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Smallness of the formal exponents of an irregular linear
differential system,
with an application to solvability by quadratures
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We prove that the formal exponents of a linear differential system with non-resonant irreg-
ular singular points whose coefficient matrix is small, are also small enough. This implies that
such a system is solvable by quadratures if, and only if its coefficient matrix is conjugated

to a triangular one (via a constant conjugating matrix), which generalizes the corresponding
theorem by Ilyashenko—Khovanskii for Fuchsian systems.
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1. Introduction

We consider a linear differential system

2L =By, e, (1)

of p equations near a non-resonant irregular singular point z = 0 of Poincaré rank » > 0.
This means that the coefficient matrix B has the Laurent expansion

B(z) = ZiT,(BO‘i’BlZ*F...) (2)

and the eigenvalues aq,...,ap of the matrix By are pairwise distinct. Such a system
has a formal fundamental matrix Y of the form

Y(z) = F(z)22eR0/2),

where A = diag(A1,...,)p) is a diagonal matrix, F is a matrix formal Taylor series,
and Q is a polynomial (they will be described in more details further).
The elements A1,...,Ap of the matrix A are called the formal ezponents of the

system (1) at the (non-resonant) irregular singular point z = 0. Their dependence on
the coefficient matrix is not so evident as the similar dependence of proper exponents in
the Fuchsian case (i.e., in the case of Poincaré rank r = 0): the latter coincide with the
eigenvalues of the residue matrix Bp. In particular, a Fuchsian system having a small
residue matrix has small exponents. Here we are interested in the following question:
when can one expect the smallness of the formal exponents at an irregular singular
point? The answer would have some application to the solvability of linear differential
systems by quadratures.

To give an answer to the addressed question, let us recall the procedure of a formal
transformation of the system (1), (2) to a diagonal form (from §11 in [1]).



2. Transformation to the non-resonant formal normal form
Under a transformation y = T'(z)7, the system is changed as follows:

vdr

5 _ A(z) 7, A(z) =T 1BR)T — 2T~ o
zZ

z =
dz
and a new coefficient matrix A has the Laurent expansion

A(z):ZiT(AO-i-Alz—i-...).

One may always assume that T(z) = I + T1z+ ... and By = Ag = diag(ai,...,ap).
Then gathering the coefficients at each power z* from the relation

T(z2) 2" A(z) — 2" B(2) T(z) + ="+ 9L —

dz
we obtain
k—1
Ty Bo — BoTy + Ay — By + Z(TlAk—l — BT+ (k—7r)Tx_r =0
=1

(the last summand equals zero for k < r). There are two sets of unknowns in this
system of matrix equations: Ay = (A}Y) and T}, = (T}’). Requiring all the Ag’s to
be diagonal and assuming that A;,...,Ax_; and Ty,...,T;_1 are already found, one
firstly obtains B - -

A7ic7/ — B]’;’L _ HZ;:’L7

where Hy = Zf:_ll (TyAx—; — Bx_1T}) + (k — 7)Tk—_r, and then

T = —— (B —HY). i#i, T =0
7 7

Thus one can see that A = A, and

Ao Ay Arq

o~ 22
F(z) = efArt1stAria Tt 7(z), Q(1/2) = — -
(2) (2), Q/z)=-— Do ~

Therefore, B - -
X = Al = Bit _ pii

This implies the estimate
IXil < 1A < [1Br|l + | Hr |l

(we will use, for example, the matrix 1-norm || - ||1 here).



3. On the smallness of the formal exponents

Now we prove the smallness of the formal exponents \;’s in the case of small coef-
ficients Bi,...,B,. For this, we should prove the smallness of Hy,..., H,. Denoting
p=min;»; |oj — | > 0 we will have

. 1 . -
T < — (1B + [H])-

he)

This implies the norm estimate

—_

1Tkl < ;(“BkH + 1 H D),

hence

- 1
IHN < D2 Tl (1A=l + 11 Br—ill) < Z ’ (Bl -+ IH) (21 Br—ll + [ Hie—al) -
=1

Assume that all | Bg|| <e, k=1,...,r. Then

>
|
=

1
VBl < 372 (2 4+ e (@I + 1Hidl) + Al () =
=1
1
(206 =1 S HH1||+Z||H1|| 1H])-
=1
Thus having
2
H; =0, ||H2||<2*

one obtains by induction
e2
| Hr|l < " Pr_a(e/p) and  |Xi| <ePr_1(e/p),
where P._o and P,_1 are polynomials of degree r — 2 and r — 1 respectively. Indeed, if
&2
|Hi|l| < — Pr—2(e/p) for k=23,...,7r—1
o

(where Py_o is a polynomial of degree k — 2) then

1 r—1 62 r—1 84
1A < (20 =102 482 30 Pa(e/o) + 30 5 Poale/p) Pt (e/0) =
=1 =1

2 r—1 r—1
= T2+ 35 Pt/ + 30 (5) Pale/n) Priae/p) =
P =1 P =1 P

2
= = Piale/p)
P

This leads to the following assertion.



Proposition 1. Consider a (Zariski open) subset W C Mat(p, C) of p X p-matrices
having pairwise distinct eigenvalues. For any open disk D € W and any € > 0, there
exists 6 = §(D,e) > 0 such that every system (1), (2) with

Boe D, |Bill<9s, ..., |Br] <9,
has formal exponents satisfying the condition |\;| < e.

