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Abstract

Let M be a cohomogeneity one manifold of a compact semisim-
ple Lie group G with one singular orbit Sy = G/H. Then M is G-
diffeomorphic to the total space G x g V of the homogeneous vector
bundle over Sy defined by a sphere transitive representation of G in
a vector space V. We describe all such manifolds M which admit an
invariant Kéahler structure of standard type. This means that the re-
striction 1 : S = Gz = G/L — F = G/K of the moment map of M to
a regular orbit S = G/L is a holomorphic map of S with the induced
CR structure onto a flag manifold F = G/K, where K = Ng(L), en-
dowed with an invariant complex structure J¥. We describe all such
standard Kéhler cohomogeneity one manifolds in terms of the painted
Dynkin diagram associated with (F = G/K,J¥) and a parametrized
interval in some T'-Weyl chamber.

We determine which of these manifolds admit invariant K&hler-Einstein

metrics.
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1 Introduction and statement of the re-
sults

We will study cohomogeneity one Kéahler G-manifolds of a compact
semisimple Lie group G. By a cohomogeneity one manifold we under-
stand an n-dimensional manifold M together with a proper action of
a connected Lie group G which has a (real) codimension one orbit.

It is called a Riemannian (respectively, complex; Kéhler ) cohomogene-
ity one manifold if an invariant Riemannian metric g (respectively, an
invariant complex structure J; an invariant Kahler structure (J,w)) is
given, where J is a complex structure and w is a symplectic form such



that g := —w o J = w(:, J-) is a Kéhler metric.

Following [I5] we will consider Kéhler cohomogeneity one G-manifolds
(M, J,w) of the standard type, that is manifolds which satisfy the fol-
lowing conditions:

(i) Any regular orbit S = Gz = G/L is an ordinary manifold. This
means that the normalizer K = Ng (L) of the stability subgroup is the
centralizer of a torus in G and dim K/L = 1.

(ii) the CR structure (J{(, J j_C) induced by the complex structure J of
M on a (codimension one) regular orbit S = G/L is projectable, that
is the projection 7 : S = G/L — F = G/K is a holomorphic map of a
CR manifold onto the flag manifold F' equipped with a fixed invariant
complex structure J which does not depend on S.

Condition (ii) depends on the complex structure J on M and shows
that the CR structure on a regular orbit G/L is determined by a fixed
invariant complex structure Jg on the flag manifold F'. In particular,
all regular orbits are isomorphic as homogeneous CR manifolds.

The conditions (i),(ii) imply that the moment map u: M — g* ~ g of
the symplectic G-manifold (M,w) maps any regular orbit (S = Gx =
G/L, J:H) holomorphically to the same flag manifold (F = G/K, JF).
Note that 7 := u|s : S = G/L — F = G/K is the natural equivariant
projection.

A homogeneous CR manifold (S = G/L,H,J™) which satisfies
conditions (i),(ii) is called a standard homogeneous CR manifold.
So, we can equivalently say that a complex (in particular, Kahler) co-
homogeneity one manifold is of the standard type or, shortly, standard
if all regular orbits are standard CR manifolds associated with a fixed
flag manifold (F = G/K, J¥') with a complex structure J¥'.

The condition (i) is a weak condition. It is equivalent to the con-
dition that the Lie algebra [ = Lie L is not the centralizer of a regular
3-dimensional subalgebra of the Lie algebra g = Lie G.

The classification of all non standard homogeneous CR manifolds with
non degenerate Levi form is given in [2].

Investigation of invariant Einstein metrics on cohomogeneity one
manifolds had been started by D. Page and C.Pope in [14], where they
construct the first example of such metrics. L.Berard- Bergery in his
famous paper ([6]) developed a systematic approach for construction
of invariant Einstein metrics on cohomogeneity one manifolds. A deep
investigation of singular ODE for invariant Einstein metrics on coho-
mogeneity one manifolds had been done by Eschenburg and Wang [9] .

In the Kéhler case, Y. Sakane gives in [I6] conditions for the ex-
istence of Kihler-Einstein metrics on CP'-bundles P over Hermitian
symmetric spaces of compact type which are of cohomogenity one with
respect to a maximal compact subgroup of the automorphism group



of P. In [12] and [13] more examples are obtained from these CP!-
bundles by blowing down. We refer the reader also to [I1], (see also
[6] and the references therein).

Invariant Kéhler-Einstein metrics on cohomogeneity one manifolds
M of a compact semisimple Lie group G had been studied in two im-
portant papers by F. Podestd and A. Spiro [I5] and A. Dancer and
M. Y. Wang [8]. In both papers the authors reduced the Ké&hler-
Einstein equation for an invariant metric in the regular open subman-
ifold Myeq = G/L x (a,b) of M to an ODE for one function together
with some algebraic conditions, which are described in terms of the
reductive decomposition associated with a regular orbit G/L. They
solved this equation and find necessary and sufficient conditions for
extendibility of the Kahler-Einstein metric in M,..4 to the whole man-
ifold M. They considered some examples of manifolds which satisfy
these conditions, but did not study such manifolds systematically.

The main aim of this paper is to give a description of (non com-
pact) standard cohomogeneity one Ké&hler and Kéhler-Einstein mani-
folds with one singular orbit in terms of painted Dynkin diagrams. We
closely follow the approach by F. Podesta and A. Spiro [I5], who give a
useful description of standard cohomogeneity one Ké&hler manifolds M
in terms of “abstract models” and get an effective criterion of existence
of an invariant Kéhler-Einstein metric on a (compact) cohomogeneity
one manifold with two singular orbits. We will reformulate the basic
results of [15] and simplify the proofs.

The structure of the paper is the following. In the Preliminaries we
recall the basic facts about cohomogeneity one Riemannian manifolds,
CR manifolds and flag manifolds which we need. In Section 3 we define
standard homogeneous CR manifolds and standard cohomogeneity one
complex and Kéahler manifolds and discuss their properties.

A standard homogeneous CR manifold S = G/L with associated flag
manifold F = G/K = G/Ng(L) is defined by the standard (reductive)
decomposition

g=I[+RZL+m=¢t+m

orthogonal with respect to the Killing form B of g, where [ = Lie L, £ =
Lie K = [+RZ% and Z% is an Ad p-invariant vector (called fundamen-
tal vector), normalized by B(Z%, Z%) = —1. We will identify Z% with
a G-invariant vector field on S which is the fundamental vector field
of the principal T'-bundle 7 : S = G/L — S/T' = G/K = G/L-T".
An Ad g-invariant (integrable) complex structure J™ in m defines a
complex structure Jp in the flag manifold F = G/ K with the reductive
decomposition g = £ + m and an invariant projectable CR structure

(H,J J—() on S = G/L where H is the invariant distribution defined
by the subspace m.

In Section 4 we describe standard invariant Kéhler structures on a
regular cohomogeneity one manifold M,., = (0,d) x G/L . Following



[15], we show that such structures are in 1-1 correspondence with the
parametrized open intervals (ZoZy) C C(J¥) which are parallel to
7% = —iZ%. Here C(J¥) denotes the T-Weyl chamber (i.e. roughly
speaking, the projection of the Weyl chamber of g to the center Z(£)
of £) associated with the invariant complex structure J of the flag
manifold F = u(S) = G/K.
In Section 5 we give a new proof of Podesta-Spiro formula for the Ricci
form p. The Einstein equation for an invariant Kahler metric in M,..q
reduces to a second order ODE for the function f(t¢) which defines a
parametrization of the interval (ZoZz) C C(J¥') and a linear relation
between the initial vector Zp, the vector Z° and the Koszul vector
Z%os ¢ C(JF) which defines the invariant Kihler-Einstein metric on
the flag manifold F = (G/K, Jr).
To calculate p, we construct holomorphic coordinates {z;} in My¢; =
(0,d) x G/L which are an extension of local holomorphic coordinates
in the flag manifold F = G/K = G/L-T" , and use the formula p =
—i00log 1, where p(z;, ;) is the density associated with the volume
form

vol = p(z;, Z;)dz™ AN dZ™, m = dimg M,q.

The singular orbit Sy of a standard cohomogeneity one manifold is
a complex submanifold, hence a flag manifold (Sy = G/H,Js). In
Section 6, we describe all standard cohomogeneity one manifolds with
fixed singular orbit (So = G/H,Js). Any such manifold M = M, is
defined by a surjective homomorphism ¢ : H — U, and is the total
space of the homogeneous vector bundle M, = GxyC' — So = G/H
defined by . The flag manifold (S, Js) is determined by a painted
Dynkin diagram (PDD). In terms of PDD, the homomorphism ¢ is
defined by a connected component (a white string) of type A,,_1 of
the white subdiagram of PDD and a character x : Z(H) = T* — T
of the center Z(H). The complex structure J on M, is the natural
extension of the complex structure Jp. If e # 0 is a vector from
C™, then regular orbits S; := G Xy (te) = G/L are parametrized by
t > 0 where L = Hy. is the stabilizer. The subgroup K = H|, is the
stabilizer of the line [e] € PC™. This shows that ¢ determines the
standard reductive decomposition

g=1+RZ% +m.

An invariant Kéhler metric in M, is defined by an interval (ZoZ4) C

C(Jr) of the T-Weyl chamber associated with Jgr which starts from a
face associated with G/H together with a parametrization which sat-
isfies the Verdiani boundary condition.
In the last chapter we give necessary and sufficient conditions for a
manifold M, to have an invariant Kahler-Einstein metric. We will use
this condition in the second part of this paper for explicit description
of such Kahler-Einstein metrics on standard cohomogeneity one man-
ifolds of a classical Lie group G.

