré rank r = r;, system (8) has a formal fundamental matrix ¥ (z) of the form

Y(z) = F(2)(z — a)Fe®®), )

where

(a) F(2) is a formal (matrix) Laurent series about z = a with finite principal part and det F/(z) #
0;

(b) Q(z) = diag(Q*,...,Q"), where the diagonal matrices /() are polynomials P/ in
(z — a)~'/* without free terms of degree at most s, and each block Q7(z) is closed with respect
to the analytic continuation around the singular point z = a (i.e., the matrices Q’(a + ze>™*) and
Q7 (a + 2) differ only by some permutation of the diagonal elements);

(c) E = (1/2ri)In G, G = diag(G", ..., GN), is the formal monodromy matriz (of block diagonal
form corresponding to the form of the matrix @) defined by

~ ~ ~

Y(a+ 2¢*™) =Y (a + 2)G;

the eigenvalues p of the matrix E satisfy the condition 0 < Rep < 1.

2In this case, systems (8) can be omitted because they are uniquely defined by the monodromy representation (2).
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CONSTRUCTION OF A SYSTEM OF LINEAR DIFFERENTIAL EQUATIONS 325

A neighborhood of a singular point a can be covered by a finite set {S,} of sectors with vertices
at this point so that in each sector S, there exists a fundamental matrix Y, (z) of system (8) for
which the formal fundamental matrix (9) is asymptotic. The latter means that the formal matrix

Laurent series F(z) = >t Fi(z = a)’ is asymptotic in the sector S, for the matrix function

Yo(2)e @@ (2 —a)~F; ie.,
~ l .
Yo(2)e @@ (2 —a)~F — Z Fi(z —a)’ = o]z — a|") as z—a, 2z€5Y,,

for all I > —m.
It is also known that each diagonal element ¢(z) of the matrix Q(z) has the form

9(z) = ——(z=a) " +o(lz—a™), 2—ua

where \ is an eigenvalue of the matrix Birﬁl (for different ¢(z), the corresponding eigenvalues of
the matrix B” . are different).

Definition 1. The Katz index K; of a singular point a = a; is the number (deg P)/s, where
P = diag(P',..., PY) is regarded as a polynomial in (z — a)~/%.

Since the matrix Q(z) is a meromorphic invariant of system (8), it follows from the properties
of this matrix that the Katz index Kj; is not greater than the minimal Poincaré rank r; of the
singularity.

Definition 2. An irregular singularity of system (8) is said to be formally unramified if the
diagonal elements of the matrix Q(z) in decomposition (9) are linear combinations of integer powers
of z—a, ie., if s = 1. Otherwise a singularity is said to be formally ramified. (The Fuchsian
singularities can also be naturally regarded as unramified ones.)

In the case of a formally unramified singularity, each block Q7(z) of the matrix Q(z) in decom-
position (9) is scalar and the matrix E is a Jordan matrix.

The Katz index of a singular point of the scalar equation (3) is defined as the corresponding
Katz index of system (6); however, it can also be calculated directly from the coefficients of the
equation. Namely (see [12] or [10, §9.E]),

—j - OI‘dai bj

K; = max| 0, max
7j=1,...,p i

) wrw (10)

In particular, the Katz index of a Fuchsian singularity is zero. If equation (3) also has a singularity
at infinity, then the Katz index K, of the singularity at infinity is equal to the Katz index of the
singularity ¢ = 0 of the equation obtained by passing to the coordinate ¢ = 1/z in equation (3).
Calculations lead to the formula

| — ordeo b;
Ky = max<0, ‘max wij) (11)
J=1,...p J

According to (10), K; > —1 — ord, bj/j; i.e., the order of the pole of the function b;(z) at the
point a; is not greater than j([K;] + 1), where [-] denotes the ceiling function. Therefore, the
transformation (4) with

F(Z) = (Z_ai)({KﬂJrl)D? D :dlag(oaLup_ 1)7

reduces the Poincaré rank of the singularity a; of system (6) to the number [K;]| (and the Poincaré
rank cannot be reduced further). Since any system (8) is meromorphically equivalent to a system of
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326 LV. V’YUGIN, R.R. GONTSOV

the form (6) (see [9, Lemma II.1.3|), the minimal Poincaré rank r; of a singular point of system (8)
is related to the Katz index K of this singularity as follows: r; = [K;].

A method for solving the generalized Riemann—Hilbert problem is expounded in [5]. It is anal-
ogous to the method for solving the classical problem (see [4, Lecture 8]). Recall it briefly.

First, over the punctured Riemann sphere C\ {a1, ..., a,}, one constructs a holomorphic vector
bundle F of rank p with holomorphic connection V that has a given monodromy (2). The bundle
is defined by a set {U,} of small disks that cover C\ {a1,...,a,} and by a set {gas} of constant
matrices that define a gluing cocycle. The connection V is defined by the set {wq} of matrix
differential 1-forms w, = 0.

