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1. INTRODUCTION
First, consider Painlevé equation VI (Eq. Pyr), that is,

du 1/1 1 1\ [du)\® (1 1\ du
W‘§<E+u—1+ﬁ><ﬂ> ‘<§+ u—t>d_

w(u —1)(u —t) t t—1 1)

T RE— 1)y <‘”5?”<u—1> t>2> )

which is an ordinary differential equation of second order for a complex functlon u(t), where o, 3,7, € C
are constants.

In many cases, instead of the use of the explicit expression in the study of Eq. Pyr, it is convenient to
regard this equation as

e an equation for an additional (fifth) singularity of the isomonodromic family of scalar Fuchsian
equations of second order with the four singular points ¢, 0, 1, and oc;

e the most general ordinary differential equation of second order with the Painlevé property;

e an equation describing the Schlesinger isomonodromic deformations of two-dimensional Fuch-
sian systems with the four singular points ¢, 0, 1, and oco.

Let us recall the first two approaches in greater detail (the last one is described in Sec. 3).
The monodromy of the linear differential equation
dPu ar~luy,
ﬂ—i—bl( )dzp_l ++b(2)u=0 (2)
of order p with singularities a1, ..., a, € C (the poles of the coefficients) is defined as follows. In
a neighborhood of a nonsingular point zy, we consider a basis (uy,...,u,) in the solution space
of (2). Analytic continuations of the functions w;(z),...,uy(2) along an arbitrary loop ~ starting at
the point zg and lying in C\ {a1,...,a,} transform the basis (u1,...,u,) into (generally, some other)
basis (u1, ... ,%up). These two bases are related by some passage matrix G corresponding to the loop ~:

(Ut,. .. up) = (U1, ..., Up)Gy.
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ON MOVABLE SINGULARITIES OF GARNIER SYSTEMS 807

The mapping [y] — G~ (which depends only on the homotopic class [y] of the loop ) specifies a
representation

x: m(C\{a1,...,an},20) — GL(p,C)

of the fundamental group of the space C \ {a,...,a,} to the space of nondegenerate complex matrices
of dimension p. This representation is called the monodromy of Eq. (2). The passage to another basis
implies the adjointness of all matrices G, to the same matrix, i.e., specifies an equivalent representation.

A singular point a; of Eq. (2) is said to be regular if any solution of the equation has polynomial
growth (with respect to 1/|z — a;|) in a neighborhood of the point a;. Linear differential equations having
only regular singularities are said to be fuchsian.

Poincaré [1] showed that the number of parameters defining a Fuchsian equation of order p with n
singular points is less than the dimension of the space of equivalence classes for the representations x
ifp>2andn >2orp=2andn > 3 (seealso[2, p. 73]). Therefore, in the construction of a Fuchsian
equation with given singularities and monodromy, the so-called additional singular points appear, at
which the coefficients of the equation have poles, but local solutions are unique meromorphic functions.
Inthecasep = 2,n = 4({a1,a2,as,a4} = {t,0,1,00}), there is only one such singularity. If the position
of the singular point z =t is slightly changed, so that the monodromy of the equation is preserved
(this property, called isomonodromy, is rigorously defined in the next section), then the position of
the additional (fifth) singularity w(¢) will also change so as to satisiy Eq. Pyy (this was first discovered
by Fuchs [3]).

Equation (1) has three fixed singular points 0, 1, and co. Its movable singularities (which depend
on the initial data) can only be poles. In this case, the equation is said to have the Painlevé property.
In other words, any local solution of Eq. Py given in a neighborhood of the point ¢y # 0, 1,00 can be
continued to a meromorphic function on the universal covering of the space C \ {0, 1, c0}. The following
statement on the movable poles of Eq. (1) is well known: in the case a # 0, they can only be simple and,
in the case aw = 0, they are of at most second order (see, for example, [4, Chap. VI, Sec. 6]).

Generalizing Fuchs’ study to the case of n 4 3 singularities ay, ..., a,,0, 1, 00, Garnier [5] obtained
a system ¥, (0) depending on n + 3 complex parameters 61, ...,0,12,0. This is an integrable system
of partial differential equations of second order. Subsequently, it was written by Okamoto [6] in the
equivalent Hamiltonian form

8’U,Z’ . 6H] 8’UZ' . _8Hj
8(1]' N 8212- ’ 8(1]' N auz ’

i?j::l?“‘?n? (3)

with Hamiltonians H; = Hj(a,u, v, ) depending rationally on

a=(ay,...,ap), u=(up,...,up), v=(v1,...,0), 0=(01,...,0h42,0).