Acknowledgments. The authors would like to thank F. Podesta and



A. Spiro for useful discussions, suggestions and clarifications on their
results.

2 Preliminaries

2.1 Riemannian cohomogeneity one manifolds

Let G be a compact Lie group and (M, ¢g) a Riemannian cohomogeneity
one G-manifold, that is G is an isometry group of (M,g) with a
(real) codimension one regular orbit S = Gz = G/L. Denote by
7w : M — Q = M/G the natural projection to the orbit space. There
are four cases: the orbit space is diffeomorphic to a) (0,1) , b) [0,1) ¢)
[0,1] or d) St.

In the case b) there is one singular orbit 771(0) = G/Hy and in the
case c¢) there are two singular orbits S = 7=1(¢) = G/H,, ¢ = 0, 1.
A naturally parametrized geodesic (t) normal to an orbit remains
orthogonal to any orbit and it is called a mnormal geodesic. If it is
complete, it intersects any orbit. In the cases b), ¢), we will assume
that = v(0) belongs to the singular orbit Sy = Gx = G/Hy. Then
the stabilizer Hy transforms v to any other normal geodesic through
x and the isotropy representation j(Hy)|V restricted to the normal
space V = T;-(Sp) acts transitively on the sphere: in other words, the
orbit j(H)v = H/H, = H/L is the sphere. The cohomogeneity one
G-manifold M near Sy is locally G-diffeomorphic to the total space
G x g V of a homogeneous vector bundle over the singular orbit Sp.
In the case c¢), when M /G ~ [0, 1], rescaling the metric we may assume
that y(e) € Se, € = 0,1. Then the cohomogeneity one manifold
M is determined by the triple (Hoy, L, Hy) of stability subgroups of
~7(0),v(1/2),v(1) and is denoted by M(Hy, L, H;). Note that L C
HyN Hy, and H,./L are spheres.

In the case d), M/G ~ S' = {exp(27it)}, we assume that v(0),v(1) €
So = 7 1(0). Note that the stabilizer L = G (1) of any regular point
of ~ preserves pointwisely the geodesic v. So we can identify any
regular orbit S; = G(y(t)) with the same homogeneous space G/L.
Deleting singular points (if they exist) or, in the case d), the regular
orbit Sy = 771(0) we get an open dense submanifold M,y of regular
points which is G-diffeomorphic to M.y = (0,1) x G/L.

Note that the orbit space 2 of a Riemannian cohomogeneity one
manifold has a structure of a metric space. The following proposition
gives a description of cohomogeneity one Riemannian manifolds (M, g)
and their orbit spaces.

Proposition 1 Let (M, g) be a Riemannian G-manifold with the orbit
space Q. Then up to a homothety, (M, g) is described as follows:

a)(No singular orbit) M = Q x G/L, where Q =~ (0,1). Moreover,
if a normal geodesic is complete, then 0 = R. In the non-complete
case, Q = (0,1) or RT. The metric is given by

g=dt’ + g



where g, t € Q is a 1-parameter family of invariant Riemannian met-
rics on G/ L.

b)(One singular orbit So = G/H ) The orbit space is Q) = [0,d), d =
oo or 1. If a normal geodesic is complete, then d = co and the man-
ifold M = M(H,L) = G xyg V is the homogeneous vector bundle
over the singular orbit Sy defined by a sphere transitive orthogonal
representation v : H — O(V) of H in an Euclidean vector space
V. In the non complete case M is a tubular invariant neighborhood
M = G xyg B C M(H,L) of the zero section where B is the unit
ball in V. The invariant metric in M is an invariant extension of
the j(H)-invariant Riemannian metric in V, which is described by L.
Verdiani [18].

c)(Two singular orbits Se = G/H., ¢ = 0,1), Q = [0,1]. The
Riemannian manifold M is obtained by gluing together two manifolds
M_ =771([0,1/2)), My = 7= 1((1/2,1]) of type b) along the isomor-
phic boundary OMy = G/L. As a cohomogeneity one manifold it is
defined by the triple of subgroups Hy, L, Hy such that H./L = S™ and
it s denoted by M = M (Hy, L, Hy).

d) (No singular orbit, Q is not contractible) Q= S' and M is a
fibre bundle over the circle S' having as universal cover a Riemannian
manifold R x G/L of type a).

2.2  Flag manifolds and painted Dynkin diagrams
2.2.1 Isotropy decomposition, T-roots, T-Weyl cham-

bers and invariant complex structures

Let FF = G/K = AdgZ, where Z € g, be a flag manifold, i.e. an adjoint
orbit of a compact semisimple Lie group G with the B-orthogonal
(where B is the Killing form) reductive decomposition

g=t+m=Cg(Z) +m.
We can decompose £ as
t=z@®) ot

where €' is the semisimple part and Z(£) is the center. We fix a Cartan
subalgebra ¢ of £ (hence also of g) and denote by R the root system of
the complex Lie algebra g* w.r.t. the Cartan subalgebra ¢©. We set

Ry := {Oz € R, Oz(Z(%)) = 0}, Ry =R \ R.
Then
E=c+g(Re)”, m=g(Rn)",
where for a subset P C R, we set

aP)=> 4.,

acP



being g, the root space with root o and V™ means the fix point set
in V C g° of the complex conjugation 7. Recall that the Killing form
induces an Euclidean metric in the real vector space i¢ and roots are
identified with real linear forms on ic. We set t := iZ(€) C ic and
denote by

kiR = Rlg, a—a:=alg

the restriction map.

Definition 2 The set Ry = k(Rm) = Rt of linear forms on t which
are restriction of roots from Ry is called the system of T-roots and
connected components C of the set t\ {ker @, @ € Rr} are called T-
Weyl chambers.

Sets of T-roots ¢ bijectively correspond to irreducible £-submodules
m(&) == g(r1(€)) of the complexified isotropy module m® of the flag
manifold F' = G/K.

So a decomposition of the E-modules m® and m into irreducible
submodules can be written as

mt =" mE), m= Y [mE)+m(=¢"
¢

EERT ER;

where R := k(Rf) is the system of positive T-roots associated with
a system of positive roots R, see [3], [1].

We fix a system of simple roots Iy of R and denote by II = Iy U
IIp its extension to a system of simple roots of R. Let Rt = RT(II)
be the associated system of positive roots and R} := Rt N Ry,. The
set Rf := k(R}) is called positive T-root set.

We need the following

Theorem 3 [3] There exists a one-to-one correspondence between ex-
tensions Il = Iy U Ilp of the system Ily of simple system of Ry,
T-Weyl chambers C C t and invariant complex structures (ICS) J
on F=G/K. If lig = {B1,...,Bk}, then the corresponding T-Weyl
chamber is defined by C = {8, > 0,..., B, > 0} where B = x(B) and
the complex structure is defined by +i-eigenspace decomposition

m® =m* +m” = g(R;) + g(—Ry) (1)
of the complezified tangent space M® = T, (G/K).

The extension II = Ily U IIp can be graphically described by a
painted Dynkin diagram, i.e. the Dynkin diagram which represents
the system IT with the nodes representing Il painted in black. Such a
diagram, which we sometimes identify with the pair (IIy, I g), allows
to reconstruct the flag manifold F = G/K with invariant complex
structure JF as follows: the semisimple part € of the (connected)
stability subalgebra € is defined as the regular semisimple subalgebra
associated with the closed subsystem R¢ = R N span(Ily) and the
vectors ih; defined by condition

Br(h;) = Onj, ai(hj) =0, B; € g, oy € Iy



form a basis of the center Z(£). The complex structure is defined by

@.

2.2.2 Invariant symplectic forms and Kéihler structures

An element Z € tis called to be K-regular if its centralizer Cq(Z) =
K or, equivalently, any T-root has a non-zero value on Z.

Proposition 4 ([7], [3]) There exists a natural one-to-one correspon-
dence between elements Z € t and closed invariant 2-forms wz on
G/K, given by

Z < wzlo =1d(Bo Z),

where d is the exterior differential in the Lie algebra g defined by
da(X,Y) = -1/2a([X,Y]) and o = eK € G/K.

Moreover, reqular elements Z € C from a T-Weyl chamber C corre-
spond to the Kdhler forms wz with respect to the complex structure
J(C) associated to C, that is they define an invariant Kdhler structure
(wz,J(C)). The 2-form 5=wz is integral if the 1-form Bo Z has in-
teger coordinates with respect to the fundamental weights m; associated
with the system of black simple roots B; € Ilp.

Recall that if Iy = {a1,...,m} (resp. IIg = {B1,...,Bk}) is the set
of white (resp. black) simple roots, then the fundamental weight 7;
associated with 8;, i =1,...,k, is the linear form defined by

2(m;, B)
1185112
The B-dual to m; vectors h; form a basis of t.
Let E, € g,,, @ € R, be the Chevalley basis of g(R) such that B(E,, E_,) =
%w where < .,. > is the scalar product in i¢* = span(R) induced by
the Killing form. We denote by w, = B o E, the dual basis of 1-forms.
Then for Z € £

= 0i5, (mi,ay) =0. (2)

Wy = —1i Z L(Z)wa Aw_g (3)

Indeed,

Definition 5 The I-form
BERY

is called the Koszul form and the dual vector Z¥°% := B~ o ¢ is called
the Koszul vector.



Proposition 6 [J] The Koszul vector ZX°% defines the invariant
Kahler-FEinstein structure (wzxos, J(C)) on F = G/K, where J(C) is
the invariant complex structure associated with the T-Weyl chamber C

which is defined by Il p.