Then one extends the pair (13 , %) to a bundle F* with meromorphic connection V° that are
defined over the whole Riemann sphere and called a canonical extension of the pair (ﬁ , 6) To this
end, one adds neighborhoods Oy, ..., O, of the points ay, ..., a,, respectively, to the covering {U,}.
In a nonempty intersection O;NU,, the gluing function g;,(z) = Y;(2) is defined by the fundamental
matrix Y;j(z) of the corresponding system (8), and the analytic continuations of this function to other
nonempty intersections O; N Uy define the gluing functions g;3(z), so that the set {gag, gia(2)}
defines a cocycle corresponding to the covering {U,, O;} of the Riemann sphere. The meromorphic
connection V? is defined by the set {wq,w;} of matrix differential 1-forms, where w; = B;(2)dz =
(dY;)Y; " are 1-forms of the coefficients of systems (8).

Next, one can construct a family F of extensions of the pair (F',V) by replacing the matrices
gia(2) in the construction of the pair (F°, VY) with the matrices

gia(z) - Fi(z)gia(z) (12)

and the forms w; with the forms
@i = (dT)T; 1 + Ty T 1, (13)

where y = I';(z)y are all possible meromorphic transformations of system (8) that do not increase
its Poincaré rank r;, 1 =1,...,n.

If the bundle F' is holomorphically trivial for some pair (F,V) € F, then the corresponding
connection V defines a global system (1) that solves the generalized Riemann-Hilbert problem.
Therefore, the generalized Riemann—Hilbert problem for systems with irreqular singular points is
solvable if and only if one of the bundles of the family F constructed by the generalized monodromy
data (2), (8) is holomorphically trivial (see [5]).

The degree deg F' of a bundle F' with a meromorphic connection V that has singularities
ai,...,a, can be calculated by the formula deg F' = Y " | trres,,V, where res,,V is the residue
of the matrix differential 1-form that defines the connection in a neighborhood of the point a;.
According to the Birkhoff-Grothendieck theorem, any holomorphic vector bundle F' of rank p over
a Riemann sphere is equivalent to the direct sum of line bundles, F' = O(k;) & ... ® O(kp); i.e.,
such a bundle can be described in the coordinate form as

Uy =C, Uso :C\{O}7 gOoo(Z) :ZKv

where K = diag(k1,...,kp). The set of integers k; < ... < k, is called the splitting type of the
bundle F. The splitting type uniquely defines the bundle. The sum Z?:l k; coincides with the
degree of the bundle F.

Now, in the family F, we distinguish a subset £ C F constructed by means of meromorphic
transformations with matrices I';(z) from (12) and (13) of special form. To this end, we need the
following definition of an admissible matrix.

Definition 3. Consider system (8) with an (irregular) singular point a = a; and a formal
fundamental matrix Y (z) of the form (9). A diagonal integer matrix A; = diag(A}, ..., AY) split
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CONSTRUCTION OF A SYSTEM OF LINEAR DIFFERENTIAL EQUATIONS 327

into blocks in the same way as the matrix Q(z) is called an admissible matriz for this system if

e the diagonal elements of the block Ag form a nonincreasing sequence for any unramified
block @7 (z);

. Ag is a scalar matrix for any ramified block Q7(z).

We represent the matrix Y (z) as follows:
V(2) = F2)(z — a) ™M (2 — a)bi(z — a)FieQ®), (14)
By virtue of an analog of the Sauvage lemma (see [11, Lemma 11.2]) for formal matrix series, there
exists a matrix I'j(z) holomorphically invertible in O; such that

Ti(z)F(2)(z —a) ™ = (2 = )" Fy (2), (15)

)

where K is a diagonal integer matrix and Fy(z) is an invertible formal (matrix) Taylor series
around z = a.

Now, we define the required meromorphic transformation for each irregular singular point a = a;
by the matrix T'*(z) = (2 — a) ¥T(2), which depends on an admissible matrix A; (since I'}(2)
depends on A;). It follows from (14) and (15) that the transformation 3’ = I'*¢(2)y maps system (8)
to a system with the formal fundamental matrix

V'(2) = Fy(2)(z — a)Mi(z — a)P1eQ.

As shown in [5], such a transformation does not increase the Poincaré rank r; of system (8). The
family € of extensions (F*, VA) of the pair (F,V) to the whole Riemann sphere is obtained by
means of all possible sets A = {Aq,...,A,} of admissible matrices for the singularities aq, ..., a,.
Thus, the family & is a subset of the family F. The degree of the bundle F' A can be calculated by
the formula deg F* = "1 | tr(A; + E;).

