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Abstract. The close connection is established between the DCP theory and
the absolute stability theory of collections of matrices. The stability methods
are implemented to obtain some new results in DCP theory.

Introduction

The Dynamic Complementarity Problem (DCP) is a dynamic version of the
Linear Complementarity Problem (LCP), see [6]. The formulation of DCP
is due to Harrison and Reiman [8]. DCP arose as a unifying framework for
fluid and diffusion approximations of stochastic flow networks. Such networks
encompass open queueing networks, closed queueing networks, finite-buffer
networks, assembly networks, dynamic stochastic Leontief systems, and net-
works with heterogenous population (see [5,14] for the bibliography).

One of the main mathematical problems in DCP theory is to derive neces-
sary and sufficient conditions for the uniqueness of a solution (such conditions
for the existense of solutions are quite well developed). To this end we should
implement here a new technique developed in recent years, namely, the so
called desynchronization theory, or more specifically, the theory of absolute
stability of the matrix collections (see [1,2,9]).

We derive some new results in DCP theory by means of this techniques
and also give some reasonable conjectures (still unproved) that there can be
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no “well-formulated” necessary and sufficient conditions for the uniqueness
of the DCP solution.



In this paper we consider a DCP on the positive orthant in RY. This
is a convenient model case demonstrating the main features of the problem.
More general situations (polyhedrons, general convex sets, etc.) can be of-
ten reduced to this one. When this is not the case, we can, nevertheless,
sometimes prove the counterparts of the results introduced here.

1 Dynamic complementarity problem

Denote by RY a N-dimensional euclidean space with a scalar product (-, )
and let ]Rf be the non-negative orthant of RY .

Denote by D the space of N-dimensional functions on [0,00) that are
right continuous on [0, co0) with finite left limits on (0, c0). We distinguish in
DY the following subsets:

DY = {x € DV : 2(0) > 0};
DY ={x e D" :x(t) >0 for all t > 0};
DY = {z € DV : 2(0) = 0, x(t) is nondecreasing in t > 0}.

For any x € D", we shall denote by x~(¢) the left limit of the function x at
the point ¢.
Introduce a notion of continuous dynamic complementarity problem (DCP).

Definition 1.1. Let x = {z(t),t > 0} be a function in DV. Assume that
x(0) > 0. The DCP with matriz R is the following:
given x(t), find functions y(t) and z(t) such that

z = x+ Ry,

z € DY (nonnegativity)

y € DY (monotonicity)
(1) (z',dy) = 0 (complementarity).

Here 2 is the derivative of z in t and (1) is an abbreviation of

N 00
Z/ Zjdyj = O,
j=1 "0

where the summands are Lebesque-Stieltjes integrals of components of z with
respect to components of y (Rieman-Stieltjes integral are not appropriate here
because y and z are allowed to have common points t > 0 of discontinuity).
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A square matrix R is called a S-matrix if there exists a vector 7 > 0 such
that Rn > 0; R is completely-S if all its principle submatrices are S-matrices.
Finally, R is a P-matriz if all its principal minors are strictly positive.

Lemma 1.2 (see [7]). Matriz R is not a P-matriz if and only if there exists
a non-zero v € RY such that (Rz);z; <0,1<i< N.

Introduce next two fundumental results in DCP theory (see [14] for the

bibliography).

Theorem 1.3. The continuous DCP has a solution for all x € DY if and
only if the matriz R is completely-S.

Theorem 1.4. The continuous DCP has a unique solution for all piecewise-
constant x € DY if and only if R is a P-matriz.

Uniqueness of a solution of DCP fails to hold for some general z € DY,
even with R being a P-matrix. For example, the DCP with the P-matrix

1 =2
(i)
has multiple solutions [14].
An implicit characterization of the matrices R for which the DCP has a
unique solution, for all z € DY, is given by the following

Theorem 1.5 (see [14]). The continuous DCP has a unique solution for all
x € DY if and only if the system of differential inequalities

(2) (RU)]dU] SO, jzl,...,N7
subject to
(3) u € DY is locally of bounded variation with u(0) = 0,

has the unique solution u = 0.

In full detail, (2) stands for
@) /(Ru)jdujgo, WBEB, j—1,....N,
B

where the integrals are Lebesgue-Stieltjes integrals, and B is the Borel o-field
in RL.
+



2 Absolute stability theory

We shall consider here the finite collections of N x N-matrices with real en-
tries. Our aim in the present section is to give an outline of a small part
of the so called desynchronization theory developed in recent years (see, for
example, [9]).

Definition 2.1. Let us call the collection { Ay, ..., Ay} of real N x N -matrices
absolutely stable if there exists a M > 0 such that

|Ai, .. A || <M

foranym >0 and 1 <i; <k, j=1,...,m. (here | -| is some matriz
norm).