Let us conclude this section by recalling the flag manifolds of the clas-
sical groups: (see, for example, [3], [4]):
- SUn)/S(U(ny) x --- xU(ng) x U(1)™)
n=ny+---+ns+m,s,m>0
- SO2n+1)/U(ny) x --- x U(ns) x SO(20+1) x U(1)™
- Sp(n)/U(n1) x -+ x U(ns) x Sp(€) x U(1)™
- S0(2n)/U(ny) x -+ x U(ng) x SO(20) x U(1)™
n=ny+---+ns+m-+4€ s,ml>0L0#1

2.3 Homogeneous CR manifolds

We recall that a CR structure on a manifold S is a pair (H, J*) where
H is a codimension one distribution and J* € T'(End(H)) is a field of
complex structures in H such that the +i-eigendistributions H* c HC
are involutive (i.e. closed w.r.t. the Lie bracket).

The complex structure J on a manifold M induces a CR structure
(H,J ‘rH) on any hypersurface S C M where H C T M is the maximal
J-invariant distribution and JIU = J |J’C

2.3.1 Ordinary homogeneous manifolds and projectable
CR structures

Definition 7 A homogeneous manifold S = G/L of a compact semisim-
ple Lie group G is called an ordinary manifold if the normalizer K :=
Ng(L) is the centralizer of a torus and contains L as a codimension
one subgroup.

Such a manifold is the total space of a homogeneous principal circle
bundle 7 : G/L — G/K over the flag manifold F = G/K.

Let S = G/L be an ordinary homogeneous manifold and K =
Ng(L). We define the standard reductive decomposition as the B-
orthogonal decomposition

g=I[+RZ% +m (4)

where ¢ = [+ RZ% and B(Z%,Z%) = —1.

We will call Z%  fundamental vector and we will identify it with an
invariant vector field on S which is the fundamental vector field of
the principal bundle 7 which generates a commuting with G action of
the circle group T on S , that is the structure group of the principal

10



bundle 7. The dual 1-form 6° := B o Z% is an invariant 1-form on S

which defines a canonical invariant connection in 7.

We denote by Z° the vector in t = iZ(£) such that Z% = iZ° and, by

a slight abuse of notation, we will call it also fundamental vector.
The following lemma shows that, given a flag manifold F = G/K,

almost all closed codimension one subgroups L of K define an ordinary

manifold S = G/L.

Lemma 8 [2], [15] Let F = G/K be a flag manifold and L a codimen-
sion one closed (normal) subgroup of K. If G/L is not an ordinary
manifold, then L = Cg(A1) is the centralizer of the 3-dimensional
reqular subalgebra Ay of g%, associated with a long root such that
G/Ng(Ay) is the Wolf space (symmetric quaternionic Kdhler mani-
fold) or G = G2 and a1 is the 3-dimensional subalgebra associated
with a short root.

Now we state some elementary properties of an ordinary manifold
S =G/L.

Lemma 9 ([2], [15]) Let S = G/L an ordinary manifold. Then,

i) Any invariant vector field on S is proportional to Z%.

it) The only invariant codimension one distribution in S = G/L
is the distribution H defined by the Ad g -invariant subspace m.
This distribution is also Z%-invariant.

iit) There is a natural one-to-one correspondence between invariant
complex structures J¥ on the flag manifold F = G/K, Adg-
mvariant complexr structures JW onm ( which are integrable in
the sense that f)c +m!Y is a subalgebra, where M*° C Mm® is the
i-eigenspace of JW ) and invariant CR structures (H,J™) on S
which are also Z%-invariant.

i) Any irreducible K -submodule of M = T, F' remains irreducible as
L-submodule.

Following [15] we give

Definition 10 An invariant CR structure (I, JJ{) on an ordinary
manifold S = G/L is called projectable if it is Z%-invariant or, equiva-
lently if the projection w : S = G/L — F = G/K is a holomorphic map
of the CR manifold S onto the flag manifold F with some invariant
complez structure JE.

An ordinary manifold S = G/L with a projectable CR structure is
called a homogeneous CR manifold of standard type or standard CR
manifold.

The following lemma gives a sufficient condition for an invariant
CR structure on an ordinary manifold S = G/L to be projectable.

Lemma 11 ([15]) If irreducible Ad g -submodules of m© are non-equivalent
as Ad r-submodules then any invariant CR structure on an ordinary
manifold S = G/L is projectable.

11



All compact homogeneous Levi non-degenerate CR, manifolds with
non projectable CR structure have been classified by [2]. More pre-
cisely, they prove

Theorem 12 [2] A compact homogeneous Levi non-degenerate non
projectable CR manifold (S = G/L,H, J|y) is either the sphere bun-
dle of a compact rank one symmetric space (CROSS) or one of the
exceptional homogeneous CR manifolds

SU,/T" - SU,—2, SU,-SU,/T" Up_g - Uy_s,

SU, /T - SUy - SUy - SU,,_4, SO10/T*-SO¢, Eg/T*-SOg

which admit a holomorphic fibration over flag manifolds with fibers
S™ n=2,3,5,7,9 respectively.

3 Cohomogeneity one Kahler manifolds of
standard type

Let (M,w, J,g) be a cohomogeneity one Kéhler G-manifold, where G
is a connected compact semisimple Lie group. Deleting singular orbits
(if they exist) or, in the case M /G ~ S, the regular orbit Sy = 7=1(0)
we get an open dense submanifold M,., of regular points which we
identify as a G-manifold with M,., = (0,d) x G/L, d =1 or cc.

We may assume that the induced metric grey := g|n,., has the
form
Greg = dt2 +gta te (Oad)a

where g; := g|g, is an invariant metric on the regular orbit S; :=
{t} x G/L = G/L. We denote by T} := J|s, the unit normal vector
field to the orbit S; which is tangent to normal geodesics y(t) = (¢, zo).
Then JT; is a G-invariant tangent vector field on Sy and 6; := g o JT}
the dual invariant 1-form.

Any regular orbit S; carries an invariant CR structure (I, J:H) in-
duced by J, where

H:=JT; =kerf, C TS,
and Jt = J|H

Definition 13 We say that a cohomogeneity one Kdahler or complex
manifold M is of standard type if a regular orbit Sy = Gy(t) = G/L
with the induced CR structure is a CR manifold of the standard type
(Definition I above) and singular orbits (if exist) are flag manifolds
with induced complex structure.

Remark 14 The last condition is automatically satisfied if M is a
Kdhler manifold.

12



3.1 Moment map of a cohomogeneity one Kahler
manifold

Let (M, J,w, g) be a cohomogeneity one Kéhler manifold of a compact
semisimple Lie group G. Since the group G is semisimple and preserves
the Kéhler form, the (G-equivariant) moment map

prM =g =g,z pe, pe(X) =hx(z)

where hx it the hamiltonian of the Killing vector field X generated by
X € g, is defined.

Lemma 15 [15] The restriction py : St = G/L — Fy := u(S:) =
G/K of the moment map to a regular orbit is a G-equivariant principal
bundle with the structure group T = K/L over a flag manifold F =
G/K (i.e. an adjoint orbit of G). In particular, L is a codimension
one normal subgroup of the group K, which is the centralizer of a torus

mn G.

Proof: Since the moment map p; is equivariant, it maps Sy = G/L
onto an adjoint orbit F' = G/K.

Now ker wy = ker w|rg, = RJT; and d(hx) = wo X give ker du; =
RJT;. So L is a codimension one subgroup of K. In terms of the Lie
algebra, we can write a B-orthogonal decomposition of g

g=[+RZy+m, E=[+RZY.

where Z% is an Adp-invariant vector, such that the associated invari-
ant vector field on Sy is proportional to JT;. The corresponding 1-
parameter group 7' = expRJT; = expRZ% (which is closed in K,
since the subgroup L is closed, see [2]) commutes with G and defines
the structure of T -principal bundle 7 : S; — F = G/Kj. O

Remark 16 The subgroup L C K = L-T' = L™ - T can be non
connected.

Corollary 17 A cohomogeneity one Kdahler manifold M is of the stan-
dard type if the moment map p : Sy = G/L — F = G/K maps any
reqular orbit with the induced CR structure holomorphically onto the
associated flag manifold F = G/K = G/Ng(L) with a fized invariant
complez structure JE.

4 Standard invariant Kahler structures
on cohomogeneity one manifolds

Let (S=G/L, N, J:H) be a standard CR manifold with holomorphic
fibration 7 : S = G/L — F = G/K over a flag manifold with a
complex structure J¥. Infinitesimally, it is described by a standard
decomposition

g=(I+RZ%) +m=¢t+m

13



where Z% is the fundamental vector, £ = Ng([), together with an

Adg-invariant complex structure J M in m. Now we describe invariant
Hermitian and Ké&hler structures of standard type in a regular coho-
mogeneity one manifold M,., = (0,d) x G/L which induce a given CR

structure (JH, J‘rH) on each regular orbit Sy = {t} x G/L = G/L. We
identify Z% with a G-invariant vector field on S; = G/L and denote by
0° := B o ZY% the dual invariant 1-form with kernel H = ker 6°. Any
invariant vector field (resp. 1-form) is conformal to Z% (resp. 6°).

4.1 Invariant Hermitian structures on M.,

We fix an invariant metric g on M,y = (0,d) X G/L of the form
g=dt* + g

where g; is an invariant metric in Sy = S = G/L such that the CR

structure J H is orthogonal.

We describe all g-orthogonal projectable invariant complex structures
J on M4 which project onto a given invariant complex structure J B
of the flag manifold F = G/K, or, equivalently, are extensions of the

associated CR structure JJU. Then (g,J) is an invariant Hermitian
structure in M,.cg.

Since the invariant 1-forms dt, 6° are orthogonal to each other and

the distribution H = ker{dt, 6°}, any extension of .J H o an orthogo-
nal invariant almost complex structure on M., can be written as

J¥dt = dtoJ=a(t)0’, J = —ﬁdt

5
IT, = 52 JZp = —a(t)T; &)

where a : (0,d) — R is a non vanishing function.