Here uy(a), ..., u,(a) are additional singularities of an isomonodromic family of Fuchsian equations of
second order depending on the position of the singular points aq, ..., a,. In the case n = 1, the Garnier
system ¥ (601,02, 03,0 ) is an equivalent (Hamiltonian) form of Eq. Pyr (see (1)), where

1 1 1 1
a= 63 52—5957 725957 525(1—9%)-

= 505

Forn > 1, the Garnier system does not, generally, have the Painlevé property. However, by Garnier’s
theorem, the elementary symmetric polynomials o;(ui(a),...,us(a)) in the local solutions of the
Garnier system can be continued to meromorphic functions F; on the universal covering Z’ of the space

€\ {0, 1)" \ [ Jtai = a5}
i#

The supplement to this theorem proposed in the present paper contains estimates for the orders of the
irreducible components of the polar sets of the functions F; (Theorem 3 and Proposition 2).
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808 GONTSOV
2. ISOMONODROMIC DEFORMATIONS OF FUCHSIAN SYSTEMS

Let us embed the Fuchsian system

&y _ znj B y BY € Mat(p,C) iBQ:O (4)

dz —z —al)”’ ! T — ‘ ’
of p equations with singular points aY, ..., a2 in the family

dy —~ Bi(a) 0 0 -

. = - BZ =B ) BZ =Y,

o (;_>y @)= 3B =0 (5)
of Fuchsian systems depending holomorphically on the parameter a = (ay,...,a,) € D(a"), where
D(a) is a disk of small radius centered at the point a® = (a9, ...,a2) of the space C™ \ Uizilai = aj}.

A family (5) is said to be isomonodromic (or is an isomonodromic deformation of system (4)) if,
forall a € D(a), the representations of the monodromy

x: m(C\{a1,...,a,}) — GL(p,C)

of the corresponding systems are identical.'  This implies that, for each value of a, there exists a
fundamental matrix Y (z,a) of the corresponding system (5), which has the same monodromy for
all a € D(a"). Such a matrix Y (z,a) is called an isomonodromic fundamental matrix. For an
isomonodromic deformation, not only the monodromy of the family (5), but also the eigenvalues of the
matrix residues B;(a) are constant (see [2, Lecture 15]).

Can system (4) be always embedded in the isomonodromic family of Fuchsian systems? The answer
to this question is positive. For example, if the matrices B;(a) satisfy the Schlesinger equation 7]

_ \ Bi@),Bj@)] .
dB;(a) = '_Z Ar— d(a; — aj), i=1,...,n,
J=1,j#i
then the family (5) is isomonodromic (in this case, it is called an Schlesinger isomonodromic family).

By Malgrange’s theorem [8], for arbitrary initial conditions B;(a’) = BY, the Schlesinger equation
has a unique solution {By(a), ..., B,(a)} in a disk D(a®); here the matrices B;(a) are extended to the
universal covering Z of the space C" \ U, .;{a; = a;} as meromorphic functions. Thus, the Schlesinger
equation satisfies the Painlevé property.

Let us recall that a function f is meromorphic on Z if it is holomorphic on Z \ P, cannot be
continued holomorphically to P, and is expressed by the ratio f(a) = ¢(a)/%(a) of holomorphic
functions in a neighborhood of each point a” € P (therefore, ¥(a") = 0) where P C Z is an analytic
subset of codimension one (locally, it is given by the equation ¥ (a) = 0 and is called the polar set of a
meromorphic function f). Points of this set are either poles (where the function ¢ does not vanish) or
indeterminate points (where ¢ = 0).