We should also say in this case that the difference equation
(5) z(n+1) = A(n)x(n)

15 absolutely stable for the class of matrices
A: {Al,AQ,...,Ak}

The meaning of the above definition is the following. Suppose we deal
with a discrete-time dynamical system in RY, governed by the collection
of matrices A = {4, As,..., Ax} as in (5) and the order of appearance
of elements from A in (5) is undetermined. The absolute stability of this
collection means that the state of such a system is guaranteed to stay in
some bounded set whenever z(0) is contained in S(1) (the zero-centered ball
of radius 1).

In the theory of desynchronized systems some more restrictive cases are
considered. For instance, the sequence of matrices A(n) in (5) may be allowed
to be only quasi-periodic, etc.

Lemma 2.2. The absolute stability of the collection A = {Ay,..., A} is
equivalent to the existence of a norm || - ||, in RY such that ||Aix|le < ||7|a
for any x € RN and 1 <i <k.

Proof. Given an arbitrary matrix norm ||-|| and an absolutely stable collection

A we may construct a “canonical” norm || - ||, as follows:
(6) |z]|le =sup  sup |4 ... A,
1<m 0<i1evnyin <
where Ag = I. We shall assume further that the norm || - ||, is always of the
form (6) and call it an a-norm produced by the collection .A. O
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Closely related results can be found in [3,4].
Next we shall need some technical definitions.

Definition 2.3. Let R = {r;;} be a NxN-matriz with nonzero diagonal ele-
ments. Consider the N x N-matriz R with entries Tij = 1ij/rii. We shall call
this matriz a row normalization of the matrixz R. Introduce a K-normalization
of R as A=1— R, where I is the identity N x N-matriz.

Clearly, a; = 0 for each i = 1,..., V.

Definition 2.4. Let A = {a;;} be a NxN-matriz. Consider the collection
of N matrices A; of the following form.:

We call this collection a row-decomposition of matrixz A.

Definition 2.5. We shall call the collection A = {Ay,..., An} from above
definition a projection decomposition of matrix R if A is the K-normalization

of R.

Definition 2.6. A NxN-matriz R = {r;;} is called K-stable if its diagonal
elements are strictly positive and its projection decomposition is absolutely
stable (see Definition 2.1).

The projection decomposition of matrix R is the collection of matrices
A; of the oblique projection mappings onto the planes L; = {x : (Rz); =0}
along i-th coordinate vector e;. The interpretation of the K-stability of the
matrix R with strictly positive diagonal elements is the following. Consider
the system of N oblique projection operators A; determined by R as was
specified above. We call a sequence of N-vectors z¥, k = 0,1,..., a path
of this system if 2! = Ai(k)xk, 0 <i(k) < N for any k > 0. Matrix R is
K-stable if and only if all the paths starting from the unit zero-centered ball
(lzo|l < 1) are uniformly bounded.

Define finally an auxiliary norm in RY (we shall need it in the next
section).



Definition 2.7. Let R be a K-stable matriz. Denote by || - ||gr the a-norm
produced by the collection A = {Ay,..., Ax}, where A is the projection de-
composition of R.

3 Sufficient conditions for the uniqueness

The aim of this and the next sections is to establish the equivalence of the
uniqueness criterion (Theorem 1.5) to the new criterion formulated in terms
of the absolute stability of some collection of matrices.

Lemma 3.1. Consider a K -stable NxN-matriz R, a vector x € RY and an
index i, 1 <i < N, such that (Rx); # 0. Then for any y = x + [e; such that
(Ry);(Rz); > 0, the following inequality holds:

(lyllr = l=llr)(Rx)if = 0.

In other words, if the points x and y lie to one side of the plane L; = {x €
RY : (Rz); = 0} and differ only in i-th coordinate, then that one of these
points has lesser norm || - ||r which lies closer to L;.

Proof. Let A = {A;,...,A,} bethe projection decomposition of R. Consider
first the point z = A;x, the oblique projection of x on L; along e;. By
definition, (Rz); = 0 and, clearly, ||z||g < ||z||r (this follows immediately
from the definition of |- ||g). Furthermore, z = A,y, hence ||z||g < ||y||r- The
convex function ||-|| g considered on the line x+ae; attains its minimum at the
point z. Since z and y lie to one side from z on this line, then ||z —z|| < ||[y—z]|
implies ||z||r < ||y||r and |z — z| > |y — 2| implies ||z||r > ||y||r- If the values
(Rx); and f8 are of the same sign, then ||z — z|| < ||y — z|| which finishes the
proof. O]

Theorem 3.2. If R is a K-stable matriz without singular principal subma-
trices, then R is a P-matrix.

