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The method of trajectory attractors (see [ 1—6]) makes
it possible to effectively study the limit behavior of solu-
tions to partial differential equations for which the theory
of global attractors (see [7, 8]) is not directly applicable,
for example, due to nonunique solvability of the corre-
sponding Cauchy problem. In the present paper, we con-
struct the trajectory attractor for a nonautonomous reac-
tion-diffusion system where one equation has a time-
dependent diffusion coefficient that tends to zero as
t— +oo. In [9, 10], an analogous problem has been
studied for autonomous reaction-diffusion systems
having one time-independent diffusion coefficient that
approaches zero as a parameter of the problem.

1. REACTION-DIFFUSION SYSTEM
WITH A DIFFUSION COEFFICIENT &(7)
THAT APPROACHES ZERO AS t —» +©

In a bounded domain QQ € [R?, we consider the fol-
lowing nonautonomous reaction-diffusion system:

Ou = Au—f(u, v) +g(x), (1)

0,v = 0(H)Av—h(u, v)+ g,(x), 2)

where u =u(x, 1), v= v(x, 1), x € Q, t>0. The Laplace
operator A acts in the x-variable of the domain €. At

the boundary 0Q2, we set the homogeneous Dirichlet
conditions
Ulpo =0, Vg = 0. 3)
In Eq. (2), the diffusion coefficient 6 depends on time 7.
We assume that 6(-) L:C (R,), 8(r) =0 forz>0, and
t+1

J.S(s)ds—>0 as t— +oo. 4

t
The nonlinear functions £, 4: R? - R are continu-
ous and satisfy the following inequalities:
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cs,(|u|pl + |v|p2) —c<flu, V)u+h(u, v)v
<C(lul" + 4" + 1), (3)

-1 -1
lf(u, V)|p1/(m )+ |h(u, V)|ﬁz/(nz )

<C(lu" +1+ 1), Vu,veR (6)
for some positive constants G, ¢, C, and p,, p, > 2. We

also assume that # € C'(R?), A(0, 0) = 0, and the fol-
lowing inequalities hold:

0<o, <P vy, |2 <D, Vu veR. ?)
ov ou

The positive quantities 6, and o, in (5) and (7)
reflect the dissipation of the system (1)—(2). We set
¢ :=min{c,, G,}.

Note that we do not assume that the nonlinear
function fin Eq. (1) is differentiable and so the Cauchy
problem for system (1)—(3) can have more than one
solution in the corresponding function space.

The functions g,(x) and g,(x) in Egs. (1) and (2)
belong to the spaces

g e Ly(Q), & e HyQ).
An example of system (1), (2) is a nonautonomous
analog of the FitzHugh—Nagumo system:
ou =Au—u(u-B)(u-1)-v,
o,v = d(H)Av+ou—yv,
where f(u, v) = u(u — B)(u — 1) + v, h(u, v) =yv—
ou, and o, B, vy > 0. For this example, c = min{1, y},
D= 4ap2 = 23 andgl = Oa &= 0 (See [79 113 12])
For simplicity of notations, we set H := L,(Q), V:=
H(l) (Q) and denote the norms in these spaces: ||u|| :=
llell s leally 2= leal]y-
For arbitrary functions u(:) € Lp] 0, M, L,,] Q)
and v(') € Lp2 0, M, Lp2 (©2)), it follows from (6) that

Sfu,v)ye L, (0, M; L, (Q))and h(u, v) € L, (0, M;
DPi
L, (€Q)), where g; = 7

i

,i=1,2,and
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q >
IACu, V)“LLI(O,M; L) + |2 (u, V)“qu(o, ML)

P P
< CI(”u”Llpl(O, ML) + ||V||L2,,2(o, ML) +1).