Note that the holomorphic triviality of one of the bundles in the family £ implies the positive
solvability of the Riemann—Hilbert problem (since £ C F); however, the absence of the holomor-
phically trivial bundles in the family £ does not imply the negative solution of the problem.

3. COUNTEREXAMPLES TO THE GENERALIZED
RIEMANN-HILBERT PROBLEM

The generalized monodromy data (2), (8) are said to be reducible if both representation (2) and
the local systems (8) are reducible. The reducibility of the latter means that they are meromor-
phically equivalent to systems with coefficients matrices of the same block upper triangular form.
Otherwise the generalized monodromy data are said to be irreducible.

Among the sufficient conditions for the positive solution of the generalized Riemann—Hilbert
problem that were obtained in [5], there was the following: if the singularity of one of the local
systems (8) is formally unramified and the generalized monodromy data (2), (8) are irreducible,
then the problem is solvable.

If the singularities of all local systems (8) are formally ramified, then the generalized Riemann—
Hilbert problem may have a negative solution even in the case of irreducible monodromy data.

Example 1 (van der Put and Saito [7]). Consider a linear system of two equations,

z_z =B(2)y, B(z)= (? fgf)) : (16)

where f(z) = f32° + fiz + fo is a third-degree polynomial. Below we will show that the only
singularity z = oo of this system is formally ramified; therefore, the system is irreducible.
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System (16), together with the trivial monodromy representation, defines irreducible generalized
monodromy data for which the generalized Riemann—Hilbert problem is unsolvable.

First of all, note that system (16) is obtained from the scalar equation

d*u
— — f(x)u=0
by the substitution y' = 3—;‘ and y? = u; therefore, the Katz index K, of the singular point z = oo
of this system coincides with the corresponding Katz index of the equation, and, according to (11),
Ko = 2 —ords f(2) _ §
2 2

Thus, the singularity z = co of system (16) is formally ramified and its minimal Poincaré rank is
= [5] =3

Suppose that the generalized Riemann—Hilbert problem has a positive solution, i.e., there exists
a meromorphic transformation (in a neighborhood of infinity) y = I'(z)y that maps system (16) to
a system with the coefficient matrix

> dl' .y -1 2
B(z) = d—F +TI'B(z)I™" = By + Bi1z + Baz". (17)
z

Then the entries of the matrix I'(z) are polynomials because they satisfy the system of linear
differential equations Z—E = BI' — I'B whose coefficients (the entries of the matrices B(z) and B(z))
are holomorphic in C. Tt follows from the Liouville formula that the determinant of the matrix I'(2)
satisfies the linear differential equation d% detT" = tr(B — B)detI" and therefore does not vanish
and is constant. We may assume that detI'(z) = 1.

Introducing the notation (‘é g)* = (fc *ab), we write the matrices ' and T'"! in the form

[(2) =Tg+T1z+...+Tz%  TH2)=T§+Tiz+...+T5  T,#0.

Calculating the coefficients of 223 and 2%**1 in the matrix polynomial -I'"! + T'B(2)I'"! (which
vanish in view of (17)) leads to the following conclusions:

0 f3\ s [k x 0 f3\ s (ko
B )0+ n(D), e Brase = =0 2)

If s = 1, then the matrix I'(z) = I'g + I'1z has the form (), which contradicts the fact that
it is nondegenerate.

If s > 1, then the coefficient of 22° in the matrix polynomial Z—I;Ffl +T'B(2)I'~! also vanishes;
this implies that FS((I) J:)O )F: =0, i.e., 'y = 0. This fact contradicts the assumption I'y # 0.

Example 1 also shows that if all singularities of the scalar equation (3) are formally ramified,
then the corresponding system (6) may not be meromorphically equivalent to system (1) with the
same singular points whose Poincaré ranks are minimal.

Below, we give a counterexample to the generalized Riemann—Hilbert problem. This coun-
terexample is based on the following proposition (see |3, Proposition 2.2.4, proof of Theorem 2.3.3,
Corollary 2.3.2]).

Proposition 1. For any set of points ay,...,a, € C and any even number v, 0 <y < n — 2,
one can construct a three-dimensional representation x*: m1(C\{a,...,an}) — GL(3,C) possessing
the following properties:

(a) there exists a system (1) with singularities ay,...,a, and monodromy x*; the singularity a,
is reqular and its Poincaré rank is /2, while the other singularities are Fuchsian;

(b) there does not exist a similar system with smaller Poincaré rank at the point aj.
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Example 2. Let a1,...,a6 € C, ¥y =4, and x* be an appropriate representation from Propo-
sition 1. Denote by G1i,...,Gg € GL(3,C) generators of this representation and by Fy, ..., Eg the
normalized logarithms of these generators (i.e., Fy = ﬁ In Gy,).