Proof. Suppose the contrary. Without loss of generality we can assume that
det(R') < 0 for some submatrix

R' = {rijh<ijx}, <N

Then matrix R has a real negative eigenvalue and a real eigenvector belonging
to it, i.e. there exist ay € RN, y #0, y; =0fori =1+1,...,N, and a
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a > 0 such that R'y = —ay. Denote by J the set of all indices ¢ such that
lyil # 0. Due to Lemma 3.1 the norm || - ||z does not increase along any
direction y;e;, ¢ € J in some neighbourhood of y. Hence there exists a § > 0
such that for any z from this neighbourhood and any 7, 1 < i < N, the norm
| - ||z of the vector z* = (21,...,(1+ B)z;,...,2n) is less or equal to ||z]|r.
Thus

ly + Byl < llyllz,
and that implies ||y||r = 0. O

Lemma 3.3. For any P-matriz R, there exists a 0 > 0 such that, for any
r € RY, ||z|| = 1, the inequalities

hold for some i, 1 <i < N.

Proof. Suppose the contrary. We can choose a sequence of vectors 7, 1 <
J < oo, ||#7]] =1, such that

lim |27 — 2*|| =0 for some z*, ||z*|| = 1.
J—oo

and for any i the following condition is fulfilled: if z/(Rz?); > 0 then

2| < ajor |Re?|; < a; for a; >0, lima;=0.

li
j—o0
Thus for z* the situation z}(Rx*); > 0 is impossible, hence

z;(Rz*); >0, 1<i<N and z*#0.

Applying Lemma 1.2 we show that R is not a P-matrix. The contradiction
proves the lemma. O

Remark 3.4. We can deduce from the above lemma the existense of a € > 0
with the following property: for any v € RN, ||z|| = 1, an index i can be
chosen such that |z;| > €, z;(Rx); > 0 and for any y under restriction
llx — y|| <, the inequality

yi(Ry)i > 0

holds.



Definition 3.5. Call an ordered pair (z,y) of vectors M-admissible if
(Rz)i(yi —x;) >0, 1<i<N,
and K-admissible if y differs from x at most in one coordinate and
(Ry)i(ys —x:) >0 and  ry(Rr)i(y; — 2;) > 0
for1 <i<N.

Remark 3.6. The interpretation of M-admissibility is the following. Con-
sider a solution u(t) of (2), (3) in the statement of Theorem 1.5. If, say, the
function w jumps at moment t, then the pair (u(t),u=(t)) is M-admissible.
Also if u has a derivative u'(t) at the point t then the pair (u(t), u(t) —au'(t))
15 also M-admissible for any a > 0. We shall use this interpretation in the
proof of Theorem 3.10.

Lemma 3.7. For any K-admissible pair (z,y) the inequality

[zl < llyllz

holds.
This statement follows directly from Lemma 3.1.

Lemma 3.8. Let R be a K-stable P-matriz. Then we can choose a o > 0
such that for any M-admissible pair (z,y) there exists a 2 € RN such that
the pair (x,z) is M -admissible, the pair (z,y) is K-admissible and

(7) [z — 2] < (1 =)z = yl|

Proof. Due to Remark 3.4 there exist a € = ¢(R) > 0 and an index ¢ such
that

|y — il > ¢/lly — ||
and for any p satisfying ||p — (x —y)|| < €/||y — z|| the inequality z;(Az); >0
also holds. Due to the M-admissibility of (z,y) we get (Rz); > 0. Suppose

without loss of generality that both y; — x; and R(y — x); are positive. We
can now put z =y — €e; /||y — z|| and the lemma is proved. O

Lemma 3.9. If matriz R is an absolutely stable P-matriz and the pair (z,y)
is M-admissible, then ||z||r < ||y||&-



Proof. We can easily prove this lemma by infinitely repeating the process of
vector z choice from Lemma 3.8 and taking it as y on the next step. At each
step of this process the distance ||y — || is multiplied by the coefficient which
does not exceed (1 —a) < 1 and the value ||y||z does not increase. Passing
to the limit we get the required inequality. O]

Theorem 3.10. Let R be a K-stable P-matriz. Then the norm || - |r does
not increase along any path u(t) which satisfy conditions (2) and (3).

Proof. For any discontinuity point ¢* of u(t) we can build a linear ”bridge”
between left and right limits v~ (¢t*) and w(t*) of w(t) at this point, along
which the norm || - ||z does not increase due to Lemma 3.9 and Remark 3.6;
thus we may suppose u(t) to be continuous. Moreover, it may be supposed
absolutely continuous because we can use an isometric parametrization

7(t) = var(u(-);0,1)

and consider 7 as a new time (u as a function of 7 is even Lipschitz continuous
with constant 1). Hence ||u(t)| g is also absolutely continuous function. Its
derivative exists a.e. and equals to minus directional derivative of || - || g along
the vector —u/(t) and this one is nonpositive also due to Lemma 3.9 and the
same remark. O

Theorem 3.11. The K-stability of the matrix R without singular principal
submatrices is sufficient for the uniqueness of a continuous DCP solution.

