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TESNCHI INIEHAPHBIX JTOKJIAZIOB

ON THE CONJUGACY PROBLEM IN FINITELY PRESENTED
GROUPS
A. Yu. Ol’shanskiy
Department of Mathematics, Vanderbilt University (Nashville, USA)
alezander.olshanskiy@uanderbilt. edu

The first examples of finitely presented groups with decidable word problem and
undecidable conjugacy problems were found by P.S. Novikov and W. W. Boone in
50’-s. Dehh function d(n) can be regarded as a measure of the complexity of a finitely
presented group, and the first examples of the groups with undecidable conjugacy
problem have exponential Dehn functions. It is well known, that the conjugacy
problem is decidable if lim inf,, .., d(n)/n? = 0. With M.V. Sapir, we have constructed
finitely presented groups with quadratic Dehn function and undecidable conjugacy
problem. This answers E. Rips’ question of 1994.

MAX-PLUS POLYNOMIALS AND THEIR ROOTS
V. V. Podolskii
National Research University Higher School of Economics, Moscow
vpodolskii@hse.ru

Max-plus algebra emerges in many fields of Mathematics such as Algebraic
Geometry, Mathematical Physics and Combinatorial Optimization. In part, its
importance is related to the fact that it makes various parameters of mathematical
objects computationally accessible. Max-plus polynomials play a fundamental role
in this, especially for the case of Algebraic Geometry. On the other hand, many
algebraic questions behind max-plus polynomials remain open. In this talk we will
discuss some recent results on max-plus polynomials and their roots. In particular,
we will discuss solvability problem for max-plus linear systems, max-plus analogs of
classical Nullstellensatz, Combinatorial Nullstellensatz, Schwartz-Zippel Lemma and
Universal Testing Set.

NON-CLASSICAL MULTI-AGENT LOGICS WITH
MULTI-VALUATIONS
V. V. Rybakov
Institute of Mathematics and Informatics, Siberian Federal University, Krasnoyarsk,
Institute of Informatics Systems of the Siberian Branch of the RAS, Novosibirsk,
(Russian Federation)
Vladimir Rybakov@mail.ru

We study various modeling multi-agent reasoning and taking decision by
instruments of non-classical logics. The departure point is usage some modifications of
relational Kripke-Hinttikka models (in particular the ones with different accessibility
relations or with different valuations of the agents knowledge). In particular, a kernel
distinction from the standard relational models is introduction of separate valuations
for each agents and then computation the global valuation using the all individual
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ones. We discuss this approach, illustrate it with examples and demonstrate that
this is not a mechanical combination of standard models, but much more thin
and sophisticated modeling knowledge and computation truth values in multi-agent
environment.

Usual most important logical problems are addressed to that logics, in particular
the satisfiability problem,the decidability problem and the admissibility problem. We
solve them for some logics and find deciding algorithms, for some others that are yet
open problems. Illustrating examples for applications to be provided.

The reported study was funded by Russian Foundation for Basic Research, Government of
Krasnoyarsk Territory, Krasnoyarsk Regional Fund of Science, the research project No. 18-41-240005

CENTRALLY ESSENTIAL RINGS
A. A. Tuganbaev
National Research University MPEI (Moscow), Lomonosov Moscow State University
tuganbaev@gmazil.com

All the results of this report were obtained jointly with V.T. Markov.

We consider only associative rings with 1 # 0.

A ring R with center C' is said to be centrally essential if, for any non-zero element
a € R, there exist two non-zero elements x,y € C' with ax = y, i.e. R is an essential
extension of the module C¢.

In a centrally essential ring R, all idempotents are central; in addition, if R is
semiprime or right (left) nonsingular, then R is commutative.

Let F be the field Z/3Z, V be a Vec%ér F-space with basis e, es,e3, and let
A(V') be the exterior algebra of the space V. Then A(V) is a centrally essential
noncommutative finite ring.

There is a centrally essential ring R such that the ring R/J(R) is not a PI ring.
Thus, R/N(R) also is not a PI ring (in particular, the rings R/J(R) and R are not
commutative).

If R is a centrally essential ring, then for any commutative monoid G, the monoid
ring RG is centrally essential. In particular, the rings R[z] and R[z,z~!] are centrally
essential.

Let F' be a field of characteristic p > 0 and G a finite group.

1. The ring F'G is centrally essential if and only if G = P x H, where P is the
unique Sylow p-subgroup of the group G, the group H is commutative, and the ring
F'P is centrally essential.

2. If G is a p-group with nilpotence class < 2, then F'G is centrally essential.
There exists a group G’ of order p® such that FG’ is not centrally essential.

If R is a finite-dimensional centrally essel?t'ial algebra, then R is a centrally essential
ring < < the ring R[[z]] is centrally essential < the ring R((z)) is centrally
essential.

Open Question. Is it true that any formal power series ring over a centrally
essential ring is centrally essential?

If R is a centrally essential algebra and A is a commutative algebra, then A ® R
is a centrally essential algebra.

Open Question. Is it true that any tensor product of centrally essential algebras
is centrally essential?
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4.
The exterior algebra A(V') of a finite-dimensional vector space V' over a field F' of
characteristic 0 or p # 2 is a centrally essential ring if and only if dim V" is an odd
positive integer. In particular, if F is a finite field of odd characteristic and dim V' is an
odd positive integer exceeding 1, then A(V') is a centrally essential noncommutative
finite ring.

5.

A ring R is a right distributive, right Noetherian, centrally essential ring if and only if
R is a direct product of finitely many commutative Dedekind domains and uniserial
Artinian rings.

Let R be a left Artinian, left uniserial ring with center C' and Jacobson radical
J and let n be the nilpotence index of the ideal J. If JI2 C C, then the ring R is
centrally essential. Open question: Is the converse assertion true?

If a field F' has a non-trivial derivation ¢, then there is a non-commutative Artinian
uniserial centrally essential ring R with R/J(R) = F.
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ON SHALEV CONJECTURE FOR SIMPLE GROUPS
E. P. Vdovin
Sobolev Insctitute of Mathematics, Novosibirsk, Russia
vdovin@math.nsc.ru

Recall that a group word w = w(xy,...,z4) is an element of a free group F, with
free generators x1,...,24. We may write w = z;" x::’“ where i; € {1,...,d}, and
m; are integers. For a group G and gy,..., 94 € G we write

w(gr,---,9a) = gi" - 91" €G.

The corresponding map w : G¢ — G is called a word map and its image is denoted
by w(G). Many papers are devoted to estimate the size of w(G). In [1], Larsen and
Shalev proved the following
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Theorem 1. Let G be a finite simple group of Lie type and of rank n and w # 1
be a word. Then there exists N = N(w) such that if G is not of type A, or %A,
and |G| > N then

w(G)| = en”M|G
for some absolute constant ¢ > 0.

Notice that ¢ depends on w in Theorem 1. Later in [2|, Nikolov and Pyber found a
weaker lower bound for the groups of type A, and 2A, . In the expository article [3],
Shalev conjectured that Theorem 1 holds for all groups of Lie type.

Conjecture. |3, Conjecture 5.6|. For every word w # 1 there exists a number
N = N(w) such that if G is an alternating group of degree n or a finite simple group
of Lie type of rank n, and |G| > N, then

w(G)| = en!G,
where ¢ > 0 is an absolute constant.
The main result of our talk is Theorem 2.