Proposition 18 Any extension of the CR structure J:H to an n-
variant orthogonal (integrable) complex structure J on Myeq is given

by ().

Proof: We have to check that the almost complex structure J is in-

tegrable. Since J|q, = Jj_C is an integrable CR structure in S, it
is sufficient to check that the differential of the 1-form dt — iJ*dt =
dt +iaf® € QLO(M) belongs to the space Q%°(M) + Q11(M) of forms
of type (2,0) and (1,1). Since df° = w® € QV1(M) | we have

d(dt 4 iaf°) = iadt A 6° + iadd®
(dt +iaf®) A iab® + iadf® € Q>°(M) + QLL(M).

O
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4.2 Invariant Kahler structures on M,

We describe all standard invariant Kahler structures (wreg; Jreg; greg)
on Myeq = (0,d) x G/L which induce the projectable CR structure
(H, 70 on 8, = {t} x S.

Recall that vectors Z € t = iZ(£) correspond to invariant closed
2-forms wz on F'= G/K, whose value at o = eK is given by

(w2)o(X,Y) =i d(Bo Z)(X,Y), X,Y €m.

We will denote the pull back of wz to M., by the same letter wz. In

particular, the vector Z° = —iZ% defines the invariant 2-form w® :=

wzo =i dBoZ% = dBo Z% = df° on S which is the curvature of
the principal connection §° in the principal bundle 7 : S = G/L —
F = G/K. We denote by C(J¥) C t the T-Weyl chamber which
corresponds to the complex structure J¥.

The following proposition shows that a standard invariant Kéhler
structure in M,..4 is defined by a parametrized open interval (ZZg) in
the T-Weyl chamber C(JI"), parallel to Z°.

Proposition 19 A standard invariant Kdhler structure (Wreg, Jreg, Greg)
on Myeg = (0,d) x G/L which induces an invariant CR structure

(H, J‘rH) on reqular orbits is defined by a parametrized open inter-
val Zy = Zo + f(t)2° € C(J¥) where f: (0,d) — R, lim;0 f(t) =0
is a smooth function with a(t) = f(t) > 0. More precisely, define

0y :=iBoZ,=iBoZy+ f(t)iBo Z° = 0y + f(t)6°,
wo = dby = wg,, W= dh® = wyo.
Then the Kdahler structure is given by
Wreg = d(Bo + f(1)6°) = fdt N6° +wo + f (1)’
Greg = dt* + (f0°)? + 7" go + f(t)7"g°,

. 1
Treg : dt — — 69,60 7 Jlge =17

Here ¢° = —w® o J¥, go = —wp o J¥ are symmetric bilinear forms on
F.

The pair (wy == wo + f(t)w®, JF) defines an invariant Kdhler structure
on F forte (0,d) .

Proof: Using (@), we have
1
wreg(Tt, JTt) =1= wreg(Tta EZ%)

This shows that the Kéhler form wy.q on M., can be written as

Wreg = dt A a(t)0° + wy

where wy := w|g, is a closed invariant 2-form on S; = S with kernel

RZY.

15



The form wy is the pull back of an invariant symplectic form wyz, =
id(B o Z;) associated with a vector Z; € C(J¥) (where C(JF) is the
Weyl chamber which corresponds to the complex structure J). It is

sufficient to check that wy is invariant with respect to the fundamental
vector field Z%. We have

S _ S ; S _
ngwt szlo?dwt +dzzgwt =0

since wy’ is closed and has kernel RZ%..
Now the condition that wyeq is closed can be written as

dt A aw’ +dt Ay =0

or

—a(t)w’ —i—c'uf =0=W,z0,5 =0
or Zy +aZ® = 0. This implies that the curve Z; is an (open) interval
(maybe, a ray) (ZoZq) € C(J¥) with parametrization Z, = Zy +
f(t)Z°, t € (0,d), with a(t) = f(t) > 0. We may assume that f(0) = 0.
We have proved that

Wreg = f(O)dt NO° 4wz, = F(£)dt AO° + wo + f(t)w°.

Now we easily calculate the metric g,.q as a composition of wy.cq
and J. 0

Since an interval in C(J¥) is not diffeomorphic to a circle, we get

Corollary 20 There is no cohomogeneity one Kdhler manifold of
standard type with the orbit space S*.

Corollary 21 i) a(t) := f(t) = Wreg(Tt, Z%) = Greg(JTt, Z%),
a(t)? = greg((Z2)r(), (Z)~(1))-
it) For any X € g the square norm of the Killing field X along a
normal geodesic y(t) is given by

bx(t) =X = wo(X, JX)+f (1)’ (X, JX) = go(X, X)+£(t)g°(X, X).
ii) Ifw®(X,JX) #0, then bx (t) = a(t)w’ (X, JX) = a(t)g*(X, X) #

0 and the function bx (t) has no critical points for t € (0,d). It

is true if 0 # X € m.

4.3 Basic properties of standard Kahler cohomo-
geneity one manifolds with singular orbits

As an application of previous results, we prove two basic properties
of a standard Kahler cohomogeneity one manifold with one or two
singular orbits (see also [15]).
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Proposition 22 Let M be a standard cohomogeneity one Kahler
manifold with the orbit space M/G = [0,1) . Then the singular or-
bit So = Gy(0) = G/Hy is a complex submanifold, hence a Kdhler flag
manifold and H D K = Ng(L).

Proof: The value ZS of the Killing vector field Z° generated by the
fundamental vector Z% € g at the point p := (0) € Sy is zero, since
in the opposite case we get two Ad p-invariant elements ZB s Zg in
the B-orthogonal complement [+ = RZ% +m C g. This proves that
H D K since K = Ng(L) is a connected subgroup.

For a subspace n C g we denote by f,() the subspace of T )M
spanned by the values of the Killing vectors )A(W(t), X € n. Since
w(¥(t), My s)) = 0 for ¢ # 0 it is true also for ¢ = 0. But

T,S0 =g = ﬁlv(O)

since (t +RZy)o = 0. So for any normal geodesic ~(t) with (0) = p,
we get

w((0), TpSo) = g((0), JTS0) = w(%(0), M (0)) = g(§(0), JM,()) = 0.
Since vectors 4(0) span TpLSO, we get

9(T5-S0, JT,50) = 0
which shows that Sy is a complex submanifold. O

As a corollary, we get the

Proposition 23 If (M,w, J,g) is a standard (compact) cohomogene-
ity one Kdahler manifold with two singular orbits S. = Gv(e) =
G/H., e = 0,1, then the singular orbits are complex submanifolds and
K = NG(L) = HO N Hl.

Proof: Tt remains only to check that Hy N H; = K. Since the metric g
is complete, for any normal geodesic (t), ¢ € R through a point p € M
we have

w(§(t), m¢) = 0.

Also, since Zg =0, we get
w(¥(0), Z9) = 0.

Since T},S¢ = g, this means that w(TZf-SO, T,50) = g(TIf-SO, JT,5)) =
0 that is Sy is a complex submanifold and Hy and similarly H; are the
centralizers of some torus in G. Then Hy N H; D K is also the cen-
tralizer of a torus and hence, a connected subgroup. If K # Hy N Hy
then there is non-zero vector X € mnNh, Nh; and the associated func-
tion bx (t) := |)A(,Y(t)|2 (the square norm of the Killing field X along a
normal geodesic) vanishes at the points ¢ = 0, 1. Hence it has a critical
point in (0, d), which contradicts Corollary 211 |
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5 Einstein equation and Kahler-Einstein
structure on M,

To calculate the Ricci form of an invariant Kéhler metric on M.y =
(0,d) x G/ L we construct local holomorphic coordinates 2%, 21, ..., 2"
in M,..q which are extension of local holomorphic coordinates 2.2
of the associated flag manifold F' = G/K.

n

5.1 Holomorphic coordinates and Kahler potential
of M,4

Let z1,...,2n,t,¢ be local coordinates on M,..4, where ¢ is a local
coordinate on the torus 7' = {e’®} such that K = L -T'. In these
coordinates, let

0° =cdp+0(z,2) =cdo+i) (Fydz; — Fydz) (6
j=1

and let ¥ be a solution to the system of partial differential equations

ov .
%ZFj, ]:1,...,7?, (7)
J
o . N OF;
(it is easily checked that df° = w® implies %1: b= 6—22)
Then, we claim that
, 1
20 = icp + ?dt + 0 (8)

is a new lgolomorphic coordinate on M;.cg. Imdeeq7 this is equixialent to
say that 0zg = (d —id®)(z0) = 0, where d = 940 and d° = i(0 — 9) =
J~tdJ. We have

ov ov

: 1 S _

1 - -
= ic dg+ dt + > Fydz; + Fidz;

j=1

and
1 - _
2o = J 7 (ic do + < dt + Y Fydz; + Fydz;) =
f =

1 - -
= —ic]dg — 5 Jdt - i) Fydz; — Fydz;) =

by Jdt = —f'6° and JO° = Ldt
f

j=1

= —z?dt — Z(Z Fidz; + Fydz;) + 60° — Z(Z Fidz; — Fdz;) =

j=1 j=1

18



1 " _
= —’i?dt-f—cdqﬁ—i( E Fidz; +Fjd2j)
Jj=1

S0 dzg = 1d°zy as required.

5.2 The Ricci form and the Einstein equation for
an invariant Kahler metric on M,

Now, we calculate the Ricci form of an invariant Kéahler structure
(Wregs J79, g7%9) on Myeq = (0,d)xG/L associated with a parametrized
interval Z; = Zo+ f(t)Z" in the T-Weyl chamber C(J!") corresponding
to the complex structure J of the flag manifold F = G/K.