This theorem easily follows from Theorems 3.2 and 3.10. In the next
section the reverse statement is proved.

4 Necessary conditions for the uniqueness

Definition 4.1. Matrix R is called irreducible if it cannot be presented as
a block-triangular matriz by some replacement of its rows and corresponding
columns.

The irreducibility of matrix R is equivalent to the nonexistence of non-
trivial invariant subspace for this matrix which is simultaneously a linear hull
of some subset of basis vectors e;, i = 1,2,..., N.



Theorem 4.2 (reduction principle). Let R be a reducible matriz, i.e. it can
be presented as

o - (15)

by some replacement of rows and corresponding columns. Then DCP with
matrix R has a unique solution if and only if DCP’s with matrices B and D
are uniquely solvable.

Proof. Due to Theorem 1.5 the DCP has multiple solutions if and only if a
nonzero function x(¢t) € RY(t > 0, x(0) = 0) of bounded variation can be
found such that

9) (Rx(t)); (dz(t)); <0 (i=1,2,...,N);

Let us show first that the uniqueness of DCP solution with matrices B
and D implies the uniqueness of DCP solution with matrix R. We must
demonstrate that if the DCP with R has multiple solutions, then at least
one of the DCP’s with matrices B or D also has multiple solutions. Let
the DCP for matrix R have multiple solutions. Then a nonzero function
x(t) of bounded variation can be found such that (9) holds. Denote by K
the order of matrix B (then the order of D is L = N — K); by definition,
0 < K, L < N. Next denote by y(t) a vector-function with values in R¥
such that its coordinates coincide with the first K coordinates of the function
z(t). Let also z(t) be the RE-valued function with the same coordinates as
the last L coordinates of the function z(t). The functions y(¢) and z(¢) are
uniquely determined for ¢ > 0 and are of bounded variation. Furthermore,
the relations

(2(0)i = (&()ivre,  (d2(D))i = (dx(t))irr, (D2(1))i = (R (t))irx

hold for 1 < i < L and hence relations (9) with matrix D hold for z(¢). Due
to (9) the DCP for matrix D has multiple solutions provided z(t) is nonzero.
Hence we must only consider the case z(t) = 0 for all £ > 0. In this case the
function y(¢) is not identically zero and satisfies the following conditions:

(y(@)i = (@@)ivre,  (dy(®)): = ([dx(®))irx,  (By(t))i = (Re(t))isx,

for 1 < i < L. Thus for the function y(t) the relations (9) hold with the
matrix B instead of R and hence the DCP with matrix B has multiple
solutions.
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We have proved the first part of Theorem 4.2. Let us show next that the
uniqueness of the DCP solution with the matrix R implies the uniqueness of
the DCP solutions with the matrices B and D. Suppose the contrary. Then
there exist functions y(t) € RX and z(t) € RY of bounded variation such
that (9) holds with the matrices B and D correspondingly and at least one
of these functions is not identically zero for ¢ > 0. Denote

v () = L)1, ()2, -, (W), 0,...,0} € RY,
2(1) = {0, 0, ()1, (2(E))as - .., (2(1)) 1} € RY.

For the functions y.(t) and z.(t) of bounded variation the conditions (9) hold
with the matrix R and at least one of these functions is not identically zero.
Hence the DCP with matrix R has multiple solutions. O]

Definition 4.3. Let A = {Ay, As, ..., A} be a finite collection of real-valued
N xN-matrices. We say that this collection is quasi-controllable if there is
no nontrivial proper subspace of RN invariant for each matriz from A. We
denote by A,, (m =1,2,...) the set of all finite products of matrices of the
set AU{I} comprizing at most m multipliers. The set A,,(x) is the set of
all vectors Lz, L € A,,.

Denote by co(W), absco(W) and span(W), correspondingly, the convex
hull, the absolute convex hull, and the linear hull of the vector set W C R¥.
Recall that the set W is absolutely conver if it is convex and together with
any point x it contains also the point —z. Absolute convex hull of W is the
intersection of all absolutely convex sets containing W. Let || - || be a norm
in RY and let S(t) be the zero-centered ball of the radius ¢ in this norm.