Let us also recall the notion of a divisor of a meromorphic function. Let A = N U P denote the union
of the set N of zeros of the function f and its polar set P. Any regular point a® of the set A can belong
to only one irreducible component of the sets IV or P. Thus, the order of this component is defined as a
power (with the sign “+” if a® € N and with the sign “—" if a® € P) of the corresponding factor in the
expansion of the function ¢ or 4 into irreducible multipliers. By a divisor of a meromorphic function f
we mean a pair (A, k), where k = k(a) is an entire function on the set of regular points of the set A; the
function x(a) takes a constant value on each of its irreducible components, which is equal to the order

'For small changes of the parameter a, there exist canonical isomorphisms of the fundamental groups 71 (C \ {a1, ..., an})
and 71 (C\ {a?, ..., a%}) inducing the canonical isomorphisms

Hom(m1(C\ {a1,...,an}), GL(p,C))/GL(p,C) = Hom(m; (C \ {a?, e ag}), GL(p,C))/GL(p,C)

of the spaces of equivalence classes for the representations of these fundamental groups; this allows us to compare x for
different parameters a € D(a®).
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ON MOVABLE SINGULARITIES OF GARNIER SYSTEMS 809

of the component. The pair (P, k) is called the polar divisor of the function f. By (f)s we denote the
restriction of  to the set of regular points of the set P.

Let us return to the Schlesinger equation. The polar set © C Z of extended matrix functions
Bi(a),...,Bp(a) is called the Malgrange ©-divisor. If system (4) is considered as the equation of
horizontal sections of the logarithmic connection V¢ (with singularities aY, . . ., a2 ) in a holomorphically
trivial vector bundle Ey of rank p over C, then the set © corresponds to points a* for which the bundle E,-
corresponding to the parameter a* in the isomonodromic deformation (E,, V,)aez of the pair (Eyp, Vo)
is not holomorphically trivial (for more details, see [8] and [2, Lecture 16]). Note that the degree of the
bundle E, coincides with the sum of the eigenvalues of matrix residues of connection V, and is zero for
all a (this sum is independent of @ and is zero for a = a®).

In what follows, we shall use Bolibruch’s theorem [9], [10] (the proof is also contained in [11]), which
describes the behavior of the general solution of the Schlesinger equation near the ©-divisor in the case
p = 2. For the polar set P C Z of the function f meromorphic on Z and a* € P, we denote by X4« (f)
the sum of the orders of all irreducible components of the set P N D(a*).

Theorem 1. Suppose that the monodromy of the two-dimensional (p = 2) Schlesinger isomon-

odromic family (9) is irreducible, a* is an arbitrary point of the ©-divisor, and E., = O(k) ®
O(—k). Then

S+ (Bi) > =2k,  i=1,...,n.

Remark 1. It is well known (see, for example, [2, Theorem 11.1]) that 2k < n — 2. Thus, the estimate
from Theorem 1 can be rewritten as ¥« (B;) > 2 — n or, in the case of an odd n, as ¥4+ (B;) > 3 — n.

In what follows, we shall need the following auxiliary lemma.

Lemma 1. Consider the two-dimensional Schlesinger isomonodromic family

dy _ <Z Bifa) >y ;Bi(a) _ K — diag(8,—6), 0€C,

dz — z—a

and the function
b(a) =Y b*(a)a;,
i=1

where the b}*(a) are the upper right elements of the matrices Bji(a), respectively. Then the
differential of the function b(a) is given by

n

db(a) = (20 + 1) > b}*(a) da;.

i=1

Proof. The differential db(a) is of the form
db(a) = Z a;db}?(a) + Z bi2(a) da;.
i=1 i=1

In order to find the first of the last two summands, we use the Schlesinger equation for the matrices
B;(a), obtaining

n

Zai dBZ((I) = — Z Z (IZM d(az - aj)
i=1

“ —a.
i=1 j=1, j#i v

= -3 S [Bi@), Bj(@)] dlai — a)

i=1 j>i
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810 GONTSOV

=3 [Bi(a), > Bj(a)} da; = = [Bi(a), K] da;.
=1

j=1,j# i=1

The upper right element of the resulting matrix differential 1-form is

Z 20b1%(a) day;
i=1
therefore,
Z a;idb}?(a) = 26 Z bi%(a) das,
i=1 i=1
and hence

db(a) = (20 +1) Zn: bi%(a)da;. O
=1

3. ISOMONODROMIC SCHLESINGER DEFORMATIONS AND GARNIER SYSTEMS

Let us recall the relationship between Schlesinger isomonodromic deformations and Garnier sys-
tems.