Definition 1. A pair of functions (u(x, f), v(x, 7)),
x € Q, >0, is called a weak solution to system (1)—(3)
if for every M > 0,

uel,(0,M;L,(Q))N L0, M; V),
vel,(0,M;L, ()N Ly, 0, M; V),
and the functions u(x, ) and v(x, ) satisfy Egs. (1) and
(2) in the sense of distributions with values in the
spaces H ' (Q) and H *(Q), respectively, where r; =

max{l, 3(% _ 1)} i=1,2 (see [1, 8, 13]). The
exponents 7; are chosen such that Egs. (1), (2) and the
Sobolev embedding theorem implies

du() e L, (0, M; H'(Q)),

0,v() € L, (0, M; H ().
If (u(-), v(+)) is a weak solution to (1), (2), then it
follows from these equations that
u(*) € L,(0, M; H), v(*)e L,(0,M; H).
In addition, using the Lions—Magenes lemma (see
[14]), we obtain
u(-) € C,([0, M]; H),

v(-) e C,([0, M]; H), VYM>QO0.
Consequently, for every ¢ > 0, the values of functions
u(-, f) and v(-, 1) are well defined as elements of the
space H, and, in particular, the following initial condi-
tions make sense:

Ulog=uge H, v|,_y=vyeH. (3)

In [1], we proved that for any weak solution (u(+), v(-))

to system (1), (2), the functions u(-) and v(-) belong to

C(R,; H), while the function ||u(?)|]> + ||v(?)||? is abso-

lutely continuous for ¢ > 0 and satisfies the energy
identity

L4 u@)? + 1vol?} + IVu))? + 5|V (o))

2dt
+ If(u(x, 1), v(x, 1))u(x, f)dx
Q

+ Ih(u(x, 1), v(x, 1)) v(x, f)dx
Q
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((x, 1), 2(x, 1)), x € Q, 120
ye LR, Hyn LR V) 0 LY(R,; L, (Q)),
ze Ly (R MLy (R, L, (Q),

Oy € LRy H'(Q), 0z e LR, H ()

= [tgi)utx 0 + &) vix, ) dr.

Q

Formally, to obtain this identity, we multiply Eq. (1) by
u(x, f) and Eq. (2) by v(x, 7). Then we integrate over
x € Q and sum the results.

Proposition 1. For any weak solution (u(-), v(-)) to
the system (1), (2) with initial data (8), the following ine-
qualities hold

lu)l* + v + 2 j(llu(s)llf +3(s) | v(s)I e ds
0

< (Juo|® + [ vo] He ™™ + R, 9)

t+1

2 [ @l + 3 vis)lds

t+1

+o [ (), +1vs)IL )ds

§(||u0||2+ ||v0||2)e_°t+R§, Vt>0; (10)
the quantities R, and R, depend on o, ||g||, and ||g,||.

We now assume that
(11)

Under this assumption, the existence of a weak solu-
tion to the problem (1)—(3), (8) is established using
the Galerkin method.

V.o = voe V.

Proposition 2. Under assumptions (11), the prob-
lem (1)—(3), (8) has a weak solution (u(-), v(-)) such
that v(*) € L,(R,; V), and the following inequality
holds:

2
T (12)

(D)} < || vl

+ Cy(||uo|” + vl e + R
YVt=>0,
Wl’le"e R= R(Ga D7 ||g2||> R1)7 C2 = CZ(Ga D)

The Lions—Magenes lemma implies that v(-)
C,(R,; V);i.e., the values v(:, f) € V are well-defined
forall 7> 0.

We now define a linear space @lfc . By definition,

(13)

q
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We consider the linear subspace %, = % of func-
tions (y, z) with a finite norm:

I, Z)”gi = ||y||Lm(R+;H) + ”J/”Lzz:(&; nt ”y”Lﬁ,(R# L)

B0 oy i

9
+lod

L"Z(R*; Hirz) .

Recall that the norm in the space Lf,’ (R,; X) is defined

t+1

= sup J.Ily(s)ll’)’(ds. The
t

(14)

by the formula ||y||Lb(R -
P >0

space %’i with norm (14) is a Banach space.

We now define the space ?{i (N) of weak solutions
(trajectories) to system (1), (2) with diffusion coeffi-
cient 5, which depends on N> 0.