Lemma 4.4. Letp > N—1. The collection of matrices A is quasi-controllable
if and only if for any nonzero x € RN the relation

span{ A, (z)} = BV
holds.
Proof. Let the collection A be quasi-controllable. Take an arbitrary nonzero
r € RY and let Ly = span{z}, L, = span{Ax(x)} (k > 1). Then the

relations

(10) LyCL C---CL,CRY
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hold and hence

(11) 1 <dimL; < dimL; <--- <dimL, < N,
is also fullfilled. Furtheremore,

(12) AL;CLiyy (AeA 0<j<p-1).

If dimL, = N, then L, = span{A,(z)} = R". If, in contrary, dimL, <
N, then owing to (11) and the inequality p > N —1 one has dimL; = dimZL;
for some j € [0,p — 1]. Then by virtue of (10) we get L; = L;;; and (12)
implies that L; is a nontrivial subspace, invariant for any matrix from A.
The quasi-controllability of A implies now that this subspace is RY itself.
Hence

Lij=1L;, ==L, =span{A(r)} = R".

Suppose next span{A,(z)} = RY but the collection A is not quasi-
controllable. Then there exists a A-invariant nontrivial subspace L of RV .
In this case, for any vector x € L, the inclusion span{A(z)} C L holds and
hence span{A(z)} # RY. The contradiction proves the quasi-controllability
of the collection A. O

Definition 4.5. The value

qem(A) = inf  sup{t: S(t) C absco[An_1(z)]}

z€RN ||z||=1
is called a quasi-controllability measure of the collection of matrices A.

Lemma 4.6. The collection of matrices A is quasi-controllable if and only

if qem(A) # 0.
Proof. Let qem(A) # 0. Then for any nonzero vector z € RY the inclusion
S(l|z]l aem(A)) € abscolAy—1(z)]

holds, and hence also the equality RY = span{Ay_;(x)} is valid. Thus, due
to Lemma 4.4 the collection A is quasi-controllable.

Let now the collection A be quasi-controllable and qem(A) = 0. Then
we can choose

r, €ERY  (||z,]| =1) and vy, € absco[Ay_1(z,)]
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such that
Yn — 0, ty, & absco[An_1(z,)] fort > 1.
Without loss of generality we may consider the sequences {x,, } and {y, /||y }
converging: x, — &, yn/||yn|| — 2.
Due to Lemma 4.4 the linear hull of vector set {Ax_1(z)} coincides with

RY. Therefore matrices Ly, Lo, ..., Ly € Ay_; exist such that the vectors
Lqx, ..., Lyx are linearly independent. Then for any n large enough the
vectors Lix,, ..., Lyx, are also linearly independent. Hence for any n there
exist numbers
I G ) Z|a")| =1,

such that the vector

N
(13) = VL,

i=1

is collinear to the vector y,, i.e. 2z, = B,y (B, > 0). Taking into account
that
zp € absco {Lixy, Loxy, ..., Lyz,} C absco{An_1(x,)},

and ty,, by definition is not contained in the set Ay_1(x,) for t > 1, we find
that 8, < 1. Thus the condition y, — 0 implies zn —> 0 as well. Pass—
ing to limit in (13) (we can consider the sequences {oz1 } {a2 }, {a }
convergent to some limits oy, o, . . ., ayy, correspondingly) we get:

N N
ZOQ’LiI = 0, Z ’061’ = 1,
i=1 =1

which is impossible due to the linear independence of the vectors Lix, Lo,

., Lyz. The contradiction completes the proof of Lemma 4.6. O
Theorem 4.7. Let a collection of Nx N-matrices A = {Aq, As, ... , A} be
quasi-controllable. If the difference equation
(14) z(n+1) = A(n)z(n)

s not absolutely stable for the class of matrices
A()\) = {)\Al,)\AQ,...,)\Ak} for A = 1,

then it is not absolutely stable for this class also for any value of \ close
enough to 1.
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Proof. Suppose equation (14) is not absolutely stable for the class of matrices
A(1). Then there exist matrices A(n) € A(1) (n = 0,1,...) and a solution
x(+) of (14) such that for some ny > 0 the inequality

[[(no) | >

1
m”x(o)ﬂ

holds.

Denote by R(A) the set of all finite products of matrices from the class
A(X). Then the vector xz(ny) can be presented as z(ng) = Rx(0), where R
is some matrix from R(1). Hence a vector x € RY, ||z]| = 1, can be found
such that the strict inequality

1

(15) | Rz > Qe AD)]

holds. Let matrix R be of the form

R = A A, .. A,
As follows from the definition of quasi-controllability measure, the vector
qem[A(1)]- || Rz||z lies in the absolute convex hull of the vectors Ay_1(1, Rz).
Thus numbers oy, as, ... ,ag and matrices L; € Ay_1(1), (i = 1,...,Q),
can be chosen such that

Q
(16) D el <1,
1=1

Q
(17) Z a;L;Rx = qem(A) || Rz ||x.
i=1
Hence the matrix
Q
(18) H =) oLR
i=1

has an eigenvalue p = qem(A)|| Rz|| which corresponds to the eigenvector z.
Due to (15) we get also

(19) w > 1.