By Proposition [[9, the Kahler form is given by

Wreg = f()dt A O° + (wo + f(t)w) = f()dt A O° +wz,  (9)

where wz, = d(B o Z;), so that

wf;;l =(n+1)df A 6% A (wz,)"™,

(n+1)(wz)" = (n+1)(=2)"(Cacrg foodwa Aw-a)" = h(f)vol”,

where R is the set of positive black roots,

is a volume form on F' = G/K and

hf)= ] o) = I] (c0+ fa°), ao:=a(Z), a® = a(2°).

aEeRY, a€RY

So we can finally write

wpht = fR(f)dt A6° Avol. (10)
Lemma 24 Let z',...,2" be holomorphic coordinates in F = G/K
and 29, 21, -+ | 2™ their extension to holomorphic coordinates in (0, d) x

G/L, being zy defined by above formula (8). Then the density u asso-
ciated with the volume form

Wl = pd2O A ANdZ" NdZOA - A dE”

reg
s given by
i

p= 5 2h(f)u"

where pf is the density associated with the volume form vol®.
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Proof: By substituting (@) in (I0) we have

witl = fr(f)pfdt Adp Ndz A Ad2" NdEY A AdET (11)

reg
By (8) we have dzg = ic d¢ + %dH (terms containing dz;, dz;),
dzo = —icdo+ %dt+ (terms containing dz;, dz;) and 72ic%dt/\d¢ =
dzo A dZo+ (terms containing dz;, dz;). By replacing this in (1)) we
conclude the proof.
O

Now we calculate the Ricci form p of the invariant Kéhler structure
using the very well-known formula

- 1., 1., : 1
p = —i0dlogu = 7dd° log j1 = 7dd° log(f2h(f)) — 5ddc log pu*".

The second term is the Ricci form pf” = do of (any) invariant Kéhler
(with respect to the complex structure J¥') metric. We calculate the
first term. By Proposition [[9

dlog(f?h) = J~tdlog(f?h) = d log(f2h)Jtdt = f%log(f2h)90,

T dt
dd®log(f?h) = i(f'i log(f2h))dt A 6° + fi log(f2h)w"
dt™ dt dt
and
__li i ¢2 O_E'i ) 0 F
p=—g(flog(fTh)dt N0 — o f— log(f h)w” + p.

The Einstein equation p = Mg = Afdt A 0% + \wp + Afw® can be
rewritten as

1.d .
Af + 5 f 2 log(f°h) = ¢, ¢ = const (12)
o = Ao+ (13)

Since by Proposition Bl we have p' = d(B o Z%°%), where ZX°¢ is the
Koszul vector, (I3) can be rewritten as

zKos = \Zy + c2°. (14)
Now we write (IZ) in more explicit form. Since f % log(f2) = 2f and
d d fa® :
Zlog(h(f) == Y1 0y = S —
o loa(h(f) = — Z+ og(ao + fa’) Z+ e = AW
acRy a€Ry
where A(f) =3 cpt %z—;ao, we get
.1 )
F+3ANF+Af = (15)

We proved the following

Proposition 25 [15] The Kdhler metric on (0,d) x G/L defined by
a parametrized interval Zy = Zo + f(t)Z° C C, t € (0,d) of a Weyl
chamber C is a Kdhler-Einstein metric if and only if the function f(t)
satisfies the equation [I3) and the relation (I4) holds.
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5.3 An example: the n-dimensional projective space

Let M be the projective space CP" = {[xg,x1,...2,]} with affine

coordinates wy = fc—’;, k =1,...,n, endowed with the Fubini-Study
form wepn = i001log(1 + |w1]? + -+ + |wa|?). Let us denote x =
(1,...,2n) and let us consider the action of G = SU(n) on M given

by Alxg,z] = [xg, Ax].

It is easily checked that this is a cohomogeneity one action, with singu-
lar orbits So = G([z0,0]) = [z0,0], S1 = G([0,7]) = CP"~ ! and regu-
lar orbits diffeomorphic to S?"~! (obtained when zg # 0 and x # 0).
For every regular point [1, w1, ..., w,], its orbit can be identified with
the sphere of radius r = \/|wi]? + -+ + |wy,|? in C", so that the sin-
gular orbit Sy (resp. S1) is obtained when the radius tends to 0 (resp.
to infinity).

The flag F' = G/K associated with the regular orbits is SU(n)/U(n —
1) = 5271 /{e'®} = CP"'. Let 2z = %=, k =2,...,n, be the affine
coordinate on F. Then we can take r, (b, 22, ce.,Zp A8 local coordinates
on a dense open subset of the union of regular orbits M,.y,. More
precisely, set

w1

r YT Wn =
e T Y YR SR TR

B re'® ret? 2o re'®z, (16)
VIHER VIHEP VIR

where we are setting |z|? := |z2|? + -+ + |z, |%

Using the change of coordinates (6], after a long but straight com-

putation we can see that the restriction w4 of the Fubini-Study form

wepn 10 Mypeq is

(wi,...,wy) =

n 2

Z ZJde - Zdej) + "

dr N\ dqﬁ—i— —
= 1+7r

2r

(ERSE ST an
where & = i901og(1 + |z|?) is the Fubini-Study form on CP"~!.

In order to find the relation between the parameter r and the parameter
t used in the above sections, let us recall that 6 is a unit field on M,q4
normal to each regular orbit. On the one hand 7 is normal to the
regular orbits. On the other hand, a straight calculation shows that
the coefficient of dr? in the espression of the metric g., is
V2
T+r2
replacing this into (7)) we find

2
(1+T2)2 I

t
dr and, integrating, r = tan (\/i) By

so we must have dt =

V2 (0t ‘ ~o o [t
—sin (75) din dqb—i— S0 | 7 J; zjdz; — Z;dz;) | +sin® (%) @
(18)
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NG NG AT
and 0° =n,/ (nzl) (dqﬁ + 2(1_:‘2‘2) > imo(zidz; — Zjdzj)). The correct
normalization for 6° is obtained as follows. On the Lie algebra su(n)
of G = SU(n), 6° is defined as B(Z%,-), where B(X,Y) = 2ntr (XY)
is the Killing-Cartan form and Z% € su(n) is such that B(Z%, Z%) =
—1. This last diti i] lies that Z% = ——__di

is last condition easily implies tha /3D iag ((n —
1),—1,...,—1). Then, for every X; € T;(SU(n)) having iaq, ..., i,
(ar, € R) on the diagonal, we have

This is exactly formula (@) with f(¢) = Vn"71 sin® (L), WY =n, /20

0°(X;) = B(Z% X) = (n—Dag —ag — - —ay) =

n\/2 -1)

F

and for general X, € T,(SU(n (aij),

GO(Xg) 0 (dg_lX 1111(111 co - Apiahy).
Hence §° = —, /ﬁ(@udau + .-+ + Gnidany). Now, if we take
into account that CP"~! = SU(n)/U(n — 1) via the action CP"~1 =
{A[l 0,. ]} = {[a11, ., an1]} and accordingly to ([6) we replace

ez,

— e’ —
/—1+| |25 az1 = /—1‘H ‘23---5 /—1+|Z|2,

tion yields exactly the above expression for 6°.

Finally, let us verify that f(t) = Vﬂ’z/_; sin? (%) satisfies the Einstein

equation (IH). In this case, since F' = CP"~!, the set R} contains the
roots €1 — €9,...,61 — €,. Moreover, since the singular orbit SO is a

fixed point, we must have Zy = 0 and then oy = a(Zp) = 0. Hence
0

A(f) = Za€R$ aoi—mo = "—_1 and (I8 reduces to

a straight calcula-

.. -1 f2
A =
f + 2 5T +Af=c
One immediately sees that f(t) = Vnri/%l sin? (\/ig) is a solution to this

equation for ¢ = V\"/;l and A = n+ 1, which is exactly the value of the

Einstein constant for wepn = ilog(1 + |w1]? + -+ - + |wy|?).

6 Standard cohomogeneity one Kahler man-
ifolds with one singular orbit

In the sequel we will consider only standard cohomogeneity one G-
manifolds M (Definition [[3)) with one (complex) singular orbit (Sy =
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G/H,J%). For brevity, we will call these manifolds just standard C1
manifolds.

First of all, we prove that any such manifold is the total space of the
homogeneous vector bundle M, = G xg V, = So = G/H over a flag
manifold Sy = G/H defined by a representation ¢ : H — GL(V,,) with
@(H) =~ Up,. Then we give a description of these manifolds in terms of
painted Dynkin diagrams and determine the invariant Kahler metrics
on them.

6.1 Reduction to admissible vector bundles

Let (So = G/H,J®) be a flag manifold with invariant complex struc-
ture.

Definition 26 A complex linear representation ¢ : H — GL(V,,) =
GL(C) and the associated homogeneous vector bundle M, = Gx gV,
are called admissible if o(H) ~ Uy,.

Note that an admissible representation is defined by a normal subgroup
N = ker(yp) such that H/N ~ U,,. Such a subgroup N is also called
an admissible subgroup.

The main result of this section is the following

Theorem 27 Let M be a standard complex C1 manifold. Then M is
the total space M, of an admissible vector bundle M, = GxzV, — So
over the singular orbit (Sy = G/H,J%).