Consider the following generalized monodromy data:
(*) the representation x* and
(#%) the local systems Z—Z = Bi(2)y, k=1,...,6, where
Eq I E

B = — B = k=2,...,6.
1(2) 2z —ay (z_al)Qa k(Z) Z_ak7 ) )

Let us show that the generalized Riemann—Hilbert problem for the monodromy data (x), ()
has a negative solution.
Suppose that there exists a (global) system

dy
- B 18
Y~ Bl (18)
that has singular points ai, ..., ag of Poincaré ranks ry =1, ro = ... = rg = 0, respectively, and the

monodromy x* and is meromorphically equivalent to the system % = Bj(2)y in a neighborhood of
the (irregular) singularity a;. Then the fundamental matrix of this system can be written as

1

Y(2) =T1(2)(z — a)Free1,

where the matrix I'1(2) is meromorphically invertible at the point a;. Hence, the system

dy I ~
2 _ (B s
L= (00t =5 )7
1
obtained from (18) by the substitution y = e #—*1y, has the same singularities and monodromy, but

the point aq is a regular singularity of Poincaré rank 1 for the latter system. This fact contradicts
one of the properties of the representation x* (property (b) in Proposition 1).

4. PROOF OF THEOREM 1

The proof of Theorem 1 consists of two parts. In the first part, using equation (3), we construct a
pair consisting of a holomorphic vector bundle and a meromorphic connection and prove its stability
(Lemmas 1 and 2). The second part is a modification of Theorem 2 from [5] (Lemma 3).

Recall that the family F consists of bundles with connections.

Lemma 1. Among the elements of the family F constructed from equation (3), there ezists a
pair (F,V) such that

FZXO0aOR+n-2)®...00((p—1)(R+n—2)), R:iri. (19)
i=1

Proof. Leta; = o0, ag,...,a, € C\{0} be the singular points of equation (3). This assumption
does not restrict the generality because one singularity can always be transferred to infinity and
another can be removed from zero by an appropriate linear fractional change of the independent
variable. These transformations do not change the Katz indices of the equations.

Let us examine the singular points aq, ..., a, of system (6) constructed from equation (3) by the
standard substitution (7). Recall that the minimal Poincaré rank r; of the singularity a; is related
to its Katz index K; by the formula r; = [K;].
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As shown in Section 2, the gauge transformation

y=(z— ai)(”Jrl)Dy, D = diag(0,1,...,p—1), i=2,...,n,
reduces system (6) to a system with Poincaré rank r; at the point a; (for all points except a1 = 00).
At the same time, in view of (11),

ordes bj(z) > —j(r1 — 1), j=1...,p (20)

therefore, the gauge transformation § = z~(=1D

rank rq at the point a; = oco.

Now, we consider a holomorphic vector bundle F' of rank p over C defined by the coordinate
description Uy = C, Uy, = C \ {0}, goso(2) = 272D Let us show that one can introduce
a meromorphic connection V in F' such that the matrix differential 1-forms wy and ws, of the
connection (defined in the neighborhoods Uy and U, respectively) possess the following properties:

y reduces system (6) to a system with Poincaré

(a) the systems dy = woy and dy = wsy are meromorphically equivalent to system (6) in Uy
and Uy, respectively;

(b) the Poincaré ranks of the singularities (ag,...,a, and ai,...,ay, respectively) of these sys-
tems are minimal.

Let us apply gauge transformations of the form § = I'g(z)y and y' = I'o(2)y with

n

To(2) =[]z = a) 92, To(z) = ﬁ(z — ai)(rz"f’l)sz(Tlil)D

. . z
1=2 =2

to system (6) (in Uy and Uy, respectively). Then, according to the construction, the systems
dy =woy, Ay = weoy’ (21)

possess properties (a) and (b), and the matrix differential 1-forms wy and wy, define a meromorphic
connection V in the bundle F. The latter follows from the fact that systems (21) are related in
Up N Uy by the gauge transformation § = gooo(2)y/,

gOoo(Z) = Fo(z)f‘gol(z) _ z(R—l—n—Q)D;
hence, the 1-forms wg and wy, satisfy the required gluing condition

Wy = (ngOO)gO_olo + gOoowoogo_olo'

The lemma is proved. [
The following lemma completes the first part of the proof of Theorem 1.
Lemma 2. The pair (F,V) constructed in Lemma 1 is stable.

Proof. We have to prove that for every subbundle F' C F that is stabilized by the connec-
tion V, the slope ju(F) = deg F//tk F of the bundle F is greater than the slope u(F!) of F'. Recall
that the existence of a subbundle stabilized by the connection implies that the pair (F, V) admits a
coordinate description in which the matrices that define the cocycle of the bundle F' have the same
block upper triangular form as the matrix differential 1-forms that define the connection V.