14



Suppose matrix R is a product of ¢ matrices from A(1) and each matrix
L;(i=1,2,...,Q) is a product of ¢; matrices from A(1). Denote

R\ = MR, Li(\) = XL, (i=1,2,....Q).

Then
R(\) € A(N), Li(N) € AN (i=1,2,...,Q).

Due to (18), (19) the matrix

Q
H(A) = Z a; Li(A)R(})

has an eigenvalue
(20) p(A) > 1

for all A close enough to 1. In this case for any r > 1 the matrix H"(\) has
u"(N) as its eigenvalue, hence

[H" (M)} = 1" (A).
At the other hand, matrix H"()) is a sum of Q" terms of the form

Due to (16) we get

Z |Oéi1067;2 .. .aiT] S 1,

therefore there exist indices i1, is, ..., %, such that
(21) WM = 1" (A),
where

We(A) = [Li, (MR- - [L (A RA)] € R(A).
Hence due to (20) and (21) we get

sup || R[| = oo,
ReR(N)

which contradicts the assumption of absolute stability of (14). Theorem 4.7
is thus proved. O
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Consider now some N x N-matrix A = (a;;) and denote by P;(A) its row
decomposition (see Definition 2.4).

Theorem 4.8. The collection of matrices P1(A) is quasi-controllable if and
only if the value 1 is not an eigenvalue of matriz A and A is irreducible.

Proof. Let 1 be an eigenvalue of matrix A and z, be a corresponding eigen-
vector. Then z, is also an eigenvector belonging to eigenvalue 1 for any
matrices Ay, As, ..., Ay. Hence in this case the collection P;(A) is not quasi-
controllable.

Suppose matrix A is not irreducible. In this case we can assume without
loss of generality that some subspace

E, = span{ey, es,...,€,}, where p <N,

is invariant for matrix A. Then the subspace E, is invariant also for each
matix Ay, Ay, ..., Ay . Hence in this case the collection P;(A) is also not
quasi-controllable.

Prove next that the collection of matrices A = P;(A) is quasi-controllable
provided 1 is not an eigenvalue of matrix A and matrix A is irreducible. In
order to do that due to Lemma 4.4 we must only prove that for any nonzero
vector z € RY the equality

(22) span{Ay(z)} = RY
holds.
Choose an arbitrary vector x € RY, ||z|| = 1, and consider the vectors

(Ay — Dz, (Ag — Dz, ..., (Axy — Iz € span{A;(z)}.
Due to the equality
(A-DNx=(A—DNae+ Ay —Daz+---+ (Ay — Dz

and the fact that 1 is not an eigenvalue of matrix A, at least one of the

vectors (Ay — Iz, (Ao — Iz, ..., (Ay —I)x is nonzero. Without loss we can
suppose that (A; — I)x # 0. Nevertheless, due to the equality
(23) (A; — Dz = (a;,z)e;, (i=1,2,...,N),

where vectors a; are of the form

EL,-:{ail,...,aii—l,...,am} (i:1,2,...,N>,
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we get (ap, z)e; # 0, (a1, z)e; € span{A;(z)}. Hence
(24) e; € span{A;(z)}.

Due to the irreducibility of matrix A the subspace span{e;} is not in-
variant for A. Hence at least one coordinate of the vector Ae; with index
not equal to 1 is nonzero; without loss of generality we can assume its sec-
ond coordinate to be nonzero. The second coordinate of the vector Ae; is
the same as the second coordinate of the vector Ase;, and thus also of the
vector (Ay — I)e;. Hence (Ay — I)e; # 0 and due to (24) the inclusion
(Ay — Iey € span{Az(z)} holds. Therefore from (23) it follows that

ey € span{ Az (z)}.

By a similar argument we can deduce from the irreducibility of matrix A
the validity of inclusions

e; € span{A;(z)} (i=1,2,...,N)

after proper renumeration of the basis vectors ey, es, . .., en. Hence the equal-
ity (22) and also the statement of Theorem 4.8 are completely proved.  [J

Theorem 4.9. If equation (14) is not absolutely stable, then it has a nonzero
solution z(n) defined for all integer n and bounded for n < 0.