Consider the two-dimensional Schlesinger isomonodromic family

n+2
% - <zz:; ZBZ_—(aa)Z>y’ Bi(ao) = B? S SI(Q,C)7 (6)

of Fuchsian systems with singular points
al, AR 7an7 an-i—l = 07 an+2 = 17 aTL+3 - OO7

which depends holomorphically on the parameter a = (ay, ..., a,) € D(a"), where D(a°) is a disk of
small radius centered at the point a® of the space

@€\ {0, 1"\ | {as = a;}.
i#]
Let +4; denote the eigenvalues of the matrices B;(a), respectively (recall that an isomonodromic

deformation preserves the eigenvalues of the matrix residues B;(a)). It follows from the Schlesinger
equation that the residue at infinity is a constant matrix. Suppose that this matrix is diagonalizable, i.e.,

n+2

Y " Bi(a) = —Boo = diag(— s, B0).
=1

By Malgrange’s theorem, the matrix functions

b(a) b
B (M@ b
bi'(a) bi*(a)
can be continued to the universal covering Z’ of the space (C\ {0, 1})" \ l,.,;{a; = a;} as meromorphic

functions (holomorphic outside an analytic subset © of codimension one).

Since the upper right element — Z;flz bi(a) of the matrix By, is zero, the function

n+2 (a
Pn(Z,CL) :(Z—a1)'~(z—an+2)z—zbz_( C)L (7)
=1 v
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ON MOVABLE SINGULARITIES OF GARNIER SYSTEMS 811

is a polynomial of degree n in z for each fixed a. Let uy(a), ..., u,(a) denote the roots of this polynomial
and consider the functions vy (a), . .., v, (a) defined by
n+2

11 ,
vj(a)—zw, ji=1,...,n.

im1 uj(a) — a;
Then the following statement is valid (see [6, the proof Proposition 3.1] or [12, Corollary 6.2.2, p. 207]).

Theorem 2. The pair (u(a),v(a)) = (u1,...,Un,v1,...,0,) satisfies the Garnier system (3) with
parameters 201, ...,20n42,20 — 1.

Let us express the coefficients of the polynomial P, (z,a) via the upper right elements b;(a) of the
matrices B;(a). Consider the elementary symmetric polynomials

n+2
= Zai, o2(a) = Z aiaj, ..., opyila)=ar---ay
i=1 1<i<j<n+2
inai,...,an, apt1 =0, a2 = 1 and the polynomial
n+2
Q(z) = [[(z = a).
i=1
We have
n+2 Q(Z)
Pa(esa) = i) 725 = o)+ A0+ ol
(recall that Z"” bi(a) = 0). By the Viete theorem, we have
n+2 n+2 n
Zb a) + a;) Zb = bi(a)a; + bnya(a),
=1
n+2 n+2
-3 i) <a2<a> S ) —— Y @+ by,
=1 J=1,j#i 1<i<j<n+2
Similarly,
frla) = (=1)F > (biy (@) + -~ + by, (@))aiy -~ iy,
1<y <o <y 1 <2
foreachk=1,...,n

Along with the formulas for the passage from a two-dimensional Schlesinger isomonodromic family
with sl(2, C)-residues to the Garnier system, there exist formulas for the inverse passage (see [6,
Proposition 3.2]). This allows us to propose a supplement to Garnier’s theorem (asserting that the
elementary symmetric polynomials F;(a) = o;(ui(a),. .., uy(a)) in the solutions of the Garnier system
are meromorphic on Z").

By the linear monodromy of the solution of the Garnier system we mean the monodromy of the
corresponding two-dimensional Schlesinger isomonodromic family.

Theorem 3. Suppose that (u(a),v(a)) is the solution of the Garnier system (3) whose linear
monodromy is irreducible and A; denotes the polar set of the function F;,i =1,... ,n. Then

(a) i 0o = 0 and ui(a) # uj(a) fori # j, then X4+ (F;) > —n — 1 Jor all a* € Ay;

(b) if O #0, then Y,«(F;) > —n for all a* € A; with the exception, perhaps, of a subset
A C A; of positive codimension (in any case, (F})oo > —n).
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812 GONTSOV

Proof. Consider the family (6) with irreducible monodromy that corresponds to the given solution and
the functions b(a), fi(a),..., fn(a) constructed from the matrix residues B;(a). By the Viéte theorem,
we have Fj(a) = (1) fi(a)/b(a); by Theorem 1 and Remark 1, ¥,+(f;) > —n — 1 for each function f;
and any point a* belonging to the ©-divisor of the family (6).