Theorem 2. Let w € F, \ F;, and G = PSL; (q). Then there exists a positive
constants N, c depending only on w such that if |G| > N, then

In(n)

w(G)| = c——G].
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IDENTITIES OF KAUFFMAN MONOIDS: FINITE
AXTIOMATIZATION AND ALGORITHMS
M. V. Volkov
Ural Federal University named after the first President of Russia B. N. Yeltsin,
Ekaterinburg
mikhail.v.volkov@yandex.ru

Kauffman monoids were introduced by Temperley and Lieb in their studies on
some problems in statistical physics. Later, they were independently rediscovered as
geometric objects by Kauffman in his work on knot theory. Over the past few years it
turned out that algebraic properties of Kauffman monoids are of interest too. The talk
presents results on equational theories of Kauffman monoids found by the speaker and
his coauthors. We have discovered that, even though these theories admit no finite
axiomatization, there are certain cases in which the identities of Kauffman monoids
can be recognized by polynomial time algorithms.
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N-R.E. DEGREES: A SURVEY OF RESEARCH OF PROF MARAT
ARSLANOV AND HIS GROUP
G. Wu
Nanyang Technological University, Singapore
guohua@ntu.edu.sg

In this talk, I will give a survey of the achievement of Prof Marat Arslanov
and his group in Kazan, with the focus on their work on n-r.e. Turing degrees,
enumeration degrees and Q-degrees. Prof Arslanov has done leading research in
the structure on d.r.e. Turing degrees since the early of 1980s, who first found a
structural difference between r.e. Turing degrees and d.r.e. Turing degrees. After this,
he started an extensive research on the isolation phenomenon in the dre degrees, and
extended his research to the structures of n-r.e. enumeration degrees and Q-degrees
with his students and collaborators. Most of his work is still influential in the society
of computability theorists.

CTPYKTVYPHI, BBIYNCJIMMBIE 3A OTPAHNYEHHOE BPEMA
I1.E. AnaeB
Hrnemumym mamemamuru um. C.JI. Coboresa CO PAH, Hosocubupck
alaev@math.nsc.ru

B nokajie mranupyercst 00CYIUTH PsiJi BOIIPOCOB, CBSI3aHHBIX C T€OPUEil BHIMUCIIU-
MBIX CTPYKTYP, & TaKKe CBA3b BRIUYUCIUMbBIX CTPYKTYP CO CTPYKTyPaMU, BHIYUCIUMbBI-
MU 3a OIDaHUYeHHOe BpeMs. B mepByio odepens B JIOKJIaJe OYIAYT paccMaTpUBATHCS
IPUMUTHUBHO PEKYPCUBHBIE CTPYKTYPbI U CTPYKTYPbI, BBIYUCIUMBIE 34 TIOJIMTHOMUAI b
HOE BpeMs4.

OYHKIINN BE3 HEIIO/JIBU2KHBIX TOYEK U
KOJIMOT'OPOBCKAS CJIOXKHOCTH BBIUNCJIEHUN
M. M. ApciaHoB
Kasancrut (lpusoasrceruti) dedeparvnut ynusepcumem, Kazano
Marat. Arslanov@kpfu.ru

ABTOpOM panee OBLIO BBeJIeHO MOHsATHE (DyHKIMN 6e3 HermoaBuKHOI Touku. OHO,
a TaKKe pas3JjndHble 000OIIEHNsT U YTOTHEHHUsI 3TOTO MOHATUS OKA3aJINUCh ITOJI€3HBIMU
JIJIST OTIMCAHMS ITOJHBIX OTHOCUTEIHLHO PAa3INIHBIX CBOIMMOCTEH KJIAaCCOB MHOYKECTB.
Kpowme Toro, nccjegoBaHus MOCIEHIX JIET TMOKA3a/IM, 9TO KJIAaCChl (DYHKITHI Oe3 Hero-
JIBUKHBIX TOYEK MOI'YT OBITH OXapaKTepPU30BaHbl B TepMUHAX KOJIMOropoBCKOil C10:K-
HOCTH.

Moit mokstaj OyeT MOCBAIIEH W3JI0XKEHNIO0 STUX PE3yJIbTaTOB.
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ITOJINMHOMWUWAJIBHOE IIOJIHBIE KBASUT'PVYIIIIBI 1 X
IMPNJIOZKEHU A
B.A. ApramoHoB
Mocxosckuii 20cydapcmesennoiti yrnusepcumem umenu M.B. Jlomonocosa, Mockea
viacheslav.artamonov@gmail. com

Haiiiens! jmoctarodnbie yCJOBUS PACIO3HABAHUS ITOJTUHOMUAAILHONW MOJTHOTHI KO-
HEYHBIX KBa3WTPYII [0 UX JATHHCKUM KBajpaTraM. BBejleHa KOHCTPYKIUS OUITPO-
u3BeJleHnst KBa3urpyiil. [IpuBeiensl 1ocTaTOUHbIE YCIOBUS, IPU KOTOPBIX OUITPOU3-
BeJIEHUE TIOJIMHOMUAJIBHOE TTOJIHBIX KBA3UTPYIIIL SIBJISIETCS TOJTHBIM. DTO TO3BOJISIETCS
CTPOUTH TOJTUMHOMHUAIBLHOE ITOJTHBIE KBA3UTPYIIIIBI JTIOOOTO MOPSIKA, SIBJISIOINIETO CTele-
Hbio 2, naunnasg ¢ 64. Jlokazano, 4To Jilo0yI0 KOHEUHYIO KBA3UTPYIIITY MOYKHO BJIOXKUTH
B IIOJTMHOMHUAJILHOE TIOJTHYIO. Y Ka3aHbl CIIOCOObI TOCTPOEHUsT KPUIITOCUCTEME HA OCHO-
BaHUU MOJMHOMHUAIBHOE TTOJTHBIX KBA3UTPYIII.

CXEMBI PE®JIEKCHUH, AJITEBPHI U1 IIPOT'PECCUU TEOPUN
JI. /1. BekaemuriiieB
Mamemamuveckut uncmumym um. B.A. Cmexaosa PAH, Mockesa

lbekl@yandex.Tu

CITAPUBAHUS TNJIBBEPTA I UHTET'PAJIBHBIE
OYHKIINMOHAJIBI: UCTOPUA, MOTUBUPOBKA " ITIOCJIE/THUE
PE3VJIBTATHI
C. B. Bocrokos
Canrxm-Ilemepbypecruii 2ocydapcmeennoiti ynusepcumem, Carnxm-Ilemepbype
sergei.vostokov@gmail.com

['maBHOIT 3a/1a9eii KOHCTPYKTUBHON TEOPHUU I10JIeil KJIaCCOB sIBJISIETCA HAXO0XKIeHUe
sIBHOW (DOPMYJIBI JIjIst ODOOIEH- HBbIX 3aKOHOB B3amMHOCTHU. Jlanubie (hopMysibl Obl-
yu osiydensl B paborax C.B. Bocrokosa [1]. OHako, moHUMaHUE TIPUPOJBI JTAHHBIX
dbopmys (B pamkax coorBercTBus Beiiigs—ApruHa: 3/ieMeHThl apuMETUIECKUX JIO-
KaJIbHBIX TI0JIeH JOJIZKHBI OBITH aHaJIoraMiu MepOMOPMHBIX (DYHKIINI HA PUMAHOBLIX
HOBEPXHOCTAX) He ObLIO JIOCTUIHYTO. JaCTHUYHOE POJBUMKEHUE B JAHHOM HAIIPAB-
nennn gaét noxxox P. Kombmana [2], KOTOPBIi mpe/IoiaraeT pacCMOTPEHHUE SIBHBIX
dopMyT B 4aCTHOM cJiydae Kak perteHuil juddepeHmaibsHoro ypaBHeHus, CBI3aH-
HOTO ¢ mHTerpupyemoit cucremoii. Takzke padbora C. B. Bocrokoa u M. A. lBanosa
[3] maér cBs3b siBHBIX hopMmyit ¢ uaTerpasom [IIHupenbMana, HHTE- IPAJBHOTO OEpa-
TOpa P-aIMYECKOil ClIeKTpasIbHOM Teopru. B JTaHHOM JIOK/IaJe JaHHbIE TOIX0bI OyIyT
o0beImHenbl, OyIeT J1aHo oObsiacHeHne (POPMBI IBHBIX (DOPMYJI UCXO/Id U3 TEOPUU UH-
TerpaJibHbIX (DYHKIIMOHAJIOB.

JImreparypa
1. C.B. Bocrokog, fABnas ¢popma 3akona Bzaumuoctu, 13s. AH CCCP. Cep. marem.,
1978, Tom 42, BeIycK 6, crpanursl 1288-1321.