Proof. To prove Theorem 4.9 we need the following fact (Theorem 1 in [10]).
If (14) is not absolutely stable then we can choose a sequence of matrices
A(n) € A, a solution z(n) of (14) and a sequence of integer n; — oo such
that
[[(na) || = oo,
(25) [z < lz(ri)l| - for (0 <n <mny).
Denote

A(i,n) = Aln + ), x(i,n) = w(n +n)/||z(n)]]

Then for any i = 1,2, ... the sequences of matrices A(i,n) and vectors z(i, n)
are defined for n > —n; and due to (14), for these values of n, the equality

(26) x(i,n+1) = A(i,n)z(i,n)
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holds and the following relations are valid:

(27) A(i,n) € A,

(28) (@)l < llz@0)[ =1 (i=1,2,...; n=—n)

(see (25)). The finiteness of the set A and relations (27), (28) together imply
that for any n < 0 the sequences of matrices A(7,n) and of vectors x(i,n)
without loss of generality may be considered convergent in i:

A(i,n) - B(n) € A, z(i,n) - y(n) when i — oo.

Passing to limit in (26) we find that the function y(n) is defined for any
n < 0, that for this function the relation

y(n+1) = B(n)y(n), B(n)e A
holds and that due to (28) the relations

ly()[| < lly(0)| =1 (n<0)
are valid. The claim of Theorem 4.9 is proved. O

Theorem 4.10. Suppose a matriz A = (a;;) is irreducible, 1 is not an eigen-
value of A and equation (14) is not absolutely stable for the class of matrices
P1(A). Then there exist a real number A < 1, matrices A(n) € P1(A) and a
nonzero solution of (14) such that the estimates

(29) [z(n)[| <A™ (n<0)
hold.

Proof. The set of matrices A(X) = {AA;,...,AAx} depends continuosly on
parameter A\. Hence due to Theorem 4.7 and 4.8 a number A < 1 can be
chosen such that the equation (14) is not absolutely stable for the class
A(X). Now Theorem 4.9 implies the existence of matrices A(n) € P;(A) and
of a nonzero solution y(n) of the difference equation

y(n+1) =AA(n)y(n) (n<0),
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such that the following estimates hold:

(30) ly()l < lly(O)f =1 (n <0).

Let z(n) = A™"y(n) (n < 0). Then the function z(n) satisfies the equa-
tion
z(n+1)=AMn)x(n) (n<0)
and due to (30) estimate (29) holds true for it. Theorem 4.10 is proved. [J

Theorem 4.11. Let R = (r;;) be a matriz with nonzero diagonal elements
and suppose matriz A is the K-normalization of R (see Definition 2.3). Sup-
pose the matriz A is irreducible and has not an eigenvalue 1. Let A be the
row decomposition of A. Suppose equation (14) is not absolutely stable for
the class of matrices A. Then the DCP with matrix R has multiple solutions.

Proof. Let x(n) be a function defined in the statement of Theorem 4.10.
Consider the function z(¢) determined for ¢ > 0 by the relations

xz(0) for t>1;
(31) 2(t) =4 xz(n) for —5<t<i (n=12...);
0 for t <0;

Due to Theorem 4.10 the estimate (29) holds for z(n). Thus the function z(n)
is of bounded variation on the interval (—oo, 0] and hence also the function
z(t) is of bounded variation on any interval [0, cv).

Let us calculate, for every t > 0, the values

pi(t) = (Rz(t))i(dz(t)); (i=1,2,...,N),

assuming that
dz(t) = z(t) — 2z~ (¢).

Ift#1/n+1(n=0,1,...), then dz(t) = 0. Therefore at these values
of t all p;(t) are equal to zero, and hence the condition (9) holds.
Let t =1/n+ 1 for some n =0,1,.... Then due to (31) we get

dz(t) =xz(n) —xz(n—1), Rz(t) = Rx(n)

We can also choose j (1 < j < N) such that x(n) = A;z(n —1). This means
that

(32) (dz(t)); =0 fori#j.
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If, in contrast, ¢ = j, then, clearly,
(33) (Re(8)); = (Re(n)); = (RAz(n — 1)); = 0.

Hence due to (32), (33) we get p;(t) =0 fori=1,2,..., N.

Thus for any ¢ > 0 the function z(¢) of bounded variation satisfies the
condition (9), which implies due to Theorem 1.5 the existence of multiple
solutions of DCP with matrix R. Theorem 4.11 is proved. O]

5 Main results

In this section we formulate necessary and sufficient conditions for the unique
solvability of DCP in terms of absolute stability theory. We deduce also a
few simple results obtained by means of this criterion.

Theorem 5.1 (Main theorem). The DCP with matriz R has a unique solu-
tion if and only if the following conditions are fulfilled:

C1. All principal minors of matriz R are nonzero.

C2. Matriz R is K-stable (see Definition 2.6).

Proof. The sufficience of these conditions for the uniqueness of the DCP
solution is exactly Theorem 3.11.