Note at once that the holomorphic type of the bundle F' is known (see (19)); therefore, we can
calculate its slope
(R+n—-2)(p—1)

p(F) = 5
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CONSTRUCTION OF A SYSTEM OF LINEAR DIFFERENTIAL EQUATIONS 331

If the bundle F has a subbundle F! of rank [ that is stabilized by the connection V, then the
monodromy of equation (3) is reducible. Consider a basis u;(2),...,up(2) of the solution space of
equation (3) such that the first [ of its elements form a basis of a monodromy-invariant subspace X
of solutions. Note that the fundamental matrix Y'(z) of system (6) has the form

ui(z) ug(z) ... up(2)
dui(z) dua(z) o dup(z)
v - & e
dp_l;“(z) dp_l;xg(z) dp_l;Lp(z)
dzP—1 dzP—1 T dep— 1T

Now, consider a linear differential equation

ul e (2 u
1 duy dup  du
dz te dz dz
——det X i X .| =0 (22)
W(u, ... w) S
dluy du du
dzt e dz! dzt
of order [ for the unknown wu(z), where
Ui O up
dug duy
] e )
W(uq,...,u;) = det ’ N
d171u1 dl_lul
dzl—1 e dzl—1
is the Wronskian of the functions u1(2),...,u;(2). Since these functions are linearly independent
and generate a monodromy-invariant subspace, it follows that W (uy,...,u;) Z 0 and the coefficients

of equation (22) are single-valued functions on the Riemann sphere. Below we will need the following
important proposition.

Proposition 2. The coefficients of equation (22) are meromorphic functions on the Riemann
sphere.

Proof. Outside the singular points aq,...,a, of the original equation (3), equation (22) may
have singularities only at the zeros of the Wronskian W (uq,...,u;). The latter are poles for the
coefficients of equation (22); therefore, to prove Proposition 2, it suffices to establish that

(a) the set {by} of zeros of the Wronskian W (uy,...,v;) is finite, and

(b) the coefficients of equation (22) have poles at the points aq, ..., ay,.

It suffices to prove that the zero set of the Wronskian W (uyq, ..., u;) has no limit points. Clearly,
the point zg € C\{a1,...,a,} cannot be a limit point because the function W (uy(2),...,u;(2)) #0
is holomorphic in a neighborhood of this point. Now, we show that the points aq,...,a, cannot be
limit points for the set {b,}.

Due to formula (9) and the reducibility of system (6), a fundamental system (u;(2),...,upy(2))
of formal solutions of equation (3) in a neighborhood D(a) of the point a = a; has the form

(@1(2), -, p(2)) = (F1(2), -, Fo2)) (2 — a)PeR®) (23)

~ E' o« Q(2) 0
E = ~ =
( 0 EQ) ’ Q(z) < 0 Q%(2))°
where f,(z) are formal Laurent series about z = a with finite principal part and the blocks E' and
Q'(z) are of dimension [ x I.
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As mentioned in Section 2, the neighborhood D(a) can be covered by a finite set of sectors with
vertices at the point a so that in each sector the formal fundamental system (23) is asymptotic for
some real system. If the point a is a limit point of the set {b,}, then one of the sectors (denote it
by S,) contains an infinite number of points b, that approximate to a. Take a fundamental system
(v1,...,vp) of solutions of equation (3) for which (23) is asymptotic in S, and in which the first {
elements form a basis of the space X!; i.e., (vy,...,v) = (u1,...,4;)C, C € GL(I,C). The latter is

possible since system (6) is reducible. Then the points b, are zeros of the Wronskian W (vy, ..., v;).
By construction, the vector function (v1(z),... 0(2))e=@ () (z — a)~E' has an asymptotic rep-
resentation (fi(z),..., fi(z)) in the sector S,. Therefore, using the basic properties of asymptotic

series (addition, multiplication, and differentiation; see [6, Theorems 8.2, 8.3, 8.8]) and the properties
of the determinant of a matrix, we find that the formal series W (f1(2), ..., fi(2)) = 2272 _,, fi(z—a)’
is asymptotic for the function

F(2) = Wi (2), ..., u(z)e Q@ (z — q)~E'

in the sector S,. However, since this function vanishes at the points b, it follows that this series is
a zero series. Indeed,

(z - a)mf(z) - f—m = 0(1)7 Z—a, ZE€ Sa?

therefore, approaching the point a along the set {b,}NS,, we obtain f_,, = 0. Then, we successively
prove that all f;, 7 > —m, vanish.