2. Robert F. Coleman, The dilogarithm and the norm residue symbol, Bulletin de la
Société Mathématique de France (1981), Volume: 109, page 373-402.
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3. C.B. Bocrokos, M. A. Upanos, Unrerpaibuas teopema Komm u kjaaccuaeckuii
3aKOH B3anmMHOCTHU, Y4eH. 3an. Kazan. yu-ta. Cep. @uz.-marem. nHayku, 2012, Tom
154, kaura 2, cTpanutipl 73-82.

O CTEIITEHAX TBIOPUHTA ABTOYCTOﬂqHBOQTH
OTHOCUTEJIbBHO PABPEIHINMBIX ITPEJICTABJIEHUU IIOYTU
IPOCTBIX MOJIEJIEN
C.C.Tonuapos
HUnemumym mamemamuru um. C. JI. Coboresa CO PAH, Hosocubupck
s.s.goncharov@math.nsc.ru

okta i mocBdinen mpodsieMe aBTOYCTONYIMBOCTU MOJIEIEl OTHOCTUTE/IHLHO pas3pe-
mmMbIx rpejcrasiennii. A.T. Hyprasunbim Obuta mosiydena xapakTepu3alius aBTO-
YCTOMYMUBOCTH MOJIeJIell OTHOCUTEIBbHO Pa3pelmMbIX IpejicTaBiennii. V13 Teopembl
A.T.Hyprasuna ciemyer, 9TO0 aBTOyCTOWYUBOCTH OTHOCHUTEIBLHO Pa3PEIUMbIX ITPeJI-
CTaBJICHUI BJI€YET TOYTU IPOCTOTY STUX Mojieseil. Borpoc o cIoKHOCTH H30MOp-
dusMa pasIMIHBIX pa3pelmMbIX mpecrasienuit ucciaengoBaica C.C.I'omuapoBbiM
u H.A Bakenoseim. CoBmectno ¢ B.Xapusanosoit 1 P.Muiepom mosyden orser o
HE3aBUCUMOCTH cTerneneil ThIopuHTra aBTOYyCTOMYIMBOCTH MOJIEIEH B TIOJTHBIX Pa3pelu-
MBIX TEOPHAX. ByIyT 00CyKIeHbI TaKyKe HEKOTOPbIE JIPYTHe Pe3yJIbTaThl U OTKPLIThIE
IpOOJIEMBbI TEOPUU PA3PEIIUMBIX MOJIEJIEH.

O KOPH4AX MHOT'OYJIEHOB HAJ1I HOPMMUPOBAHHBIMU
ImoJidMm
}O.JI. Epmos
Hremumym mamemamuxy um. C.JI. Coboresa CO PAH, Hosocubupck
ershov@math.nsc.ru

lersesteBbr HOpMuUpoBaHHbIe 1M0Js1. O600IMEeHNs teMMbl [ersesrs. CemapanT mpo-
M3BOJIBHOTO MHOTrodYJIeHa. Teopema o HOpMax KopHeil u kodddurmenTon. Teopema o
HelpepbIBHOCTU KopHeii. Muorowiensr Bpayna.

ABTOMATHBIE I ITIPUMUTNBHO PEKYPCUBHBIE
CTPYKTVYPbI
N. 111. Kanumynaaua
Kasancrut (lpusonsrceruti) dedeparvnut ynusepcumem, Kazamno
ikalimul@gmail.com
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JAE®POPMAIINN AJITEBP JIN
M.U. Ky3uenos
Huotcezopodcxuti eocydapemeennviti yrusepcumem um. H.H. Jlobavesckozo,
Huowernuti Hoszopod
kuznets-1349Q@yandex.ru, mikhail. kuznetsov@itmm.unn.ru

B nokitajzie obcyKar0Tcsd HOBbIE Pe3y/IbTaThl UCCIeI0BaHus JedopMalinii aaredp
JIn Ha T TOJIAME MaJIol XapaKTEePUCTUKH, CBA3AHHBIX ¢ KIacCuUKAIIeH ITPOCTHIX aJl-
re6p JIu. PaccmarpuBaloTcst OCHOBHBIE KJIACCHI ITPOCTBIX aredp JIu — Kjraccmyeckue
aJIreOpbl, aareopol JIu KapTaHOBCKOIO THUIIA, BKIIIOYad HeaIbTePHUPYIONINE TaMIIbTO-
HOBBI aJIreOPhI JIu YeTHOI XapaKTepUCTUKH, OJIyIIpocThie aaredps! Jlu. [IpuBoasgarces
[IpUMEPHI HOBBIX IPOCTBHIX ayireOp JIum, Bo3HWKaOmMuUX Kak jaedopMaluyu M3BECTHLIX
MIPOCTBIX U TOJIYIIPOCTHIX aiarebp. V3maratorcs pesyibrarsl 00IIei TeOpUH HeaATbTep-
HUPYIOIIUX MaMUJIBTOHOBBIX ayredp JIu n ux puibTpoBaHHbIX gedopMaliuii.

OBOBIIIEHHBIE I'PVIIIIBI ®PPOBEHUYCA
B. 1. Ma3zypos, /1. B. JIeitkuna, A. X. 2KyproB
UM CO PAH, Hosocubupck; Cubl’YTU, Hosocubupck; KBI'Y, Harvuux

mazurov@math.nsc.ru

[Iycte G — rpymnmna, F' — eé cobcTBeHHasI HeTpUBHAJIbHAST MOATPYyIa. CMesKHBIIM
kiaacc Fx rpynmner G 1o F' Ha3bIBACTCS NPUMAPHHIM CMENCHDIM KAACCOM, €CJIN BCE
9JIEeMEHTHI U3 F'T ABJIAI0TCS p-3JIEMEHTAMU JIJIsi OJTHOI'O U TOT'O K€ ITPOCTOr0 YHUCJIa P,
zapucsiiero or Fx. Ilepuonuaeckas rpynmna G, cojepKaiiasi HeTPUBUAIBHYIO COO-
CTBEHHYIO HOPMaJIbHYIO NOJrpyIty F' HazbiBaeTcs 0000wénnots epynnot Opobenuyca
¢ adpom F' | eciu Fx gBIs€TCS TPUMAPHBIM CMEYKHBIM KJIACCOM JIJIsT JTIOOOTO JIeMEeHTa,
Fx € G/F upocroro mopsijika.

Ormernm, uro Jrobast KoHedHast rpyrmna Ppobernyca u siobas rpymma Kamuner [1]
sA0JII0TCst 0000IEHHBIMI TpyTiTaMu Ppobennyca.

Joka 1 mocBdIéH Kiaaccudurarmmn 00600meHubx rpyin Opoberuyca.

[Iycts V' — Moy Hat mostem jiytst Tpyminbl G . CKarkeM, 9TO JIs JJAHHOTO TTPOCTO-
ro unciaa p Mojyiab Vo ssisiercs p' -c60000nvim modyaem (u G neiicrByer p' -ce0600mo
Ha V'), eciim vh # v ggist moboro 0 # v € V' ou moboro 1 # g € G, sBagiomerocs
P/ -37IEMEHTOM, T.e. 3JIEMEHTOM, MOPSIJIOK KOTOPOro He JIEJTUTCSA Ha P .

Komneunbie coBrajamorime co CBOUM KOMMYTAHTOM T'PYIIIbI, Jijisi KOTOPBIX CyIIe-
crByeT p'-CBOGOMHBII MOJLYIJIb TIPH HEKOTOPOM P, OIUCAHBI B [2].

Cremyromuit pe3yIbTaT OMUChIBACT KOHETHbIe 00001EéHHbIE TPyIbl Ppoberuyca,
COBITQ/IAIOIINAE CO CBOMM KOMMYTAHTOM.

Teopema 1. Ilycte G — HerpuBuaJjbHAsT KOHedHas1 0000miéHHast rpyiira Ppo-
beHmyca, COBIAJAIONIAas CO CBOUM KOMMYyTaHTOM. Torja eé sapo F HHIbMOTEeHTHO 1
G aeiictByer p'-cBO60gHO Ha KaxkgoM riaaBHoM ¢axkrope G BHytpu F' jis jmoboro
1pocroro 4ucja p, gesiero nopsijiox G/ F'.