Proof: Any cohomogeneity one manifold M with one singular orbit
can be identified with the homogeneous vector bundle M = G xg V
over the singular orbit Sy = G/H associated to some sphere transitive
representation ¢ : H — GL(V,,), where V,, is the normal space of the
singular orbit S (Proposition [l). Since, by assumption, the orbit Sy
is a complex submanifold, the linear group ¢(H) preserves a complex
structure in V. Checking the Borel list of sphere transitive linear
groups, we conclude that ¢(H) ~ H/ker (¢) =~ SUp,Upn, Spy 2 or
T Spm/Q

It remains to check that the only possible case is ¢(H) = Uy, which is
clear for m = 1. For m > 1, the result follows from the following two
lemmas.

Lemma 28 Let H be the stability subgroup of a flag manifold F =
G/H. Then there is no normal subgroup N C H with H/N ~ SU,,, m >
1.

Proof: 1f, by contradiction, a normal subgroup N C H such that
H/N ~ SU,, exists, then there is an ideal su,, of h corresponding
to a connected component of type A,,_1 in the white subdiagram Iy,
of the painted Dynkin diagram II = Ily UIlp of the flag manifold
G/H.
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For the classical groups, we can always assume that the inclusion of
A,,_1 into II has the form

O — O —+ee— O — @ — -
o a9 Om —1

Then the ideal A,,_1 = su,, is embedded into a subalgebra A,, =

Sty and the subgroup H = Ng(b) O Ngu,..,(sum) = Uy, con-

tains U,, as a normal subgroup. Since U,, = SU,, X Tl/Zm, we have

H/N ~ SU,,/Z,. This implies that there is no normal subgroup N

with H/N ~ SU,,, for m > 1, as required.

Consider now exceptional groups. There are only two flag manifolds
of type Fy, where the inclusion of the subalgebra A,,_1 = s, is not
as above:

®e— @ —>0—0

O—0=>e—e

Indeed, in these cases the (white) subalgebra f)/ = Ag = sug is embed-
ded into h = C3 = spg for the first diagram and into h = By = sor
for the second diagram. In both cases we have Nz(SUs) = Us =
SU;xT'/Z3. Repeating the above argument, we conclude that H/N =
SUs | Zs.

In the case when G has type Ey, { = 6,7,8, we can always embed
A,,—1 into A,, or D,, and use similar arguments with the exception of
the cases

0—0—:++—0 —0—0

which correspond to the flag manifold G/H = E;/Uy, £ =m =6,7,8.
In this case we have H = SU, - T, that is, at the Lie algebra level,
h = su;+¢Rd where ad 4 defines a gradation of depth 2 or 3 of the com-
plex Lie algebra e%. If we denote by V = C* the standard Uy-module,
then the gradation is given by (see [10], section 3.5)

e§:u4+g,2+gfl+gl + g2

for ¢ = 6,7, where g_1 = A3V, g_o = ASV, g1 = A3V*, g_o = A*V*,
and by

e§:u8+g_3+g_2+g_1 +01+92+93
where g41,g+o are defined as above and g_3 = V@ A%V, g3 = V* ®

A8V*. The isotropy action of the semisimple part SU, of the stability
subgroup H = SU, - T"! is the standard action on forms.
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Since the isotropy action of i-d on the space gy, is ik-id and h = uy = go,
we have [d, h] = 0, that is i - d € 3(h), so that N = exp(Ri -d) = Z(H).
By Z(H) N SU,, = Z(U,,) N SU,,, = Z,, we have then

H/N = H/exp(Ri-d) = H/Z(H) = (HNSU,,)/(Z(H)NSU,) = SUp, [ Ly,
The case of the group Gs is similar. O

Lemma 29 There is no normal subgroup N C H with the quotient
H/N =~ Sp,, or T* - Sp,, such that the associated cohomogeneity one
manifold M = G Xy V., has ordinary regular orbits.

Proof: The only flag manifold G/H of a classical Lie group which ad-
mits a normal subgroup N C H with indicated quotient has the form
G/H = Spn/(Up, x -+ x Up, x T¥ x Spy) = Spn/(N x Spy,). The
associated cohomogeneity one manifold Sp,, x i V,, has regular orbits
given, for non-zero v € V,,, by

Spn/L = Spn/N X (Spm)v = Spn/N X Spm—1

which are not ordinary since Ng(L) \ L D Ngp,,(Spm—-1) D Sp1 and
Spi1 is not one-dimensional.

For the exceptional case, we have to consider the cases of Fy/Sps - T
with Dynkin diagram

® —0=>0—0

and Fy/Spy - T? with Dynkin diagram

e —0=>0—e

In both cases, the associated cohomogeneity one manifold has non
ordinary regular orbits. For example, in the first case the correspond-
ing regular orbit is Fy/(T" - Sp3), = Fi/Sp2, so that Ng(L)\ L D
Nr,(Sp2) D Sp1 and we conclude as in the classical case above. The
case of Fy/Spy - T? is similar. This finishes the proof of the lemma. [J

6.1.1 Description of admissible homogeneous vector bun-
dles in terms of Dynkin diagrams

The following proposition describes the admissible homogeneous vec-
tor bundles 7 : M, = G xg V, = So = G/H, over a flag manifold
(So = G/H, J®) in terms of painted Dynkin diagrams and characters
x : TF — T of the connected center T* of the stabilizer H = H' - T*.

Proposition 30 Let (So = G/H = G/H'-T*,J%) be a flag manifold
associated with painted Dynkin diagram 11 = Il U Ily. Then an
admissible homogeneous vector bundle M, = G Xy V, is defined by a
pair (Am—1,X) where Ay,_1 is a connected component of Iy of type
A1 (ie. a string of length m — 1), and x : T — T a character.
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Proof: The stability subalgebra of Sy admits a direct sum decomposi-
tion
h = su, ®n’ ®Z(h)

where su1,, is the ideal associated with the string A,,,—; and the corre-
sponding decomposition of the stability subgroup is H = SU,,, - N’-T*.
Then the extension of the tautological representation of SU,, in a vec-
tor space V,, = C™ by a character x : Tk — T idy, is an admissible
representation ¢ : H — ¢(H) = U(V,,) ~ U,,. The converse statement
is also clear. O

6.2 Regular submanifold M,., of M,

6.2.1 Invariant complex structures in the projective
space PV, = Hleg| = Uy, /Up—1 x U(1)g

Let 7 : M, = G xg V,, = So = G/H be an admissible vector bun-
dle over a flag manifold (Sy = G/H, J*) with reductive decomposition

g=b+p.

We identify V,, with the arithmetic complex vector space C™ with
the standard Hermitian form < .,. > and the standard basis eqg =
(1,---,00T, -+ Jeq_1 = (0,---,0,1)T. Then the stability subalgebra
may be written as
h = n & u,, where u,, is the Lie algebra of skew-Hermitian matrices.
The orbit ¢(H)eg = H/H,, is the sphere with the reductive decompo-
sition of h = n ® u,, given by

b=m&un-1)+ Rl +q)
where Iy = diag(i, 0p,—1) and

_ . 0 7X* m—1\ ~, rm—1
q_{ax_<X 0),XGC }~Cml

The diagonal Lie algebra ¢, is a Cartan subalgebra of u,, and a basic
vector e; is a weight vector for c,,, with weight €; where

¢;(diag(zo, 1, -+, Tm-1)) = x;.

The elementary matrices E;; € uS, = gl,,(C) are root vectors with
roots a;; = €;—¢;. The reductive decomposition t,,, = (uy,—1+RIp)+q
of the projective space CP™~! = U,,/U,,—1 x U(1)q defines a decom-
position of the root system R, of ug into the union of white roots
R} = {e —¢j, 1,7 > 0} ( which are roots of the stability subalgebra)
and the complementary black roots R;, = {#+aq; = +(e0—¢;), j > 0}.
The multiplication by +i in T,CP™ ! = q = C™~! defines two (op-
posite) invariant complex structures +.J; which define two invariant
complex structures +JCP™ on CP™1, They correspond to the fol-
lowing painted Dynkin diagrams:

o1 a2 Am—1m @10 Q21 Omm—1
® — O — .- — e} ® — O —=---— e}



Note that ap1(idg) = 1 where idy = —ily = diag(1,0,---,0). So the

T-Weyl chamber associated with the complex structure 4.J¢7 " s

+R*idy.

Deleting the singular orbit Sy = G/H which is the zero section
of m, we get a regular open submanifold which is the union of the
codimension one regular orbits parametrized by ¢ > 0
Sy = G(teo) = G xp (teg) = G/L where L = H,, = ker(¢) - Up—1 is
the stabilizer of the point eg. So we identify M,.., with

Myeg =R* x G/L.

The projectivization G x g PV, of the vector bundle 7 is a homoge-
neous manifold

F = G{teo} = G xg [eo] = G/K where the stabilizer K = H.,] =
L xU(1)o with U(1)o = diag(U(1),idm—1)-

We will assume that the regular orbit S = G/L is an ordinary man-
ifold. Then Ng(L) = K = L x U(1)p and the natural projection
G/L — F = G/K is a principal U(1)o-bundle over the flag mani-
fold F. The restriction of this projection to a fibre V(x) = 7= 1(x) is
the standard projection S?*™~! = S, NV (xz) — PV(z) of the sphere
onto the projective space. To be specific, we assume that Jp = Jljf
corresponds to 5 = a2 such that the system of black roots

I ={8=o1,b1, -, B}
and the T-Weyl chamber is defined by conditions
C(Jp)={B>0,81 >0, ,Br >0} Ct=1iZ(F)
We have the following standard (B-orthogonal) decomposition
g=I[+RZy +m=[+RZp +q+p

where Z% € RIj is the fundamental vector, i.e. the vector of Z(€) =
Z(1)@RI, orthogonal to [ and normalized by the condition B(Z%, Z%) =
—1. Note that by assumption, its centralizer is €.