Definition 2. The space 57{21 (N) consists of func-

tions (u(*), v(*)) € @lfc such that (1) the pair (u(?),

v(f)), t>01is a weak solution to (1), (2); (2) the function
v(-) satisfies the inequality

lv(0)} < Ne ™ + R, V=0,
with ¢ and R from (12).

The space f]fi (N) is nonempty. Indeed, we take a
weak solution to (1), (2) with initial data u, € H and
v, € V, which was constructed in Proposition 2. If the

15)

norms |[uq|], [|voll; satisty inequality |vo|} + Co(ljug? +
lvoll) £ N, then, due to (12), this weak solution
belongs to 57{8+ (N).

Consider the family of the translation operators

T(t), T 2 0 acting on the space @'fc by the formula
T()(0), (1) = (Wt +71),2(t+71)), 120. (16)
Proposition 3. The space of trajectories f7{i (N) lies

in 97{1 , and the following inequality holds:

17w gy < CluOI + Me™ + K5,
V1 20.

2. THE LIMIT REACTION-DIFFUSION
SYSTEM WITH ZERO DIFFUSION
COEFFICIENT AND ITS TRAJECTORY
ATTRACTOR

Consider the system that is “limit” with respect
to (1), (2) as the diffusion coefficient 6 =0:

atl’l = Au—f(u’ V)+g|(X),
0,v = —h(u, v)+ g,(x).

(18)
(19)

This system is autonomous. At the boundary 0Q2, we

set the conditions
Ulpg = 0,

(20)

By a weak solution to (18)—(20), we mean a pair of
functions (u(x, 1), v(x, 1)),

u(*) € L"(R; L, (Q) N Ly (R, V),

Voo = 0.

loc loc
v(-) e (R, L, () N LY (R, V),
that satisfy Egs. (18), (19) in the sense of the theory of
distributions with values in the spaces H" (©2) and

H" (€2), respectively, (the exponents r; and r, have

been defined in 1). For = 0, we set the initial condi-
tions

21

Propositions 1 and 2 are applicable to the system
(18), (19) since it is a particular case of system (1), (2)
for 6 = 0. Therefore, the reduced inequalities (9), (10)
are valid, where we remove terms containing the func-
tion &(s). In addition, Cauchy problem (18)—(21) has
a weak solution (u, v) that satisfies (15). From
Egs. (18), (19) we obtain

ou(-) € L, (0, M; H"'(Q)),
o,v(") € L, (0, M; L,(Q)).

l,_o=uyeH, v|_,=vyel.

Note that L, Q) c H" (Q2) and, therefore, the con-

loc

structed weak solutions belong to the space %
(see (13)).

Similarly to the space ?{i (N), we define the space

of trajectories '57{3 (N) for system (18), (19), which
consists of its weak solutions (u(-), v(*)) such that the
function v(*) satisfies inequality (15). As it was noticed

before, the space ﬂ{i (N) is nonempty and Proposition 3

holds: namely, ‘57{3 (N) belongs to @i , and inequal-
ity (17) is true.

We now construct the trajectory attractor for sys-
tem (18), (19).

In the space 9?1fc (see (13)), we consider the fol-

lowing topology, which we define in terms of the weak
convergence of the corresponding sequences from

loc

%. . By definition, the sequence of functions {(y,,(*),

loc

Z,(N} < @fc converges as m — o to (y(*), z2(*)) € F.;

in the topology ©' if, for each M > 0, the following
convergences hold as m — oo:

M) y,,() — y(-) weak-x in L (0, M; H), weakly in
L,(0, M; V), and weakly in L, (0, M; L, (Q));
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) z,(-) — z(-) weak-+ in L_(0, M; V) and weakly
inL, (0, M; L, ());

(3) 0yw() — 0,() weakly in L, (0, M; H ™" (-));
(4) 0,2,() — 8,2(-) weakly in L, (0, M; H " (")).

Note that the space @fe equipped with topology

@lfc is a linear Hausdorff space. In addition, this space

is a Frechét—Urysohn space with a countable topology
base (see, for example, [1]).
Remark 1. Any ball of radius r

B, = {10, I <7}

loc

in the space @i is a compact set in the topology ©, .