Kpowme Toro, cripaBeyinBo OJHO U3 CJEIYVIOIIHX YTBEPIKICHHUIL:

(1) F sBisiercst p-rpynioii Jjisi HEKOTOPOTO HEYETHOrO MPOCTOrO YHCIA P, JIeJIs-
mero |G : F|, u G/O,(G) ~ SLy(p*), a > 1.

(2) F asnserca 2-rpynmoit u G /Oy(G) mzomoppua Lo(2%), a > 2, Sz(22°+1) wm
Ly(229H) x Sz(22+Y)  (2a+1,2b+ 1) = 1.

(3) F sBasiercss 3-rpynmoii n G/O3(G) ~ SLy(r), r € RU{7,17}.

(4) F sprsercss {3,r}-rpymmoii u G/F ~ SLy(r), r € RU{7,17}.

(5) G/F ~ SLy(5).
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Biece R — MHOXKECTBO BCEX MPOCTBIX YHCEN T, YJIOBJIETBOPSIONIUX CJICJLYIOIIHM
YVCJIOBHSIM:

(a)r=2%-3"+1 maa>2,b>0;

(b) (r+1)/2 — npocroe auciio.

Ecmu bakTop-rpymma konedHo 0600ménHOM rpynbl @pobennyca 110 siapy paspe-
IuMa, TO SJIpO MOXKeT ObITh Hepa3pEelIMMbIM, KaK MOKa3bIBaCT IpUMeEP 000OIMEHHOT
rpytisl @poberuyca ¢ sApoM, B30MOPQHBIM 3HAKOIIEpeMeHHOl rpyTine Ag, 1 dpakTop-
rpymmoi mo sapy nopsiika 2. Tem He MeHee, ClipaBeITUBa, CJIEIYOIIAs

Teopema 2. Eciin pakrop-rpynmna G/F koneuroii 0606miéunoii rpyimsr Ppobe-
muyca G mo siapy F' wHe siBiistercst 2-rpymnmoii, To F' paspernma.

Astopsr 6starogapusr mpodeccopy A. C. KongparseBy, oOpaTuBiieMy nx BHUMa-
HUe Ha Tpynibl KaMuHbL.

Jloksia, oCHOBAH Ha WCCJIEIOBaHUSIX, MOJJepKaHbIX rpanTomM PO®U (mpoexr
No. 19-01-00507).

JInteparypa

1. A. R. Camina, Some conditions which almost characterize Frobenius groups.
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2. P. Fleischmann, W. Lempken, P. H. Tiep, Finite p’-semiregular groups.
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ON GROUPS G¥ AND I'¥ AND THEIR APPLICATIONS IN
ALGEBRA AND TOPOLOGY
B. O. ManTtypos
MI'TY um. H.5. Baymana (Mockesa); Hosocubupckuii Tocydapemeeniioii
yrusepcumem (Hosocubupcrk)
vomanturov@yandex.ru

2KOPIAHOBBI I'PVIIIIBI
B. JI. Ilomos
Mamemamuveckuti uncmumym um. B.A. Cmexaosa PAH, Mocksa
popovvl @mi-ras.ru

[TonsTue abcrpakTHOil KOpIAHOBOI rpy1Ibl, BBeJeHHoe B 2010 romy, HHCIIMPUPO-
BaHO KJjaccu4aeckoit Teopemoit zZKopaana 1878 1. u reopemoit Ceppa 2008 r. Ono oka3za-
JIOCH IJIOJAOTBOPHBIM B KOHTEKCTE KIACCUYECKUX UCCJIeJOBAHUI KOHEYHDLIX IIOJAIPYIIII
IPYII aBTOMOP(MU3IMOB PA3IUIHBIX T€OMETPUIECKUX 00BEKTOB, BHOCS B 9TH HCCJIEJI0-
BaHUs HOBBIN “COIUAJIBHBII ACIIEKT, KOTOPBIN KAaCAeTCsl KAUeCTBEHHBIX CBOMCTB BCEX
TaKuX TOJArpymi cpasy. llocieqnue rojibl OTMeYeHbl 3HAYUTE/IbHON aKTUBHOCTHIO B
9TOM HallpaBJICHUMN.
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YTO TAKOE YHUBEPCAJIbBHAA AJITEBPANNYECKA4A
FTrEOMETPUA?
B.H. PemecisieHHUKOB
Omcxuti pusuanr Unemumyma mamemamuxy um. C.JI. Cobosesa CO PAH, Omck
remesl@ofim.oscsbras.ru

O CJIO2KHOCTMU IIPEJCTABJIEH Y YCJIOBBIX ITIOJIEN
B. JI. CenuBanoB
Huemumym cucmem ungopmamuru um. A. Il Epwosa CO PAH, Hosocubupck;
Kasanexut (Ilpusosstceruti) gedeparvnonts yrusepcumem, Kazanw
vseliv@ngs.ru

O6cy)KTa10TCsd Pe3yJIbTAThI O BBIYUCIUMO MPEJICTABUMBIX YHCIOBBIX MOJIAX U UX
CBA3U C YIIOPAJIOYEHHBIM IT0JIEM BCEX BBIYUCIMMBIX BEIECTBEHHBIX YHCEJI. ByIyT Tak-
ZKe paCCMOTPEHBI BOIIPOCHI ITOJMHOMUAJIBHON 1 TPUMUTABHO PEKYPCUBHON IIPEJICTABU-
MOCTH YHCJIOBBIX TOJIEM, a TaKyKe CI0KHOCTH HEKOTOPBIX aJITOPUTMUYECKIX MTPobJIeM
B COOTBETCTBYIOIINX IIPeJICTaBIeHnsIX. PaccmaTpruBaeMble BOIIPOCHI CBA3AHBI C AJITO-
pUTMaMU KOMIIBIOTEPHON aJIreOphI.



TE3SNCHI CEKIMOHHBIX JTIOKJIAJTIOB

FACTORIZED GROUPS AND SOLUBILITY
B. Amberg
Johannes-Gutenberg University, Mainz (Germany)
amberg@uni-mainz.de

A group G is called factorized, if G = AB = {ab | a € A,b € B} is the product
of two subgroups A and B of G. In the theory of factorized groups triply factorized
groups of the form G = AB = AM = BM , where M is a normal subgroup of G such
that ANB = ANM = BNM = 1, often play a decisive role. If M is abelian, there is a
one-to-one correspondence of such triply factorized groups with so-called braces. These
are generalized radical rings, which were introduced by W.Rump to study certain set-
theoretical solutions of the Quantum Yang-Baxter equation. In the case that M is
not abelian, triply factorized groups may be constructed using certain near-rings, in
particular local near-rings. This means that many problems about braces and local
near-rings may studied as questions about triply factorized groups, and vice versa.
We will also consider some solubility conditions about factorized groups G = AB,
where the subgroups A and B contain abelian subgroups with small index.

STRUCTURE OF CONCORDANT SEMIGROUPS
P. A. Azeef Muhammed
Ural Federal University, Ekaterinburg (Russia)
azeefp @gmail.com

Semigroups are natural, yet rather general algebraic objects. Hence structure
theorems of semigroups are quite elusive and often provided using partially ordered
sets, semilattices, groups, groupoids, small categories etc. as the basic building
blocks. Cross-connection theory provides the construction of a semigroup from its
ideal structure using two associated small categories. Concordant semigroups were
introduced and studied by Armstrong as generalisations of regular semigroups. In
this talk, we discuss how the categories arising from the generalised Green relations
in the concordant semigroup can be characterised as consistent categories and describe
their interrelationship using cross-connections. This leads to a category equivalence
between the category of concordant semigroups and the category of cross-connected
consistent categories. This is a joint work with K.S.S. Nambooripad and P.G. Romeo.