6.2.2 Extension of the complex structure J° to an in-
variant complex structure in F

Let IT = Iy Ul be the PDD associated with (Sp, J®) and Il =
{B1,-+,Br}. We may assume that the T-Weyl chamber C(J*) asso-
ciated with the complex structure J° is defined by

C(IS) ={B1 >0, ,Br >0} Cts = iZ(h) = iZ(n) + Rid.

We extend the complex structure .J, = J9|p to a Adg-invariant com-
plex structure J on m = q+ p choosing one of the complex structures
+Jg, described above. This defines two invariant complex structures
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JZE in the flag manifold F = G/ K which are consistent with the com-
plex structure J° in Sy such that the natural projection F — Sy is
holomorphic. The PDD of the flag manifold (F, J&) is obtained from
the PDD of (Sp, J°) by painting in black one of the end roots 3 = o
Or Q-1 of the white string A,,—1 = {1, -+ ,am-_1} Ctp =iZ(E) =
ts + RZ°, Zy = —iZY.

Since 3(Z°) # 0, changing Z° to —Z° if necessary, we may assume
that 3(Z%) > 0.

6.2.3 Decomposition T'M, = ThM<p +TYM, of the tan-
gent bundle

The decomposition g = h+p defines a G-invariant principal connection
in the principal bundle G — Sy = G/H such that the decomposition
of the tangent bundle T'G into horizontal subbundle T"G and vertical
subbundle is given by

T.G=T'G+T’G = ap + ah = (La)+p + (La):b.
It defines a similar decomposition of the tangent bundle T'M,, given by
Tta,)My =T ;Mg + T, yMy = TG + TV, = ap + V.

In particular, along the radial line Reg € 7~ '(eH) C M, the tangent
space Tie, Mreg can be written as

Tieo My = TtZOMTeg + Ty My =p + V.

Proposition 31 Let gy be a o(H) = Uy, -invariant metric in V, and
gf,, t € R a 1-parameter family of Adk-invariant metrics in p.

Then the metric gie, = gf, D gv i p+Vy = TiegMyey is extended by
left translations from G to a smooth invariant metric in M,.

Proof: Indeed, the metric g, defines an invariant metric in Sy = G/H
which induces the G-invariant metric ¢ in the horizontal distribution
ThMg, via the isomorphism , : T;LMW — Tr(2)S0. The metric gy in
the fibre V,, = 7~!(eH) induces an invariant metric g¥ in the vertical
distribution TYM,. Then g = g" ® gV is an invariant Riemannian
metric in M. O

6.2.4 Description of the character

For simplicity, we will assume that G acts effectively on Sy. Then
G has no center and we may identify G with the adjoint group Adg
and H with the adjoint subgroup Ady C Adg. Then the group of
characters X'(T*) is identified with the lattice Q7 = spany Ry C tj; of
T-roots as follows.

We denote by

Qr:=1{het B(h)€Z,B € Rr}y=span(hy,---,hy) C tg :=iZ(h)
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the lattice in ty = iZ(h) dual to Qr with basis (h;, i = 1,--- , k) dual

to the basis {B] = /i(ﬁj), ﬁj S HB} of Qr, B](hk) = 0jk-
Then 27Q% is the kernel of the exponential map

expoi:t— T* h s exp ih

and we may identify T* with ty /27(Qr)*.
A weight

k k k
A= ijBj €Qr = X(Tk) ch= ijhj — A(h) = ijxj
j=1

=1 j=1
defines a character

x = xa: TF = C*, expih s ?™MR) = 2mipo;
(The reader is referred for example to [I7] for the correspondence be-
tween homogeneous line bundles and characters).

6.3 Invariant Kahler structures on ),

Let (So = G/H,J®) be a flag manifold with reductive decomposition
g = h+p associated with painted Dynkin diagram II = IIyyUllg, IIg =
{B1,--+, Bk} and the complex structure J° associated with the T-
Weyl chamber C(J%) = {#1 > 0,---,8r > 0} C ts = iZ(h). Let
M, = G xg Vy, V,, = C™7! be the admissible homogeneous vector
bundle associated with a pair (A,,—1,x) where A,,_1 is a connected
component of Iy of type A,,—1 (i.e. a white string of length m — 1
and y : T% = Z°"(H) — T" a character.

We assume that the regular orbit S; = G(teg) = G/L is ordinary.
Then the projectivization F = G xyg PV, = G/K = G/L x U(1)
is a flag manifold. Let J¥ be an extension of the complex structure
J*® to an invariant complex structure of F defined by extension of the
complex structure J, = JS|,¢J to a complex structure Jn, = J; @ J, on
m = q+p = T.x F such that the PDD of (F = G/K, J¥) is obtained
by painting in black the end root g of the string A,,_1.

The standard decomposition associated with the C1 manifold M,..q
may be written as

g=I1+RZp+m=(n+su,_1+RL1)+ (q+p)

where n = ker(p), € = [+ RZ% and Z% is the fundamental vector
which is identified with the fundamental vector field on M,., whose
restriction to a regular orbit S; is the fundamental vector field of the
principal U(1) -bundle S; = G/L - F = G/K = G/L x U(1).

The main result of this section is the following theorem.

Theorem 32 Let M, = G xgV, be as above a standard C1 manifold
having as singular orbit the flag manifold (So = G/H,J%), where the

29



complex structure J° is associated with the T-Weyl chamber C(J%) =
{By > 0,---,B > 0} C iZ(h) and let J¥ be an estension of the
complex structure J° to an invariant complex structure of F = G Xy
PV, = G/K associated with the T-Weyl chamber C(J¥) = {8 >
0,61 >0,---, 6k > 0}.

Let Z9 = kly be the fundamental vector, where k™' = (—B(Iy, Iy))?
and Iy is defined in Section[6.2.1), and let 0° be the dual to Z% invariant
1-form on the reqular part Myeq of M,. We may assume that B(Z°) >
0 where Z° = —iZ% € iZ(¥).

Let Zy € C(J%) be a vector from the T-Weyl chamber C(J%) which is
the face of the Weyl chamber C(J¥) = {8 = 0} . Then a segment in
C(JF) with a parametrization Zo + f(t)Z°, f(t) > 0 defines a Kdihler
metric in Mye, given by (see Proposition [19)

Greg = dt2 + (f90)2 =+ ”}go + f(t)ﬂ;g07

where mp @ Myeq — F' is the natural projection, go = wz, o JE s a
symmetric bilinear form on F (which is the pull back of an the invari-
ant Kdhler metric on Sy ) and g° = —wzo o J¥ is a symmetric bilinear
form on F.

The Kdhler structure smoothly extends to a geodesically complete in-
variant Kdhler structure on My if and only if the function f(t) is ex-
tended to a smooth even function on R such that Zo+ f(t)Z° € C(JF)
and satisfies the following Verdiani conditions :

£(0)= f(0)=0, f(0) =«

Proof: In the notations used before the statement, let X € q, Y € m,
then

go(X7 Y) = d(B o ZO)(Xa me) = —B(Zo, [Xa me]) =
= —B([Z, X], JuY]) = 0.

This shows that 75go is a metric in the horizontal subbundle ThMg,.
Similarly, for X € q, Y € p , we get

9°(X.Y) = —B(Zp, [X, J,Y]) = = B((Zp, X], ,Y) = 0

since [Z%, X] € gand J,Y € p. This shows that greq(T"Mieg, T Myeqy) =
0. The horizontal part gﬁeg of the metric g4 at a point tey can be
written as
g:‘leg = gT€9|P = W;go + fﬁ}go'

Under the assumptions of the theorem, it is extended to a smooth
metric in 7" M,c,. The vertical part is g%, = greglv = dt? + (£6°)2 +
f759°q. Since Z% and q belong to u,, C b, using calculation in u,, we
get for X,Y € q g7.,(X,Y) = —d(Bo Z9)(X,iY) = B(Z%,[X,iY]) =
B(Z%, X*iY +iY*X) = -2 < X,Y > B(Z},1p) = 2 < X,Y > where
< X,Y >=Im(X*Y) = 3(X*Y + Y*X) is the standard metric in
q= (Cm—l-

Now, let geyer = dt? + 2% + geuet|q be the flat euclidean metric on V/,
where n denotes the 1-form dual to the vector field generated by Ip.
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Since 6° = 11 we can rewrite gyeq|y = dt? + (%)%2772 + fr39%q and
apply Verdiani criterion (Theorem 1 in [I8]) which says that g7 ,lv.\ 10}
is extended to V,, if and only if f(t) satisfies the stated conditions, i.e.
is a smooth even function on R with f(0) = 0, f(0) = k. Then by
Proposition Bl the metric g,¢4 is extended to a Riemannian metric gas
on M,. Since this metric is Kéhler on M,.4, the corresponding com-
plex structure J,.4 is parallel. It is clear that J,..4 is extended to a

parallel complex structure on M. Hence the metric gas is Kahler.

The claim about the completeness of the metric on M, follows from
the following

Lemma 33 A metric of the form dt?> 4+ g, on a manifold M =R x N,
where g¢, t € R is a family of metrics on the compact manifold N, is
complete.

Proof of the Lemma: By Hopf-Rinow theorem, a metric is complete
if and only if the closed balls are compact. This is true under our
assumptions since any closed ball of radius r in M is contained in the
compact set [—r,r] x N. O

Definition 34 An interval, together with a parametrization as de-
scribed in Theorem [33, is called admissible.

Remark 35 Notice that for any d > 0, an admissible parametrization
f:(0,400) — (0,d) exists, take for example the function

F(t) =d(1 - e~ %),

This shows that, without additional conditions, a bounded segment in
the Weyl chamber can define a complete Kdhler metric (compare with
the case of Kdhler-Finstein metrics in the next section).