Since W(J/”\l(z), . ,J/”;(z)) = 0, the series ﬁ(z), . ,J/‘;,(z) are linearly dependent. Consequently,
Wt (z),...,0p(2)) = W(ﬁ(z),,fp(z)) = 0, which is impossible for the formal fundamental
system (u1(2), ..., up(2)). Thus, we have shown that the set of zeros of the Wronskian W (uy,...,u;)
is finite. It remains to verify that the points ai,...,a, cannot be essential singular points for the
coefficients of equation (22).

Denote by Vj(ui,...,u;) the determinant of the matrix obtained by eliminating the (j + 1)th
row of the (I + 1) x [ matrix

Ui “ee uy
duy duy
dz e dz
dluy dy
dzl dz!
Then the coeflicient of the derivative % in equation (22) is %, j=0,1,...,1. It follows

from the above analysis that the functions
Vj(ul(z)a s ,ul(z))e_ trQl(z)(Z - a)—trE1

have the asymptotic representation const - Vj(fl(z), .. ,J/”;(z)) in each of the sectors covering the

neighborhood D(a) of the point a = a; (the constant depends only on the sector). Therefore,
V(ut,...,u)
I/Ii(ul,...,ul)

~

Vi(£1(2), ..., fi(2)) and W (fi(2), ..., fi(2)), see [6, Theorem 8.5]) in all sectors.

Thus, the coefficients of equation (22), which are holomorphic in the annular neighborhood
D(a) \ {a}, can be asymptotically represented by Laurent series in this neighborhood; i.e., the
point a is a pole for these coefficients (see |6, Theorem 8.6]). O

each ratio has the same asymptotic representation (obtained by dividing the series

Now we return to the proof of Lemma 2. We have established that the singularities of equa-
tion (22) with meromorphic coefficients are the singular points aq, .. ., a, of the original equation (3)
and the additional false singularities by,...,b, € C\ {a1,...,a,}, the zeros of the Wronskian
W(u1(z),...,u(z)). The latter are Fuchsian because the solutions are holomorphic at these points.
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It is also clear that the Katz indices of the singularities a; of equation (22) are not greater than the
corresponding Katz indices of equation (3).
Thus, the coefficients of equation (22) expressed in the standard form

d'u d—1y
dzl +a(z )dzl—l

have the corresponding orders of poles; i.e., the functions

+ota(zx)u=0 (24)

n

H z — )it H 2 —bg)? and qj(z)z_j(”_l)

=2
are holomorphic in C and at oo, respectively (7 =1,...,1).

Using equation (24), we can obtain expressions for the derivatives of order m > [ of any of the
functions ui(z2),...,u(z) in terms of the derivatives of order less than m. One can easily verify
that these expressions have the form

d™u . d" —m
om - a (Z)dzm,l + .t dn (2 m 21,

where the functions

n

h
H 7 — a;) i tD) H z—by) and q;"(2)z"~ i(m=1)

=2
are also holomorphic in C and at oo, respectively (j = 1,...,m).
Let us apply the gauge transformation y = I'(z)y, where
1
0 1
I'(z) = 0 1
—gl(z) . —ql(z) 1
~ 1 ---------------- : . ~ : 1
—qIf () -7 (2) 1
is a lower triangular matrix, to the fundamental matrix Y (z) of system (6). This transformation
subtracts a linear combination of the previous rows (with coefficients (jlm_l, N 1) from each

row of the matrix Y (z) with number m > [ and leaves the first [ rows unchanged. The entries of the
transformed matrix I'(2)Y (z) that occupy the intersection of the last p — [ rows and first [ columns
are zero.

By construction, the matrices To(z) = o(z)['(2 )Ty (2) and Too(2) = Too(2)D(2)I2L(2) are
holomorphically invertible in the domains U \ {b1,...,bn} and Ux \ {b1,...,bn}, respectively;
therefore, the transformations # = I'g(2)7 and 2/ = T's(2)y/ applied to system (21) map the matrix
differential 1-forms wp and we,, which define the meromorphic connection V with singularities

ai,...,an in the bundle F, to the matrix differential 1-forms
Wo :fowofal + (dfo)fal, Woo = foowoofgol —I—(dfoo)fgol

of block upper triangular form, which define a meromorphic connection V with singularities
ai,...,0an, b1,...,by in the same bundle F' (although T'g(z) and I's(z) have singularities in Uy
and Uy, respectively):

oo = Logosol et = (Dol T (Poo DY) = Tl = gooo-
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Thus, the bundle F' has a subbundle F! C F that is stabilized by the connection 6, and
Fl20®OR+n—-2)@... 4 O(1—1)(R+n—2)).
Hence,
p—1

u(ﬁl):(3+n—2)l_71 < (R+n—2)F— = u(F), (25)