In order to prove the reverse implication for irreducible matrices due to
Theorem 4.11 we need only demonstrate that 1 is not an eigenvalue of the
K-normalization of matrix R. This is equivalent (due to Definition 2.3) to the
nondegenerateness of matrix R and the latter, clearly, follows from C1. If, in
contrary, matrix R is reducible (say, (8) holds and matrix D is irreducible)
then due to Theorem 4.2 we must only prove the existence of multiple so-
lutions to the DCP with matrix D. As easily follows from definitions, the
K-stability of R implies the K-stability of D. m

Let us employ Theorem 5.1 to prove a few simple results.

Theorem 5.2. The continuous DCP with matrix R has a unique solution
if and only if the continuous DCP with matriz R’ (transposed to R) has a
unique solution.

Proof. Suppose the DCP with matrix R has a unique solution. We must
prove that from the validity of conditions C1 and C2 with matrix R follows

20



the validity of these conditions with matrix R’ (let us refer to the latter as
conditions C1" and C2').

Clearly, C1’ follows from C1. Let the matrix R be K-stable and non-
degenerate. It means that the collection of matrices A = {ay,..., Ax} is
absolutely stable, where

Ai = I — Bi/riia Bz = OZR

and C; is a N x N-matrix with all zero elements except ¢; = 1. By definition,
the absolute stability of A is invariant with respect to any linear nondegener-
ate change of coordinates. In other words, if A is absolutely stable and P is
a nondegenerate matrix, then the collection A; = {PA;P7!, ... PAyP~'}
is also absolutely stable. Let us take for P the matrix R itself. Simple ar-
gument infers that RA;R~' = A;, where A; = I — RCy;/ri;. Note now that
absolute stability of the collection of matrices is equivalent to absolute stabil-
ity of the collection consisting of the transposed matrices (that follows from
Al = ||A]]). To finish the proof, note that the collection of matrices trans-
posed to the matrices 4; is exactly the projection decomposition of matrix
R. O

Introduce finally three results easily deducible from the analogous results
of the desynchronization theory (see [12,13]).

Theorem 5.3. The set of all P-matrices R such that the DCP has multiple
solutions, is open.

Theorem 5.4. Let matriz A be the K-normalization of matriz R and A =
B+C, B being symmetric and C antisymmetric matrices. Suppose all eigen-
values of B lie in [—r,r],r < 1 and, for the spectral radius r1 of C, the
following inequality holds:

1
T--eppe

re< (1) /(14

Then the DCP with matriz R has a unique solution.

Theorem 5.5. If the DCP with matrix R has a unique solution then all
eigenvalues A of the matriz A (the K-normalization of R) lie in the circle
A+ (N —-1)] < N.
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6 Open problem of algebraic solvability

We have formulated necessary and sufficient conditions for the uniqueness of
the DCP in terms of two kinds of stability of a finite collection of matrices.
That may help to prove some new theorems but that does not help much
to answer the question of the unique solvability of the DCP with a given
matrix R. It would be nice to have some criterion which can be algebraically
verified, say, the finite system of polynomial equalities and inequalities. There
are strong reasons to believe that such criterions do not exist. To clarify it
we shall present here a recent result of the desynchronization theory [11].
Let u = {uy,...,ux} be a vector from R¥. The finite sum

p(u) = Zpil._.muif T

with real coefficients p;, ;. is called a polynomial in u. A set U C RN
is said to be SA-set if there exists a finite collection of polynomials p;(u),

oy Dr(w), prsa(w), ... prwi(u) such that U coincides with the set of all ele-
ments u satisfying the following conditions:

pi(u) >0, ..., pr(u) >0, pei(u) = = pep(u) = 0.

The set U is called semialgebraic if it is a union of a finite number of S A-sets.

Consider now the finite sequences (Ay, ..., A,,) of N xN-matrices as ele-
ments of R™*N*¥  Denote by S(m, N) the class of all elements from R™*V*N
such that the corresponding collection of matrices A = {4y,...,A,,} is ab-
solutely stable. We define also the class A(m, N) as a class of all absolutely
r-asymptotically stable collections.

Theorem 6.1 (see [1,11]). Boths classes S(m,N) and A(m,N) are not
semialgebraic sets if m, N > 2.

This theorem can not be applied directly to the case considered in the
present paper because we deal here only with the collections of matrices which
are projection decompositions of some matrices, namely, with the classes
S(N,N)N P(N,N) and A(N,N)N P(N,N), where P(N, N) is the class of
all projection decompositions of various nx N-matrices. The class P(N, N)
is surely semialgebraic but the intersection of a non-semialgebraic set with a
semialgebraic one may, certainly, be semialgebraic (consider, for example, the
second set to be consisting of one point). So the nonexistence of semialgebraic
criterions for the DCP uniqueness problem is only a hypothesis.
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