DP-RANK IN DIFFERENT CLASSES OF THEORIES
B. S. Baizhanov, A. Mukankyzy
Institute of Mathematics and Mathematical Modeling, Almaty (Kazakhstan);
FEurasian national university, Nur-Sultan (Kazakhstan)
baizhanov@math.kz, amukankyzy@gmail.com

In this article we will give a notion of a family of relations of equivalence of
depth n and consider theories of dp-rank w and infinity. We will use the properties of
superstability and independence introduced by S. Shelah and dp-rank, from P. Simon’s
article.
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Definition 1. A formula ¢(Z,y) has the independence property if for every n < w
there are sequences a,(l < n) such that for every w C n,

= (3@[/\ (T, W)icw)-

I<n

T has Independence property (IP property) if some formula ¢(z,y) has
independence Property.
Theorem 1. The following are equivalent.
(1) T is superstable , i.e. stable in every large enough X\ (in fact A > 2!71).
(2) T is stable in some X\ for which \™ > X.
(3) R =, L (27 < T
(4) For some m < w, R™(Z =z, L,00) < co.
(5) T is stable and DY(x =z, L,|T|™") < |T|".
(6) T is stable and for some m < w, D™(Z = Z, L, 00) < 00.
From this theorem it follows that, if the countable theory T is superstable, then in
T does not exist inifinitly branching tree of formulas with one formula in each level.
Definition 2. A theory T has dp-rank > n, if there are formulas
o1(z,9), p2(,7), ..., pn(x,y) and mutually indescernible sequences (a})i<.,
(@2)icws - - (@?)icw, such that for any function o : {1,...,n} — w the type

{en(@,apgy) + k <npU{=pi(r,a7) 1i # o(k), k < n}

is consistent.
Definition 3. A theory T has dp-rank w, if for any n < w T has dp-rank > n.
Proposition 1. There exists an w-stable theory with dp-rank w.
Definition 4. A theory T has dp-rank infinity, if there is countable set of formulas

o1(z, %), p2(x,7), ... and mutually indescernible sequences (a});<.,
(@?);<w, .. such that for any function o : w — w the type

{on(@,a54) + k < w}U{on(e,af) 11 # o(k), k < w}

is consistent.
Theorem 2. If theory T" has dp-rank infinity, then T is non-superstable.
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A NOTE ON UNDECIDABILITY OF MODAL DEFINABILITY
P. Balbiani, T. Tinchev
Institut de recherche en informatique de Toulouse, CNRS — Toulouse University
France; Sofia Unwversity St. Kliment Ohridski, Sofia, Bulgaria
Philippe. Balbiani@irit.fr, tinko@fmi.uni-sofia.bg

Introduction. Let C be a class of relational structures and let £; and £, be
languages. Suppose that any structure from C gives semantics for the formulas
from any of the languages £; and L. Then a formula A from £; is called L,-
definable if there exists a formula ¢ from L, such that A and ¢ are valid on the
same structures from C. A typical important case is when C is a class of Kripke
frames, i.e. tuples of the type (W, R), where W # & and R C W x W; L; is
the first-order language with equality and a binary predicate symbol Rn; L, is the
propositional modal language. In this case, for a first-order sentence A we simply
say that A is modally definable. The modal definability problem—given a first-order
sentence A, decide whether it is modally definable—and, respectively, the first-order
definability problem have a long story of investigation, see, e.g., |3, 4] and references
therein. For the algoritmic projection of the both above mentioned problems one can
consult [5-7|. In fact, using Minsky machines technics Chagrova proved the famous
theorems saying that modal and first-order definability problems are undecidable in
the case of intuitionistic propositional formulas when C is the class of all Kripke
frames. In [6, 7] in a very clear way these technics are applied to the modal language.
Nevertheless, it is not clear how to modify their proofs in the case of specific classes
of frames, especially when the relation is symmetric.

In [2] it is proven that if a class of frames C is stable (the definition is given in the
next sections) then the problem of deciding the validity of sentences in C is reducible
to the problem of deciding the modal definability of sentences with respect to C. This
theorem allows to prove undecidability of the modal definability problem in various
classes of frames. Moreover, there it is remarked that the claim remains true if the
modal language is replaced by a language that contains a formula that is valid in no
frame from C and satisfies one model theoretic condition (see below). Here we make
use of this observation to prove that in several important for point-free topology cases
the adequate definability problem is undecidable.

Contact logics language (CLL). A widely accepted opinion is that the Boolean
contact algebras, for brevity contact algebras (CA), are appropriate algebraic
structures about Whiteheadean approach to point-free topology (see [8, 11]). Contact
algebra is a Boolean algebra with binary predicate Cg, (B,0,1,M,U, *, Cg), satisfying
the following conditions:

1. =Cg(0,2); 2. z # 0 — Cp(z,x); 3. Cp(x,y) — Cp(y,x); 4. C(z’ Uz" y) <
Cp(a',y) VvV Cp(2”,y) for any z, 2’2",y € B.

A typical CA arises from a topological space 7T as follows: the Boolean
algebra of all regular closed sets RC(7) with the binary predicate C7 such
that Cy(a,b) <= anb+# &. (Remark that the meet M is not the set theoretic
intersection from the definition of C'r.)

Another examples for CA come from reflexive and symmetric Kripke frames.
Let § = (W,R) be a Kripke frame with reflexive and symmetric R. If
in the Boolean algebra of all subsets of W the predicate Cg is defined by
Cgr(a,b) <= (Jx € a)(3y € b)(xRy) then we obtain a CA denoted by CA(W, R).

The quantifier-free fragment of the first-order language without equality
corresponding to CA is called CLL. That is, the language CLL has a denumerable set
Var of Boolean variables, p, ¢, ...; Boolean terms a, b,... and formulas ¢, 9, ...
defined as follows:

a:=p|l0|1l]anblalbla* =T |L|(a<b)|C(a,b)|—p| (V)
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Let B = (B,0,1,M,U,%Cg) be a CA. A valuation in B is a function
v: Var — B. The value v(a) of a Boolean term a is defined in a standard way. The
relation (B,v) | ¢ is defined in a usual way starting from the atomic formulas:
(B,v) = (a <b) <= v(a) <gv(b) and (B,v) = C(a,b) <= Cg(v(a),v(b)). We
say that ¢ is valid in B, denoted by B |= ¢, if for every valuation v in B, (B,v) = ¢.
A formula ¢ is valid in a reflexive and symmetric Kripke frame (W, R) if ¢ is valid in
CA(W, R). For more details the reader is invited to consult [1] and to see how CLL
can be considered as a fragment of the propositional modal language with universal
modality.

Let us define the binary relation < between reflexive and symmetric Kripke frames
as follows:

(Wi, Ri) = (Wa, Ry) <= for any ¢ if (W1, Ry) |= ¢ then (W, Ro) = ¢.

In [1] it is proven that (Wy, Ry) < (Wa, Ry) whenever (Ws, R) is a p-morphic
image of (Wi, Ry), i.e. whenever there exists a surjective f : W; — W, such that
for all z,y € Wy, (1) xRy = f(z)Raf(y) and (2) f(x)Rof(y) = 3z (f(z) =
= fx)&f(y) = f(y1)&z1Riy).

CLL-stable class of frames. Let C be a class of reflexive and transitive Kripke
frames. C is said to be CLL-stable if there exists a first-order formula A(Z,z) and
there exists a sentence B such that

(a) for all frames § in C, for all lists 5 of worlds in § and for all frames §', if §
is the relativized reduct of § with respect to A(Z,z) and 35 then §' isin C;

(b) for all frames §, in C, there exists frames §, § in C and there exists a list
S of worlds in § such that §o is the relativized reduct of § with respect to A(T,x)
and 5, §EB, F ¥~ B and §=<§.

Now, from [2] it follows that if a class C is CLL-stable then the problem of
deciding the validity of sentences in C is reducible to the problem of deciding the
CLL-definability of sentences with respect to C. .

Let C, s be the class of all reflexife and symmetric Kripke frames and Cﬂi " be the

class of all finite frames from C, ;. Let C, . and C/™ be the corresponding classes of

r,8,C
frames connected in graph theory sence. '
Theorem. The classes C, s, clin Crs.c and C/™ . are CLL-stable.