The set 9B, itself equipped with topology ®1fc isacom-
pact metric space (see, for example, [15]).
Consider the translation operators 7(t), T > 0, act-

ing on @fc by the formula (16). These operators form

loc

a semigroup {7(1)} := {7T(1), 1> 0} on & called the
translation semigroup. Note that {7(t)} takes the space
of trajectories 57{3 (N) to itself, since the system (18),
(19) is autonomous; that is,

T(t): K2 (N) > K (N), V1>0.

To construct the trajectory attractor, the key step is
the following result proved in [10].

Proposition 4. The space 3 3 (N) is closed in ®'fc for
every N> 0.

Recall that the set P 57{3 (N) is called absorbing
for the semigroup {7(t)} if, for every set B = I (N)
bounded in @ﬁ , there is t; = 1,(B) 2 0 such that T(t) B
Pforallt>1,. Theset P 57{(1 (N) is called attracting
for the semigroup {7(7)} in the topology (leC if every

neighbourhood O(P) of the set P in the topology ®1fc
is an absorbing set.
We now define the trajectory attractor for the sem-

igroup {7(7) } |%0+(N) .

Definition 3. The set 2 < %" (V) is called the fra-
Jjectory attractor for the semigroup {7(t)} on J 0+ (N) if
 is bounded in the norm 9?[; , compact in the topol-
ogy ®1f° , strictly invariant with respect to {7(t)},
T(t)A =2, forall V1 >0, and 2 is an attracting set for
{T(t)} on ¥ (N) in the topology ©' .

We briefly describe the construction of the trajectory
attractor. It follows from inequality (17) that the set

DOKLADY MATHEMATICS Vol. 81 No.2 2010

199

Py = {(u, v) € KW (w50 < 2R§}

is an absorbing set for the semigroup {7(t)} on 57{3 (N)
and, in addition, 7(t)P, < P, for all T > 0. As it was

noticed before, the set P, with topology ®lf° , being a

ball in Q?i , is a compact metric space. It is easy to ver-
ify that the semigroup {7(t)} is continuous in the

topology (H)lfc. Consequently, we have a continuous

semigroup {7(t)} acting on a compact metric space P,,.
Then the general theorem on the existence of a global
attractor is applicable (see, e.g., [7, 8]). The global

attractor 2 < P of the semigroup {71 (™)} P, is con-
structed by the formula

A = Q)[eki T(G)POLLW

The set 2 is clearly bounded in @i , compact in ®lf° ,

strictly invariant, that is, 7(t)2l = 2 for all T > 0, and

it follows easily that 2 attracts any bounded in @i set
0 . loc .
B < ¥ (N) in the topology @.°. Therefore, 2 is the

trajectory attractor of {7(t)} on ‘57{3 (N).
Proposition 5. The trajectory attractor A = A(N)

constructed above in the space K 3 (N) is independent of
N. In particular, U = (0); that is,

sup{llv(n)li| 120} <R’, V(u, v)e .

3. CONVERGENCE OF SOLUTIONS
OF THE ORIGINAL REACTION-DIFFUSION
SYSTEM (1), (2) TO THE TRAJECTORY
ATTRACTOR 2 OF THE LIMIT
SYSTEM (18), (19).

We now formulate the main theorem of the paper.
Theorem 1. For any N> 0 and for every set of trajec-

tories B = {(u(?), v(1))} fﬁfi (V) of the nonautonomous

system (1), (2), which is bounded in the space OJ{, the
Jfamily of translations T(t) B = {(u(t + 1), v(t + 1))} con-
verges in the topology @'fc as T — + to the trajectory

attractor 2 of the limit autonomous system (18), (19):
T(t)B— A(t > +x) in O,

In conclusion, we summarize the main result of the
paper: the nonautonomous reaction-diffusion system
(1), (2) with the diffusion coefficient d(7) that vanishes
as  — +oo (in the sense (4)) has a trajectory attractor
that coincides with the trajectory attractor 2l of the
corresponding limit autonomous reaction-diffusion
system (18), (19) with zero diffusion coefficient, 6 = 0.
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