By Lemma 1, we have

where 0, = 20, — 1.

(a) If 8 = 0, then db(a) = 0 for all a € Z’; therefore, b(a) = const # 0. Indeed, if b(a) = 0, then
P, (z,a) is a polynomial of degree n — 1 in z and u;(a) = u;(a) for some i # j, but this contradicts the
assumptions of the theorem. Thus,

Yo (F) = Zas(fi) 2 —n =1
in the first case.
(b)If 65 # 0, then

bi(a):—éaabf;), i=1,....n,
bnia(a) =b(a) = > bi(a)ai,  bpsi(a) = —bnia(a) = > bi(a).
i=1 i=1

Therefore, if the function b is holomorphic at the point a’ € Z’, then so are the functions b;, i =
1,...,n+ 2, and hence the functions f;. Therefore, the points a* € A; can be of two types: b(a*) =0

(and hence Y4« (F;) > —1, because the function b is irreducible?) and those belonging to the polar set
A C O of the function b.

Let A? C A denote the set of indeterminate points of the function b. Then, in a neighborhood of any
point a* € A\ A®, bcan be expressed as

h(a ) .
b((l): 71 ( )] ’ ]1217 sy ]7"217 (9)
7i'(a)-- 7" (a)
where the 7, 1 = 1,...,r, h are functions holomorphic near a*, h(a*) # 0, and the 7; are irreducible at
the point a*, while
gi(a)
i(a) = , ki+--+k <n+1, 10
f ( ) Tfl ((I) - 7_7537. (a) 1 ( )
where the g;, ¢ = 1,...,n, are functions holomorphic near a*. Thus,
fila) gi(a) h(a) _ gi(a)/h(a)

o " T d @ e 7w n @) a)
therefore,
St (F) = = 3 (ka — jo) = —n
(the summation is over indices « for which k., — j, > 0); this proves the first part of assertion (b).

In a neighborhood of the point a* € A, the expansions (9) and (10) for the functions b and f;,
respectively, are also valid, but h(a*) = 0. However, in view of the fact that the function b is irreducible,

“Indeed, if db(a’) =0 for some a’ € {b(a) =0}, then -7  bi(a’)da; =0 and bi(a’) =--- =by(a’) =0. Taking
relations (8) into account, we find that b,42(a’) = 0 and b,+1(a’) = 0. But this contradicts the fact that the monodromy
of the family (6) is irreducible.
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ON MOVABLE SINGULARITIES OF GARNIER SYSTEMS 813

all irreducible factors in the expansion h(a) = hy(a)--- hs(a) are different in a neighborhood of the
point a* (we can also assume that none of the functions h; coincides with any one of the functions 7;).
Since k; — j; < nforalll =1,...,r, the second part of assertion (b) follows from the expansion

fila) gi(a)

= ' ' O
b(a) h1 (a) ... hs(a) le’l —J1 (a) L Tﬁ’r'_]'r' (a)

Remark 2. It follows from Remark 1 that, for even n, we can replace n by n — 1 in all the estimates from
Theorem 3.

In particular, the polar sets of the functions
Fi(a) = ui(a) + uz(a) and Fy(a) = uy(a)ug(a),

where (uq, ug, v1, v2) is the solution of the Garnier system % (0, . .., 04, 0) corresponding to the two-
dimensional Schlesinger isomonodromic family with five singular points and an irreducible monodromy
are analytic submanifolds, and (F})o, > —2. (Note that the bundle E,« corresponding to the point a*
of the ©-divisor of this family is of the form E,« = €/(1) @ ¢(—1), which implies the regularity of the
©-divisor; see [2, Theorem 16.2] or[11].)

The solutions of the Garnier system (3) whose linear monodromy is reducible can be expressed in
terms of solutions of hypergeometric partial differential equations. A more detailed discussion of this
fact discovered by Mazzocco [13]is presented in the next section.