On the other hand, denoting by V! and V! the restrictions of the connections V and V to the
subbundles F'' and F'!, respectively, we obtain

n h n h
_ _ ~ dW (ug, ..., up) 1
degF1 = E trresaiv1 + g trreSka1 = E trresaiv1 + g resp, ————> = deg " + H,
i=1 k=1 i=1 k=1 W, ..., up)
where
dW ul, e U
H = E resp,, W E Ordbk u1, ey l) Z 0

(the equalities trres,, V= tr res,, V! follow from the holomorphic equlvalence at a; of the corre-
sponding matrix differential 1-forms that define the connections V! and V! ).
Thus, u(F') < ,u(Fl) < wu(F), which proves the stability of the pair (F,V). O

The first part of the proof of Theorem 1 is complete.
Due to (25), the inequality p(F) > p(F1) is oversatisfied:

u(F) — u(FY) > (R +n - 2P L (26)

This allows us to apply the following lemma, which completes the proof of Theorem 1.

Lemma 3. Suppose that the singular point of each system (8) is formally unramified. If the
family F constructed by the generalized monodromy data (2), (8) contains a stable pair (F,V)
for which the inequalities for the slopes hold in the strengthened form (26), then the corresponding
generalized Riemann—Hilbert problem has a positive solution.

This lemma complements one of the main results of [5]: If the singularity of at least one of
the systems (8) is formally unramified and the subfamily € C F contains a stable pair, then the
corresponding generalized Riemann—Hilbert problem has a positive solution.

Proof. According to [5], it suffices to show that the existence of a stable pair (F,V) € F
satisfying the conditions of the lemma implies the existence of a stable pair (F*,V4) € £. To find
aset A = {Ay,...,A,} of admissible matrices generating a stable pair (F'*, V"), we will use the
following procedure, which is composed of three transformations and is applied to each system (8).
This procedure is thoroughly described in [8].

1. Conjugating by a constant nondegenerate matrix, we reduce the leading coefficient Bimfl of
expansion (8) to the block diagonal form diag(B',..., B™), where each block B’ of dimension p;
(p1+...4+pm = p) has a unique eigenvalue \j and A\; # A, for j # k. According to Sibuya’s splitting
lemma (see, for example, [6, Theorem 11.1]), system (8) can be formally reduced by a holomorphic
transformation y = f(z)y to a system with the matrix of coefficients (which are formal in general)
Bi(z) = diag(B\il(z), e ,B\Zm(z)) of the same block diagonal form.

The formal fundamental matrices Y7 (z) of the subsystems corresponding to the blocks Ef (2)
have the form (9):

Vi(z) = F(2)(z - a) e’ ),
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where FY(z) is a formal (matrix) Laurent series about z = a; with finite principal part and
det F° i(z) £ 0, EJ is an upper triangular matrix, and Q7(z) is a diagonal matrix whose entries
are polynomials in 1/(z — a;). Each block FJ(z) can be represented as FJ(z) = VJ(z)MJ(z), where
Vi(z) is an invertible formal (matrix) Taylor series about z = a; and M?(z) is an upper triangular
matrix meromorphic at the point a; (see, for example, [8]). Thus, the holomorphic transformation

Y=V (2)0(2)y,  V(z) = diag(V(z),...,V™(2)),

reduces formally system (8) to a system with the coefficient matrix B} (z) = diag(B} (), ..., B"(2))

. (2
of block diagonal form, with each block B/(z) being an upper triangular matrix:

, dAMI . | 5 dQI o ,
Bl(z) = —— (M)~ + MY —a)¥ = (z —a;)7F ) (M)
) = 00 a1 (b - )P I - a) P ) o)
2. The transformation
. , i /7
I d(2) j — g/
y=e"%y, (2 o a)

applied to each subsystem % = Bg(z)y of the system obtained above reduces the former to the
system

dy’ . s

_— = _B‘7 —7‘7[ /, .:1,...7 .

Since the leading coefficient of the Laurent series of the matrix Bg (z) is an upper triangular matrix
with a unique eigenvalue A, it follows that the leading coefficient of the Laurent series of the matrix

Bg (2) — (Z_Q’\WI is an upper triangular nilpotent matrix. Thus, the transformation

y? =Pyt Q(2) = diag(¢' ()™, ..., g () IP™),
where IP7 is the identity matrix of dimension p;, takes the system

d?/l 1 1
27 _ B
1 i (2)y

to a system with the block diagonal coefficient matrix B?(z) = B}(z) + %.
3. Each diagonal block Bg (2)— (Z_;‘ﬁl of the matrix B2(z) is an upper triangular matrix such
that the leading coefficient of its Laurent series is a nilpotent matrix. Hence, the transformation

v’ =(z—a)"Py?  D=diag(D',...,D™), D’ =diag(0,1,...,p; - 1),

takes the system

dy?
e B (2)y”
to a system with the coeflicient matrix
3 -Dp2 D D
B3(z) = (2 — i) PBE(2)( — ) - ——.
(2