Remark 1. Note that if the Poincaré rank » = 1, then |A;| < ||B1|| thus one has no
necessity to restrict the leading term Bp on some disk D and may take any By € W.
There is also no necessity for restricting By in the case By = ... = B, = 0: then all the
formal exponents equal zero.

4. Application to solvability by quadratures

Now we consider a system

BBy umeo, 3)

dz
defined on the whole Riemann sphere C. Assume that it has non-resonant irregular
singular points a1, ..., an of Poincaré rank r1q, ...,y respectively (for determinance we
assume here that the system has no Fuchsian singular points). Then the coefficient
matrix B has the form

n i Bi n

N zZ — Qg
1=1 4

(if 0o is a non-singular point).
One says that a solution y of the system (3) is Liouwillian if there is a tower of
elementary extensions
Clz)=FhCF1 C...CFn

of the field C(z) of rational functions such that all components of y belong to F,,. Here
each Fj 1 = F;{(z;), where z; is either an integral or an exponential of integral of some
element in F;, or algebraic over F;. The system is said to be solvable in the Liouvillian
sense (or, by quadratures), if all its solutions are Liouvillian.

The question of the solvability of a linear differential equation or system by quadra-
tures is studied usually by purely algebraic methods, since an answer depends on prop-
erties of the differential Galois group of the system. However in some cases, with the
use of analytic methods one can leave aside the Galois group and obtain an answer
in terms of the coefficients of the system, which essentially simplifies the study. As is
explained below, one of such cases is a system with a small coefficient matrix.

For the system (3) whose formal exponents are sufficiently small, the solvability by
quadratures is equivalent to the existence of a constant matrix C' € GL(p, C) such that
CB(z)C~! is triangular (see [2]). Thus Proposition 1 leads to the following observation.
Let Syl 77™ be a set of systems (3), (4):

Satrean — (Bé,...,Bil),..‘,(Bg,.‘.,Bfn)|Bé,...,B{)"GW}

T1yeesTn

(recall that W C Mat(p, C) is a set of p X p-matrices having pairwise distinct eigenval-
ues).

Theorem 1. For any open disk D @ W there exists € = (D, p,n) > 0 such that in
a subset

{(Bh,....Bi)iy € Stivtn | By € D, |Bill <e,...,|BL |l <}

T1ls-esTn



of systems with sufficiently small non-leading coefficients, solvable by quadratures sys-
tems are determined by the following algebraic condition: their matrices By, By, ..., By,
(i=1,...,n) are simultaneously reduced to a triangular form.

This means, roughly speaking, that a system with a sufficiently small coefficient
matrix is solvable by quadratures if and only if it is triangular. Thus we have a gener-
alization of the result by Ilyashenko—Khovanskii which claims that a Fuchsian system
with sufficiently small residue matrices is solvable by quadratures if and only if it is
triangular (see Ch. 6 in [3]).

Taking into consideration Remark 1 we also obtain two evident corollaries.

Corollary 1 (systems with singular points of Poincaré rank 1). There exists € =
e(p,n) > 0 such that in a subset
{85 By € s | I1B1) < <}

of systems with sufficiently small non-leading coefficients, solvable by quadratures sys-
tems are determined by the following algebraic condition: their matrices Bj, B} (i =
1,...,m) are simultaneously reduced to a triangular form.

Corollary 2. Non-resonant system (3) with the coefficient matriz B of the form

B(z) = 0 ry >0,
* ; (z —a;)mit! '
is solvable by quadratures if and only if all the matrices B(l)7 ..., By are simultaneously

reduced to a triangular form.

5. Conclusions

Let us note that the result formulated at the end of the previous section, looking like
a theoretical one, is not far from to be applied for a practical realization. For example,
the required smallness of the formal exponents of the system under consideration is
concrete: their absolute value should be not greater than 1/n(p — 1) (see [2]). The
practical calculation of the formal exponents can definitely be implemented, as follows
from the formulae for the elements A% from Section 2 (see [4] for more general questions
in this context). At last, we guess that the simultaneous triangularizability of a set of
matrices is equivalent to the nilpotence of the Lie algebra generated by them, which is
also can be checked.
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JoxkasbiBaerca, 9ro (POpMASbHBIE NTOKA3ATENN CHCTEMBI JuHEeHHbIX auddepeHnnaabHbIX
YPaBHEHUH C HEPE3OHAHCHBIMU MPPEryJsipHbBIMH OCOObIMU TOYKAMM, MATPUIA KO0dddumen-
TOB KOTODPO# MaJja, TAKYKE JOCTATOYHO Majbl. 3 3TOro cremyer, 4TO TAaKasg CUCTEMAa pPas-
pemmnMa B KBaJApaTypaX, €CJIM U TOJbKO eCJIH €€ MATPUIA KO3]D(DUINEHTOB MPUBOAUTCH K
TPEYTrOJIbHOMY BHIY COIPSAXKEHUEM Ha MOCTOAHHYI0 MATPHILY. DTO 00606I11aeT COOTBETCTBYIO-
myo TeopeMmy MnbameHKo—X0BAHCKOTO 1751 PYKCOBBIX CHCTEM.

KnarodeBble cjioBa: upperynsipHast ocobast Touka, (popMasbHbIE TOKA3ATENH, PA3PeIn-
MOCTb B KBaJpaTypax.
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