As a corollary we obtain our main result appiying results from [10], [9] and an
appropriated lemma. A
Corollary. The CLL-definability of first-order sentences with respect to C,. , (CI"

Crse, CL1) is undecidable problem. Moreover, in the case of CI'* (CI™".) it is co-r.e.-
hard.
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ON 7-ESSENTIALLY INVERTIBILITY OF 7-MEASURABLE
OPERATORS, AFFILIATED WITH A SEMIFINITE VON NEUMANN
ALGEBRA
A. M. Bikchentaev
Kazan Federal University, Kazan (Russia)

Airat. Bikchentaev@kpfu.ru

Let M be a von Neumann algebra of operators on a Hilbert space H and 7
be a faithful normal semifinite trace on M. Let I be the unit of the algebra M.
A T-measurable operator A is said to be T-essentially right (or left) invertible if
there exists a 7-measurable operator B such that the operator I — AB (or I — BA)
is 7-compact [1] (for M = B(H) and 7 = tr, the canonical trace, see [2]). A necessary
and sufficient condition for an operator A to be 7-essentially left invertible is that A*A
(or, equivalently, v/ A*A) is 7-essentially invertible. We present a sufficient condition
that a T7-measurable operator A not be 7-essentially left invertible. For 7-measurable
operators A and P = P? the following conditions are equivalent:

1. A is T-essential right inverse for P;

2. A is T-essential left inverse for P;

3. 1 — A, I— P are T-compact;

4. PA is T-essential left inverse for P.

For 7-measurable operators A = A3, B = B? the following conditions are
equivalent:

1. B is T-essential right inverse for A;

2. B is T-essential left inverse for A.

Pairs of faithful normal semifinite traces on M are considered.
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ON ALGEBRAS OF RELATIONS WITH ONE OF ASSOCIATIVE
PRIMITIVE-POSITIVE OPERATIONS
D. A. Bredikhin
Saratov State Technical University, Saratov (Russia)
bredikhin@mail.ru

Let Rel(U) be the set of all binary relations on a base set U. A set of binary
relations @ C Rel(U) closed with respect to some collection € of operations on
relations forms an algebra (®,€) called an algebra of relations. Theory of algebras
of relations is an essential part of modern algebraic logic [1] and has important
applications in theory of semigroups [2].

Denote by R{2} the class of all algebras isomorphic to the ones whose elements are
binary relations and whose operations are members of Q. Let V {2} be the variety and
let Q{Q2} be the quasi-variety generated by R{Q}. The following problems naturally
arise when the class R{} is considered.

1. Find a system of axioms for the class R{{}.

2. Find a basis of quasi-identities for the quasi-variety Q{Q}.
3. Find a basis of identities for the variety V{Q}.

4. Does the class R{Q} form a quasi-variety?

5. Does the quasi-variety Q{2} form a variety?

Numerous studies have been devoted to solving these problems for various classes
of algebras of relations. The first mathematician who treated algebras of relations
from the point of view of universal algebra was A.Tarski [3|. He considered algebras
of relations (Tarski’s algebras of relations) with the following operations: Boolean
operations U,N,~ ; operations of relational product o and relational inverse ~!;
constant operations A (diagonal relation), () (empty relation), V.= U x U (universal
relation). He showed that the class R{o, ', U,N, ~, A, ), V} is not a quasi-variety and
the quasi-variety generated by this class forms a variety [4]. R.Lyndon [5] found the
infinite base of this variety and J.Monk [6] showed that it is not finitely based.

Operations on relations are usually determined using first-order predicate calculus
formulas. Such operations are called logical. A logical operation is called primitive-
positive |7| (in other terminology — Diophantine operations [8,9]) if it can be defined by
a formula of the first-order predicate calculus containing in its prenex normal form only
existential quantifiers and conjunctions. Note that the set-theoretical inclusion C is
compatible with all primitive-positive operations. Thus, any algebra of relations with
primitive-positive operations (®,€2) can be considered as partially ordered (®,(Q, C).
The corresponding abstract class of partially ordered algebras will be denoted by
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R{Q, C}. The variety and the quasi-variety generated by the class R{Q, C} will be
denoted by V{Q, C} and Q{Q, C} respectively. Problems 1 — 5 for the class R{Q2, C}
are formulated in the same way.

It is interesting to study algebras of relations with a binary operation, i.e.,
groupoids of relations [10,11]. We concentrate our attention on the following binary
primitive-positive operation * on Rel(U) that we will treat as the operation of
reflexive product and define in the following way:

p*o={(u,v): (Fw)(u,w) € pA (w,v) € d}.

It is easy to verify that this operation is associative, i.e., algebras of relations of the
form (®, %) are semigroups. The main results are formulated in the following theorems.
Their proofs are based on the description of quasi-equational theories of algebras of
relations with primitive-positive operations [§].

A partially ordered semigroup is an algebraic system (A,-, <), where (A,-) is
a semigroup and < is a partial order relation on A that is compatible with
multiplication, i.e., x <y implies xz < yz and zx < zy for all z,y,z € A.

Theorem 1. The quasi-variety QQ{*, C} forms a variety in the class of all partially
ordered semigroups. A partially ordered semigroup (A,-,<) belongs to the quasi-
variety QQ{x, C} if and only if it satisfies the identities:

?y=uxy (1), zy’=wy (2), ayz=uzzy (3), zy <z’ (4).

Theorem 2. The class R{x,C} does not form a quasi-variety. For a partially
ordered semigroup (A, -, <) the following three conditions are equivalent.

1. (A,-,<) belongs to the class R{x,C}.
2. One of the following conditions holds:

a) (A,-, <) satisfies the identity zy = 2* (5);
b) (A,-, <) contains the zero element o and satisfies the axioms: y*> # o =
= zy =2a* (6), o< x (7).

3. (A,-, <) satisfies the axioms: vy = 2*Vyz = zy = y* 8), 2y = yr = v =
= 22 < 2 (9).
Corollary 1. The quasi-variety QQ{x} forms a variety. A semigroup (A,-) belongs
to the quasi-variety Q{x} if and only if it satisfies the identities (1) — (3).

Corollary 2. The class R{x} does not form a quasi-variety. For a semigroup (A, -)
the following three conditions are equivalent.

1. (A,-) belongs to the class R{x}.
2. One of the following conditions holds:

a) (A,-) satisfies the identity (5);
b) (A,-) contains the zero element o and satisfies the axiom (6).

3. (A,-) satisfies the axiom (8).
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THE LEFT-SHIFT APPROXIMATING K-ARY GCD ALGORITHM
D. A. Dolgov
Kazan Federal University, Kazan (Russia)
Dolgov.kfu@gmail.com

Computing greatest common divisor (GCD) is the one of the oldest problem in
mathematics. Euclidian algorithm is the oldest ged algorithm. It is based on the
following recurrent formula gcd(u,v) = ged(v,u mod v), which is applied until the
second argument is null.

The k-ary ged algorithm was proposed by Sorrenson. He described right-shift and
left-shift versions of k-ary ged algorithm [1]. It is based on the following recurrent
formula ged(u,v) = ged(v, m":y”), which is applied until the second argument is null.
The special case of the right-shift k-ary ged, that called "generalised binary ged was
proposed independently by Jebelean and Weber |2, 3|, another version was described
by Sorenson [5].

Let k >1,s>1,e>0, u=>wv>0 be integers, k, s be algorithm parameters.
u, v have no common divisors with k. The main idea of a right-shift k-ary ged is
to find small coefficients =, y: zu 4+ yv = 0 mod k. The main idea of a left-shift
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k-ary ged is to find coefficients z, y: % R %, vk < u < vk, Ishmukhametov

was introduced approximating k-ary ged [4]. In this article we introduce left-shift
approximating algorithm LSAPGCD. The makeodd(x) function makes the number

odd. The findab(u,v,k) function returns two pairs of coefficients (a,b), (c,d): % ~

~ § ~ ¢, that are used in two reductions in the LSAPGCD algorithm. We use

Farey series to find the best approximation of the % fraction.