The Poincaré rank of the latter at the point a; is less than the Poincaré rank of the original system (8)
at least by one. Moreover, the form of the above-described transformations implies the relation

m
trres,, B2(2) = trresq, Bi(z) — tr D = trres,, V — Z % (27)
j=1
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Applying at most r; steps of the above-described procedure, we obtain a system
dy F
— =DB;(z
Y~ BE(:)
with a Fuchsian singularity a;. Such a system has a fundamental matrix of the form

YF(2) = Us(2) (2 — ai) (2 — ai) P,

1

where U;(z) is a matrix that is holomorphically invertible at the point a; and A; is an admissible
matrix. Therefore, tr(A; + Ej;) = trres,, By (z) and, according to (27),

trres,,V = Z h + trres,, BY (2). (28)

By > h we denoted the sum of quantities of the form h = 377", p;(p; — 1)/2 over all steps of
the procedure (at different steps, the numbers m of blocks and their dimensions p; are generally
different).

The set A of the obtained admissible matrices Ay, ..., A, for the singularities a1, ..., a, defines
an element (F, VA) of the subfamily £ C F. Let us show that the pair (F'*, V) is stable.

First of all, note that

trres,, VA = tr (A; + EZ) = trresy, B (2). (29)

Let E' ¢ F? be a rank [ subbundle stabilized by the connection VA, and F! c F be the cor-
responding subbundle stabilized by the connection V. Denote by Vfl\ and V! the restrictions of
the connections VA and V to these subbundles. In a neighborhood of the point a;, system (8) is
holomorphically equivalent to the system

dy  (Ci(z) x

dz ( 0 *) y
with the coefficient matrix of block upper triangular form, where C;(z) is an [ x [ block. Consider a
step of the procedure applied to the subsystem defined by this block. Assume that this subsystem,
just as system (8), is split into m blocks of dimensions /;, but some [; may vanish: 0 < [; < pj,
li + ...+ Il = 1. Then, according to (27), using the notation introduced above, we obtain the

relations
i il —1)
‘ 2 ’
7=1

pi(p; — 1)
S

trres,, V! = h' + trres,, C3(2), h!

I
NE

trres,, V = h + trres,, B3(z), h
1

<.
I

The following proposition plays a key role in the proof of the stability of the pair (F», V1),
Proposition 3. The numbers h' and h satisfy the inequality
1 _
h h <P l .

p T3 (30

Proof. Taking into account the relations >°7", p; = p and 37", l; = [, we rewrite inequal-
ity (30) as

> j<k PiPk - >t bilk

Z;nzlpj B Z;":llj'
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To prove this inequality, it suffices to verify that the function

D j<k Tk
F(z1,...,2m) = =———
Zj:l Tj
increases in each variable on the set R\ {0}. Let us fix some values of the variables 1, ..., Zp_1:
1 =c¢ >0,..., Tm-1 = ¢p—1 > 0, and consider the function f(z) = F(c1,...,¢m-1,2) of a

variable z € R>:

m—1
axr+b
flx) = pourp a:Z;cj, b= Z CjCh-
j:

1<j<k<m-—1
Its derivative
if  a2-b Y +b
de  (z+a)?  (z+a)?

is nonnegative; this proves that the function F'(z1,...,x,,) increases in the variable z,,. For the
other variables, the proof is similar. [

In at most r; steps we obtain a system with a Fuchsian singular point a;; so, according to the
construction and equalities (28) and (29), we have

tr 1resaZ.V1 = Z h' + tr resg, V{\, trres,,V = Z h 4 trres,, vA,

where
1 _
Zh_Zh . lri
P I — 2

in view of Proposition 3. Hence,

1 1 1 1 —1
—trres,,V — 7 tr 1"esaiV1 = —tr resaiVA -7 tr resaiV{\ + A, A; < pTri.
p p

Summing over all singular points, we obtain the relation

p(E) = p(F") = p(FY) = p(E") + A, A<T—R.

Since p(F) — u(F') > (R+n —2)(p —1)/2, it follows that the quantity

p—1
p(FY) = p(EY) = u(F) = p(F') = A > 5 (n—2)
is positive for n > 1, which proves the stability of the pair (F*, V). O

Note that applying the arguments from the proof of Lemma 1 and the sufficient condition (A)
(see [4, Addendum 1]), we can augment Theorem 1 with the following statement.

Theorem 2. System (6) corresponding to equation (3) one of whose singularities is Fuchsian
is meromorphically equivalent to system (1) with the same singular points whose Poincaré ranks are
minimal.

In conclusion, we conjecture that in the hypotheses of Theorem 1 it suffices to require that at
least one singularity of equation (3), rather than all of them, should be formally unramified.
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