7 Kahler-Einstein metrics on standard co-
homogeneity one manifolds

In this section we give necessary and sufficient conditions for the exis-
tence of (complete and non-complete) Kéhler-Einstein metrics on stan-
dard C1 manifolds.

Our first result is the following

Theorem 36 Let M be a standard cohomogeneity one manifold, i.e.
(see Theorem [27) the total space of an admissible bundle M, = G X g
Vy, — So over the singular orbit (So = G/H, J®).

Let (F = G xg PV, = G/K,J) be the flag manifold associated with
regular orbits, Z¥°% € C(JF') be the Koszul vector which defines the
invariant Kdhler-Einstein metric on (F, JE') associated with the invari-
ant complez structure J¥ and (ZoZ4) C C = C(J¥) an interval in the
T-Weyl chamber C(JE) which represents a standard invariant Kdhler
structure on My, (Theorem [32).
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Then, the interval (ZoZ4) with a parametrization f(t) defines a Kdhler-
Einstein structure with Einstein constant X\ if and only if the vectors
ZKos 70,70 are related by

zKos = \Zy + kmZ° (19)

where m = dim(V,,), k is defined by Z% = rI, (Theorem[33) and f(t)
is the solution of the equation

Ft) + S AN+ = wm (20)

with the initial conditions )

lim¢_,o f(t) = lim;—0 f(t) =0, UlithO fit) =«

where A(f) = Za€R$ m, being R} the set of the positive
black roots of G/K (see formulas (I3]) and (I3)).

Moreover, the Kdahler-Einstein metric can be extended to a complete
metric if and only if X < 0, and in this case the segment extends to a
ray Zo +RYZ% in C(JF).

Proof:

The calculations made in Section show that the K&hler metric
determined by the interval (ZpZ4) together with a parametrization
Z(t) = Zo + f(t)Z° satisfies the Einstein condition if and only if

ZKos — \Zy + ¢Z° (21)

Fo)+ S A 407 = (22)

for some constant ¢. So, we must show that ¢ = km.

In order to do that, recall that in Theorem [32] it was shown that the
metric extends to the singular orbit if and only if the function f satisfies
the initial conditions limy_,o f(£) = limy_o f(t) = 0, limy o f(t) = &.
This implies that f(t) = £t + O(t*), and then

N AZO)(*8 + O(t*))
AN = X e EE o)

a€RY;

when ¢ — 0 tends to 0 if a(Zp) # 0 and to 2« if a(Zy) = 0. Since
Zy € Cg = {8 =0,8 >0,...,06, > 0} where {81,...,5} (resp.
{B,B1,-..,B8k}) is the set of black roots in the Dynkin diagram of
G/H (resp. G/K), then a positive black root @ € R, is a black root
of G/H if and only if «(Zy) # 0 (recall that, since Zy € Z(¥) then
every white root vanishes on Zp).

In other words, the number of roots a € Ry for which «(Zy) = 0
equals the number of positive black roots of G/K minus the number
of positive black roots of G/H, i.e. equals dimc(G/K) — dimc(G/H)
which, by G/K = G xy PV, is equal to m — 1. It follows then that

32



%A(f)f2 — k(m—1) for t = 0, which, combined with the other initial
conditions, implies that

f(t)+%A(f)f2+)\f—>m+f<a(m—1) — k.

This shows that ¢ = km.

Notice that f(t) extends to a smooth even function. In fact it follows
by a straight calculation using equation ([22]) that, under the given
initial conditions, lim;_,o f(® (t) = 0, which shows that f extends to
a C3 function invariant by reflection at 0. Then, it gives rise to a
C?-Einstein metric and we can apply a result by DeTurck and Kazdan
(see, for example, [5]) to conclude that f is C*°.

In order to end the proof of the theorem, we need to prove the following

Lemma 37 If the condition (I3) is fulfilled, then the function f(t)
parametrizing the segment (ZoZ4) which gives the Kdhler-Einstein met-
ric is the inverse to the function

f P(s)
= 5 ds 23
t/) /0 \/2 fo (¢ — M) P(v)dv (23)
where P is the polynomial defined by P(x) =TI g+ ((Zo) + a(Z?)).

Proof: The proof is based on the fact that, if f satisfies the ordinary
differential equation f(t) + SA(f)f?> + Af = ¢, where A(f) is any
function of f, then

f
(f')2 — = i A)dv (/ 2(c— )\v)efou Al9)ds gy + D) (24)

0

Indeed, by the substitution p(f) = f' we get f”(t) =p'(f)f = p'p, so
that the equation can be rewritten
1
p'p+ AP+ Af = ¢
that is, by setting u(f) = p(f),
u = —A(f)u+2(c — \f).

Then (24) follows by using the general formula to solve a linear first or-
der ODE 2/ = Pz+Q, that is z(t) = e/ P()dt U Q(t)e= J PWdtgy 4 D} .

In particular, in our case A(f) = >_  c p+ #Zf[z(zo), we have e/ AW —
e gt ((Zo) + fa(Z°)) = P(f) which, replaced into [24) yields

N2 __ L ! _
(" = 577 (/O 2 )\v)P(v)dv—i—D) (25)

from which formula (23)) follows by extracting the square root, inverting
and integrating, and by taking into account that for ¢ — 0 we have
f(t) — 0 and f'(t) — 0. O
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Now, using formula (23)) we are ready to end the proof of Theorem [36

If A > 0, then the metric is not complete by Myers’ theorem, which im-
plies that a complete Kahler-Einstein manifold with positive Einstein
constant is compact (and then in the C1 case should have two singular
orbits).

Let then A\ < 0. Then, by ([[@) we have kmZ° = Z%°% — \Z, and since
ZEKos 7, belong to C(JI) then also Z° € C(JF).

This implies that the polynomial P(z) = H,epr (a(Zo) + x a(ZY))
is strictly positive for « > 0: indeed, by definition, a root is black
if and only if in its decomposition as sum of the basis roots there is
one of those corresponding to the black vertices of the painted Dynkin
diagram, that is 3, 51,...,8p. Since for any white root v one has
Y(Zo) = v(Z°) = 0 (since Zy, Z° € Z(¥)), the factors a(Zp) + x a(Z°)
of the polynomial P(x) are positive for > 0 if and only if 3(Zp) +
v B(2°) = B(Zo+aZ"), Bj(Zo)+a B;(Z2°) = Bj(Zo+aZ®),j =1,....p,
are positive, which is true by definition of C(J%).

From this and from A < 0, it follows that the polynomial Q(s) =
2 [, (km—Av)P(v)dv appearing in the formula (23) has first derivative
Q'(s) = 2(km — As)P(s) always positive for s > 0, so it is strictly
increasing and (being Q(0) = 0) we have Q(s) > 0 for any s.

Then the integrand \/ 5T (nmli(;g) Foyds [23) is always well-definite
0

and obviously positive. Moreover, being the square root of the ratio
between one polynomial of degree N and a polynomial of degree N + 2
(both with no positive real roots), it goes to infinity like 1/s, and then
if f — oo then one has t — oo: this shows that f does not blow in
finite time, and then it is defined on (0, +00), which, together with the
fact that Zo + f(¢)Z° € C(J¥) (we have already observed above that
Z% € C(JF)) proves that the metric is complete.

Now, in order to prove that Zy + fZ° is actually a ray in C(J), we
observe that the function f does not stay bounded.

Indeed, if so, then either there would be a point ¢ty > 0 for which if
f'(to) = 0, or f/(t) — 0 for t — oo. In the first case, let tg be the
first positive value for which if f/(tp) = 0: by the initial conditions,
it should be f”(tp) < 0. But, from equation ([22)), one gets f”(to) =
¢ — Af(to) and then, since ¢ = km > 0 and A < 0, we have f”(¢y) > 0,
a contradiction. In the second case, we can conclude by the same
argument since, from equation ([22)),

f”:c—)\f—%A(f)f’Q—w—)\f.
O

Using Theorem and Lemma BT together with the description of
standard C1 manifolds in terms of Dynkin diagrams and characters
given in Section 6, it is possible to find explicit conditions (at least
when G is a classical group) for the existence and completeness of
Kéhler-Einstein standard C1 manifolds having a given flag manifold
So = G/H as (the only) singular orbit, for any sign of the Einstein
constant. More precisely, one has
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Proposition 38 Let G a simply connected Lie group with Lie algebra
g equal to one of the classical Lie algebras suy,, Span, S02n, S02n+1, and
let (So = G/H,J%) be a flag manifold associated with painted Dynkin
diagram 11 = T1& U HIV{, (possibly consisting of more connected compo-
nents) which begins with a white A,,_1 string.

Let G/K be the flag manifold obtained by painting in black one of the
end roots of the Ap,—1 string, and let ny, ..., n, be the coefficients of the
fundamental weights associated to the roots in TIH in the decomposition
of the Koszul form of G/K.

Then,

(i) there exists a Kdhler-Einstein standard C1 manifold M (having
So as only singular orbit) with Einstein constant X = 0 if and
only if n1,na,...,np (resp. n1+1,na,...,n,) are divisible by m
if the Ap—1 string is a connected component of the diagram (resp.
otherwise). In particular, if m = 1 this condition is trivially

fulfilled.

(ii) for any X\ # 0, there always exists a Kdihler-FEinstein standard
C1 manifold M (having So as only singular orbit) with Einstein
constant \.

If the above conditions are satisfied then, in accordance with above
Theorem 36, the Kahler-Einstein metric can be chosen to be complete
for A < 0, while for A > 0 the metric is never complete. Notice that
these results are obviously consistent with Myers’ theorem and with
[8].

We give a proof of Proposition 38 and illustrate it with some examples
in the second part of this paper.
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