4. GARNIER SYSTEMS AND LAURICELLA HYPERGEOMETRIC EQUATIONS

Consider the Lauricella hypergeometric equation Ep(«a, f1, ..., Bn,7), by which term we mean
the following system of linear partial differential equations of second order for the complex function

u(ay,...,ap):

- 0%u ou
1-a; e (7 — (a4 1)ag) 2 —
( “E%aaiaaj + (= (@t Da) g
—@Zn:a-ﬁ—aﬂiu:O i=1,....n (11)
=i ¥l 8(1] ) ) ) 10y
82
T Z 7 yJ — 17 s 1oy
(a )8%8 5 9a; 59 8az i,j n
where o, 51, . .., B,y € C are constants. This system can be regarded as a natural generalization of the
hypergeometric equation
d*u du
z(l—z)@+(’y—(a+ﬁ+1)z)a—aﬁuzO, a,f3,v € C, (12)
for the complex function u(z), because forn =1 (a1 = z, f1 = (3) system (11) coincides with (12). In
addition, it is also easy to see that the solution u(z) of Eq. (12) generates the solution u(aq,...,a,) =

u(a;) of the equation Ep(«, 51, ..., By, ), where 8; = B and 8; = 0 for j # i.
System (11) is defined on the space

= (C\ {0, 1)"\ [{ai = a5}

i#j
As shown in[12, Proof of Proposition 9.1.4, p. 249], the vector function
ou ou\"
y(a) = <u 015~ o ...,an%>
of avariable a = (aq,...,a,) € B satisfies the completely integrable linear Pfaffian system
dy = wy, y(a) € CVHL, (13)

MATHEMATICALNOTES Vol.88 No.6 2010



814 GONTSOV

where w is a matrix differential 1-form holomorphic on B. Therefore, the set of local solutions of the
Lauricella hypergeometric equation near each point a € B constitutes an (n + 1)-dimensional vector
space, and the solutions can be extended holomorphically to the universal covering Z’ of the space B.

Further, we recall how some solutions of certain Garnier systems are related to Lauricella hypergeo-
metric equations and study the movable singularities of these solutions.

As mentioned above, for n > 1, the Garnier system (3) does not, generally, satisfy the Painlevé
property (the coordinates wuq,...,u, of the solution of the system are the roots of a polynomial of
degree n); there exists a (symplectic) transformation

n n

(CL,U,U, H) = (87 q,D, H)7 Z(pz qu - ﬁz dsl) = Z(UZ duz - Hz d(li),
=1 =1

of this system into a Hamiltonian system .77, (6) of the form
dq; OH; 9p;  OH;
8Si N 8]7]' ’ aSi N 8q]' ’

having the Painlevé property (see [12, Chap. III, Sec. 7]). Let us recall the definition of this transforma-
tion. Consider the functions

,7=1,...,n,

(ai —u1)---(a; — up)

M;(a,u) = — = ,
Hf—llﬁél( J) ik=1,...,n. (14)
Mk’i(a, u) _ uk(uk - )(uk’n_ al) e (uk - an)
(ur — a;) Hj:l,j;ék:(uk’ - u;)
The transformation (a, u,v) — (s, q,p) is given by
a; n Mk,i,vk
S; = ————, Z-:—al-MZ- P — 1—a7; — v izl,...,n; 15
g -1 ¢ pi=( )k:1 ug(ug — 1) (15)
here
= (16)
U; — Qf
k=1
while the new Hamiltonians
_ n 8q- 1 n . n .
Hi=—-(1- ai)2 <H7, + ija_a]-> = m( Z Ejk(37q)pjpk - ZFj(Sa q)p; + %Ch‘>
j=1 ! n k=1 j=1

are polynomials in the variables (q,p) = (q1, ..., Gn,P1,- - -, Ppn); here E;k(s, q) and F;(s, q) are polyno-
mials in ¢ of the third and the second degree, respectively, and

1 n+2 2
_ . 2
= Z<<Z;<9Z—1> —9OO>.

n+2

Zéi—l = 40,

i=1

[f2=0,i.e.,

then it follows from the form of the functions Hj that the system %, () has solutions of the form (¢, 0),
where ¢ is the solution of the system

0q; i ..
31(31_1)88] :_Fj(57q)7 27,7:17”’777“ (17)
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ON MOVABLE SINGULARITIES OF GARNIER SYSTEMS 815