Algorithm 1 LSAPGCD(u,v,k, s)
while wv # 0 do

if v < v then
(,0) = (v,0)

end if

t = |logy v — s|logy (k)]

u' = [u/2'], v = |v/2']

if © >k+1 then
u=u—|u/v|v

v = v'k® where v'k¢ < ' < vk
_ - / /
c d) = findab(v',v', k)
u = makeodd(|bvk® — aul)
v = makeodd(|dvk® — cul)

end if
end while

Consider reduction in a single iteration. Modular reduction is |logyu| + 2 > u >

> % > 1% > % Due to the Sorenson‘s theorem left-shift k-ary reduction is
m > k + 1. Therefore, it is possible to compare the lower bounds of reductions

by choosing one or another algorithm depending on the current situation. If we want
to refuse of long division %, we can use approximating value % like in the listing of
LSAPGCD algorithm. Also we can compare difference of the %inary length of input
numbers u, v: [logy(u)] — [logy(v)] = k+1. But it is a more rough estimate. Instead

of using modular reduction, we can use the dmod operation [3].
o

In the begining of the findab function we approximate the value of 7. We construct
the Farey series of order k. Like in the right-shift approximating ged algorithm we

compute z = % If z > 2, take subinterval [ZJ%l,%], otherwise, take subinterval
[22%; 7Z5]. In both cases the chosen interval contains Y. So, we find interval (&, ’;f—j:)
v pL Pyl v _m 1 v Pl 1 ;
that 77 € (%, ql“)J; If |5 —2> a0 OF 1% ql+1+|> oD then we ﬁnf mediant
P PiTPi+1 PL PiTPi+1 : PiTPi+1  Pi+1
of this interval prE— and choose left pa/rt (ql, o +qu) or right part (ql v qu)
of the first interval depending on where ¥ is included. We repeat this process until

v’ DL

_1 v Pl 1 v P
u’ aQ > q(k+1) or > If |U’ qz| S

! Pi+1
) and |¥ — 241
u Qi1 qi1(k+1) | =

1
q(k+1) u’ Q+1
2! a
Pt Pl @t Qi
successive Farey fractions does not lead to accumulation of spurious factors, because

for two successive Farey fractions 2 2% we have pigip1 — praq = 1 16], [7].

) then we have result matrix, for example ) Usage of

1
qiy1(k+1

a’ Q1

Theorem. Let (CCL Z) is a result matrix of the findab function and v > v > 0,

k > 2 are natural numbers. Then gcd(u,v) = ged(au + bv, cu + dv).
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ON COMPOSITIONS OF DISCRETE LINEAR ORDERS WITH
STRUCTURES AND THEIR ALGEBRAS

D. Yu. Emelyanov, B. Sh. Kulpeshov, S. V. Sudoplatov

Novosibirsk State Technical University, Novosibirsk (Russia); International
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Algebras of binary formulas were studied in a series of papers both in general
case |[1-3| and for theories of ordered structures [4-7].

We consider both compositions of structures and compositions of theories, for
discrete linear orders and given structures, as well as related algebras.

Let U = U~ U{0} UU™ be an alphabet consisting of a set U~ of negative elements,
a set Ut of positive elements, and zero 0. As above we write u < 0 for any element
u€ U™, u>0 for any element u € UT, and u-v instead of {u}-{v} considering an
operation - on the set P(U) \ {g}.

A groupoid B = (P(U)\{D}; -) is called an I -groupoid if it satisfies the following
conditions:

e the set {0} is the unit of the groupoid J;

e the operation - of the groupoid P is generated by the function - on elements
in U such that every elements w,v € U define a nonempty set (u-v) C U: for any
sets X, Y € P(U)\ {@} the following equality holds:

X-Y:U{x-y|xEX,y€Y};

e if 4 < 0 then the sets u-v and v-u consist of negative elements for any v € U;
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e if u >0 and v > 0 then the set u - v consists of non-negative elements;

e for any u > 0 there is a unique inverse element ! > 0 such that 0 € (u-u=1)N
N (u™t - u);

e if a positive element u belongs to a set v; - vy then u~! belongs to vy ' - vy *;

e for any elements uy, us, u3 € U the following inclusion holds:
(w1 - u2) - ug 2 ug - (us - ug),
and the strict inclusion
(uq - u2) - ug D ug - (ug - us)
may be satisfied only for u; < 0 and |us - us| > w;

e the groupoid ‘P contains the deterministic subgroupoid ;° (being a monoid)
with the universe P(U;°) \ {@}, where U;° = {u € U?° | u™' - u = {0}}; and any
set u - v is a singleton for u,v € Ufo.

Let M and N be structures of relational languages Y, and X, , respectively.
We define the composition M[N] of M and N satisfying Xy = Xm U E,
MI[N] = M x N and the following conditions:

1)if ReXap\En, u(R) =n, then ((ai,b1),...,(an, by)) € Raqnq if and only if
(a1,...,a,) € R

2)if Re Xy \Xm, p(R) =n, then ((a1,01),...,(an,bn)) € Rpqpa if and only if
a;=...=a, and (by,...,b,) € Ry;

3)if Re Zpm Ny, u(R)=n, then ((a1,b1),...,(an,by)) € Raqaq if and only if
(a1,...,a,) € Rpq, 0r ag = ... =a, and (by,...,b,) € Ry .

The theory T'= Th(M|N]) is called the composition Ti[T] of the theories T} =
= Th(M) and Ty = Th(N).

By the definition, the composition M[N] is obtained replacing each element of
M by a copy of N.

The composition M[N] is called FE-definable if M[N] has an {)-definable
equivalence relation E whose E-classes are universes of the copies of N forming
M[N]. By the definition, each E-definable composition M|N] is represented as a
E-combination [8] of copies of N/ with an extra-structure generated by predicates on
M and linking elements of the copies of N .

Notice that compositions preserve the transitivity of theories. Besides, if the
composition M[N] is E-definable then the theory Th(M[N]) uniquely defines the
theories Th(M) and Th(N), and vice versa.

Let A be a positive cardinality, M, = (M), <) be a discrete linearly preordered
set obtained from M = (Z; <) by replacements of all elements by antichains A having
the same cardinality .

Clearly, the theory T\ = Th(M,) is transitive, i.e., has unique 1-type.

The structure M, is linearly ordered if and only if A = 1. In such a case the
algebra P of binary isolating formulas for the theory Th(M) is generated by the
monoid P}, = (Z; +) assuming that all labels for Z are non-negative.

Now we put isomorphic structures A, with a transitive theory, on each antichain
A of M,. The obtained structure is the E-definable composition M[N] having
a transitive theory. It can be considered as a variant of transitive arrangements of
structures [9].

It was shown in [1, 2| that each algebra B of binary isolating formulas of a fixed
isolated type is an [-groupoid with non-negative labels and it can be realized by a
structure A, with a transitive theory, using a syntactic generic construction.

Considering the compositions M[N], we obtain the following:
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Theorem. For any I-groupoid *J3, consisting of non-negative labels, there is a
theory T with a type p € S(T) and a regular labelling function v(p) such that

(‘BV(P) - mZ [m] .

This research was partially supported by Committee of Science in Education and
Science Ministry of the Republic of Kazakhstan (Grant No. AP05132546), Russian
Foundation for Basic Researches (Project No. 17-01-00531-a), and the program of
fundamental scientific researches of the SB RAS No. 1.1.1, project No. 0314-2019-
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ON QUASI ISOMETRIES ON HILBERT SPACES
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This paper aims to investigating some extensions of a quasi isometries on Hilbert
spaces.

Quasi isometries and partial isometries provide an extensively studied extension
of isometries. They have played significant role in structural study on Hilbert space
operators. In the present paper we study some extensions of notion of n-quasi isometry
on Hilbert space the definition of which is given below.

Definition 1. A bounded linear operator T is called a quasi isometry if T**72 =
=TT,

Definition 2. A bounded linear operator T is called a n-quasi isometry if
T =T*T.

Definition 3. A bounded linear operator 7' is called a quasinormal operator if
operator 1" commutes with T*T'.

Definition 4. A bounded linear operator T is called a partial isometry if TT*T =
=T'. In this case T*T and T'T* are projections.