Since the right-hand side of this system consists of polynomials of the second degree in ¢, Egs. (17) can
be regarded as a generalization of the classical Riccati equation to the case of several variables. Just as
in the classical case, system (17) can be linearized by a suitable change of the unknown. Namely, in view
of [12, Theorem 9.2.1, p. 252], the solution (q1, ..., ¢,) of system (17) can be expressed as

82'(82' — 1) < 91 1 6f> .
i = + == 5 :17-”7 )
q(S) E ?2129]'—1 Si—l fa.SZ ¢ n

where f(s) is an arbitrary solution of the Lauricella hypergeometric equation

n+1
Ep (1 — Oni2,01,...,0,, Z@).
j=1

Note that
n+2

> 6, —1#0 if s # 0.
j=1

The function f is irreducible at its zeros;® therefore, any solution (gi,...,q,) of system (17), as
well as the linear combination @ of the coordinates g; (with holomorphic coefficients), is meromorphic
on Z'; further, the polar set of the function @ is an analytic submanifold, and (Q). = —1 (because the
function fQ is holomorphic on Z”).

Now consider the solution (u, 0) of the Garnier system (3) corresponding to the solution (g, 0) of the
system J#,(0), where

n+2

ZGi—lziQm

i=1

(note that v = 0 if and only if p = 0 in view of (15) and (16)). The elementary symmetric polynomials
Fi(a) = oi(ui(a),...,uy(a)) are linear combinations (with holomorphic coefficients) of functions g;.
Indeed, suppose that

n+2

=1, j#i
Then formulas (14) and (15) imply that

- Fi@a 4t () E ) = B 1
a;
Therefore, the vector (—F1, ..., (—1)"F,) is the solution of a system of linear equations with coefficient

matrix whose determinant is the Vandermonde determinant.
The arguments given above lead to the following statement.

Proposition 1. Suppose that (u(a),0) is a solution of the Garnier system (3), where

n+2
D 0 —1=£0 #0.
i=1
Then the polar sets of the functions F; are analytic submanifolds and (F;)so = —1.

This proposition will be used in the study of singularities of certain solutions of Garnier systems
whose linear monodromy is reducible.

3F f(s*) =0 and (8f/3s1)(s*) = - = (0f/Dsn)(s*) = 0, then f =0 because of the uniqueness of the solution of
system (13).
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5. SOLUTIONS OF THE GARNIER SYSTEM WHOSE LINEAR MONODROMY
IS REDUCIBLE

Consider the solution (u(a),v(a)) of the system ¥,(0) which corresponds to the Schlesinger
isomonodromic family (6) with reducible monodromy. The eigenvalues of the matrix residues B;(a)
of this family are +£6,/2, respectively, fori = 1,...,n+ 2, and

n+2
Buo =~ Bi(a) = 5 ding(foe +1,~6oc — 1)

is the residue at infinity. Since the monodromy is reducible, it follows that the product of the eigenvalues

e7r —161917 . 67'(' _15n+2€n+2’ 67'(' —1600(900—‘,-1)
of the monodromy matrices G, ..., Gpt2, G, respectively, is equal to 1 (under some choice of the
numbers g € {1,—1}), i.e,, the sum
e1h + -+ + ent2bni2 + oo (foo + 1) (18)

is an even integer.

Lemma 2. /f the sum (18)is zero, then all matrices B;(a) are upper-triangular.

Proof. The assumptions of the lemma mean that, for a = a® (as well as for any a € D(a")), the

corresponding Fuchsian system (6) specifies a connection in the holomorphically trivial vector bundle Ey
of rank 2 over C having a linear subbundle E}) of degree zero (it is, therefore, holomorphically trivial),
which is stabilized by the connection.

Consider the fundamental matrix Y'(z) of the system whose columns contain the coordinates of
the horizontal sections h; and he of the connection such that h; is the section of the subbundle Ej.
(The coordinates in question correspond to the basis (s1, s2) of the global holomorphic sections of the
bundle Ey; in this basis, the matrix differential 1-form of the connection coincides with the 1-form of the
coefficients of the system.) Then the coordinates of these sections in the basis (s}, s5) = (s1, s2)C ™1,
where s} is the section of the subbundle E{, constitute the fundamental matrix Y’ (z) = CY (2) of upper—
triangular form. Therefore, all matrix residues B = CBYC~1 of the corresponding Fuchsian system are
upper-triangular.

Let us now show that if all matrices B;(a) = CB;(a)C~! are upper-triangular for a = a°, then they
are upper-triangular for any value of the parameter a.

The set {Bi(a),..., Bnya(a)} is a solution of the Schlesinger equation, and all matrices B;(a®) are
upper-triangular, i.e., the lower left elements b (a) of all matrices B;(a) vanish for a = a°. Using the
Schlesinger equation, we obtain

n+2 711721 _ 711721
b by — b b;
it =2 Y L1 d(a; —ay)
J=1,j#i 4
(recall that the traces of all matrices Bi(a) are zero); therefore, the partial derivatives of the functions 531
are of the form

8’52 n+2
56;1 —azbm—l— Z ozzjb21 i=1,...,n,
J=1,j#i
8()221 b21—|—ﬁ b21 =1 +2 i1 #
Oa] —Qj i 1=1,...,n , Jjg=1,...,n, JF#1i,

where o, ayj, B;; are holomorphic functions in D(a®). Thus, the partial derivatives of any order m
of each function b?! are expressed linearly (with holomorphic coefﬁcients) in terms of the derivatives
of lower order of the functions b?',... b2 ,. But since b3!(a®) = --- = b2 ,(a®) = 0, it Tollows that
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the partial derivatives of any order of all functions 5221 vanish for @ = a°. Therefore, these functions are
identically zero.

Thus, there exists a matrix C' = (¢;;) € GL(2, C) such that

1 ~
—gi0; b2(a)
bll b12 EZ 1 7
ol (a) b%(a)) _ |2 C, i=1,....n+2 (19)
b (a) b2(a) (——
2
1 1
5(900 +1) 0 —eoo(loo + 1) *
o _ |2 ) C. (20)
0 _%(900_1_1) 0 _§Eoo(eoo+1)

If eoo = 1, then it follows from relation (20) (by comparing the lower leit elements) that co; = 0, i.e.,
the matrix C'is upper-triangular. Therefore, all matrices B;(a) = C‘léi(a)C are upper-triangular.

If e = —1, then it follows from relation (20) (by comparing the lower right elements) that ca2 = 0.
But, in this case, it follows from (19) (by comparing the lower right elements) that all b}2(a) are zero,

i.e., all matrices B;(a) are lower-triangular. This contradicts the fact that the original family (6) is
constructed from the solution of the Garnier system and the function

n+2 12@
() (2= ) Y D

Z— @
i=1 v

is a polynomial of degree n in z (see (7)). O

Proposition | and Lemma 2 imply the following statement.

Proposition 2. /f (u(a),v(a)) is the solution of the Garnier system (3), whose linear monodromy
is reducible, the corresponding sum (18) is zero, and 0, # 0, then the polar sets of the functions
F; = oi(uy,...,uy,) are analytic submanifolds and (F;)eo = —1.

Proof. By Lemma 2, the matrix residues B;(a) of the Schlesinger isomonodromic family (6) corre-
sponding to the solution (u(a),v(a)) are of the form

1
5 Eiei bilz(a)

Bi(a) = ) , 1=1,....,n+2,
0 _552'92'
1
Boo = X
——(f + 1
0 2(9 +1)

(s = 1). Therefore, by Theorem 2, the pair (u(a),0) is a solution of the Garnier system %, (0) with
parameters

(51, e ,§n+2, goo) = (—6191, ey _5n+29n+27 900),

satisfying the following relation from Proposition 1:

n+2 _ n+2 _
Zei—lz—z&'@i—lz(900—1—1)—1:900.
i=1 i=1

Hence Proposition 1 can be applied to the functions F; = o;(uy, ..., uy). O
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818 GONTSOV

Thus, if the parameters of the Garnier system ¢, () are such that the sum (18) is not an even integer
under any choice of the numbers e, € {1, —1}, then the linear monodromy of any solution of this system
is irreducible and Theorem 3 is applicable. But if, under some choice of the numbers ¢ € {1, —1},
the sum (18) is an even integer, then the system may have solutions with reducible linear monodromy.
Further, if the sum (18) corresponding to a subrepresentation of the monodromy is zero, then we can
apply Proposition 2 to the corresponding solution.
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