It is clear that every isometry is a quasi-isometry, whereas an idempotent opertor is
a quasi-isometry but need not to be an isometry. On the other hand, a quasi isometry
which is an m-isometry turns out to be an isometry.

Proposition 1. Let T be a n-quasi isometry (T*"T" = T*T') (n > 1). Then T
is a partial isometry.

Proposition 2. If T' is a n-idempotent operator. Then T is a n-quasi isometry
(n>1).

Theorem 3. Let T' be a n-quasi isometry (T*"T™ = T*T ) (n > 1). Then T* is
a n-quasi isometry (k> 1).

Theorem 4. Let T be a n-quasi isometry (T*"T" =T*T) (n > 1). If T is a
compact operator, then T is a finite-dimensional operator.

Theorem 5. If T is a 2-idempotent operator. Then T is a n-quasi isometry,
where (n > 3).
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A finite quasigroup is a pair (Q, f) where @ is a finite set and f is a binary
operation on @ such that for any a,b € @ equations f(z,a) = b and f(a,y) = b
are solvable. Thus all rows and columns of the Cayley table are permutations; such
tables are called Latin squares. Obviously a Latin square defines a Cayley table of
some quasigroup.

Latin squares are a promising structure from cryptographic point of view. Shannon
proved that a Latin square-based tabular substitution cipher is perfectly secure [1].
Currently there exists a large number of more practical cryptographic primitives
(symmetric and public key ciphers, hash functions) based on Latin squares (see e.g.
the survey [2]). Cryptographic applications require the ability to generate a large
number of Latin squares (i.e. to make key space rich enough) with “good” properties
(e.g. polynomial completeness that guarantees NP-hardness of solving equations on
key bits, and absence of Latin subsquares that guarentees that the corresponding
transformation will not degrade; algorithms for detection of polynomial completeness
are studied e.g. in [3|; we focus on subsquares).

V. A. Nosov proposed a construction for generation of Latin squares of order 2",
n € N ( [4]). In this case rows, columns and entries of a Latin square can be identified
by Boolean n-tuples encoding the number (enumeration starts from 0). Thus matrix
representation can be substituted with a functional one:

zi = Fi(x1, ..., Tn, Y1,y Un), (1)
i=1,...,n, where (z1,...,2,) is an element of the Latin square at the intersection
of the row (x1,...,x,) and the column (yi,...,y,), Fi,...,F, are 2n-ary Boolean

functions. Counsider the case

E :Il®yl@G’L (ﬂ-l(l‘l)yl)y"'77Tn(xn7yn))a (2)

where 7,...,m, are some binary Boolean functions. We say that the system
(Gy,...,Gy) is proper if for any two distinct n-tuples (si,...,s,) and (t1,...,t,) there
exists a position i, 1 < i < n, such that s; # ¢;, but Gi(sy1,...,8,) = Gi(t1,...,t,).
The definition directly implies that the ith variable is dummy for G;. Relations (1),
(2) determine a Latin square for any choice of my,...,m, if and only if the system
(91,---,9n) is proper ( [4]). Nosov and Pankratiev showed that the criterion holds
if the order is k" for some k& € N, the operation & is replaced with addition in
some Abelian group of order k, and Boolean encoding and functions are replaced
with encoding and functions of k-valued logic ( [5]). Thus a single proper family can

generate up to (k;’“Q) Latin squares. However as it will be shown below all such

squares contain a subsquare of order 1 (or equivalently every quasigroup defined by
such Latin square contains a subquasigroup of order 1).

The construction can be further extended in the following way. Suppose @ is a
finite set, Q@ = {0,....,k =1}, n € N, (@, f1),...,(Q, fn) are quasigroups. Rewrite
the relation (2) in the following way:

Fy = fi(zi, fi (0i, Gi (mu(z1, v1)s -+ T (@0, Yn)))) (3)

t=1,...,n, where 7y,...,m, are binary k-valued functions, G; are n-ary k-valued
functions. The following assertion holds.
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Theorem 1. Relations (1), (3) specify a Latin square for any choice of 7y, ..., m,
if and only if the family (Gy,...,G,) is proper.

Remark. The assertion of Theorem 1 remains valid for any arrangement of
parentheses in the right-hand side of (3).

Remark. The construction is unimprovable in a sense, i.e. if some f; are not
quasigroup operations then it is impossible to construct (Gy,...,G,) such that the
resulting operation is a quasigroup one for arbitrary my, ..., T,.

Theorem 2. Suppose that (Q, f1),...,(Q, f.) are groups. Then for any proper
family (Gy,...,G,) and any choice of m,...,m, the quasigroup specified by the
relations (1), (3) contains a unique subquasigroup of order 1.

Theorem 3. Suppose that k = 2. Then for any proper family (G, ...,G,) and
any choice of my,...,m, the quasigroup specified by the relations (1), (3) contains a
unique subquasigroup of order 1.

N O =

2 0

Note that for the case kK = 3, f; defined by the table ( 1 2 ) there are no
01

subquasigroups.

A family of functions (Gy,...,G,) is called triangular if variables and functions
can be consistently renumbered so that variables z;,...,z, are dummy for G;, i =
= 1,...,n. In particlular GGy is a constant. It can be easily seen that all triangular
families are proper. Inversely, a proper family of order 1 (i.e. a single constant) is
obviously triangular. The same result holds for the case n = 2.

Lemma. Suppose that n = 2. Then any proper family is triangular.

If a Latin square is generated by group operations and a triangular proper family
then it contains a large Latin subsquare.

Theorem 4. Suppose that (Q, f1),...,(Q, f,) are groups, (Gi,...,G,) is a
triangular family. Then for any choice of m,...,m, the quasigroup specified by the
relations (1), (3) contains a subquasigroup of order k™~1.

Theorem 5. Suppose that k = 2, (Gy,...,G,) is a triangular family. Then for
any choice of my,...,m, the quasigroup specified by the relations (1), (3) contains a
subquasigroup of order 2"~ 1.

Remark. The example presented above shows that the assertion does not hold in
the general case.

Piven ( [6]) proposed a construction that allows one to obtain additional Latin
squares by applying permutations to indices of z; and y; in (3). Exhaustive search
in case k = n = 2 showed that there exist quasigroups free of subquasigroups (e.g.
class 24 in [6]) and quasigroups with several subquasigroups of order 1 (e.g. class 22

in [6]).
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CHARACTERIZATIONS OF FINITE GROUPS WITH
RESTRICTIONS ON THE NUMBER OF CLASSES OF ISOORDIC
NON-0-SUBNORMAL SUBGROUPS
V. A. Gritskova (Kovaleva)

Francisk Skorina Gomel State University, Gomel (Belarus)
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All considered groups are finite and G always denotes a finite group. The symbol
7(G) denotes the set of all primes dividing the order of G. Two groups A and B are
called isoordic if |A| = |B|.

In what follows, ¢ is some partition of the set of all primes PP, that is,
o={oili € I}, where P = (J,c; 0 and o;No; = 0 for all ¢ # j, and we put,
following [1], o(G) = {oilo; N 7(G) # 0}. G is said to be o -soluble [1] if every chief
factor H/K of G is o-primary, that is, H/K is a o;-group for some ¢ = i(H/K).

Recall also that a subgroup A of G is called o-subnormal in G [1] if it is M, -
subnormal in G in the sense of Kegel [2|, that is, there is a subgroup chain

A=A <A< <A =G

such that either A; 1 < A; or A;/(A;_1)a, is o-primary for all i =1,... n.

We use i,(G) to denote the number of classes of isoordic non-o-subnormal
subgroups of G.

Note that in the classical case when o = o' = {{2},{3},...} (we use here and
below the notation in [3]), G is o'-soluble if and only if G is soluble and a subgroup
A of G is ot-subnormal in G if and only if it is subnormal in G'. In the other classical
case when o = 0™ = {m, 7'}, G is o™ -soluble if and only if G is m-separable and a
subgroup A of G is ¢™-subnormal in G if and only if there is a subgroup chain

A=A <A < <A, =G

such that either A; ; is normal in A; or A;/(A;_1)a, is a w-group or a 7’-group for
all i = 1,...,n. In the theory of m-soluble groups (7 = {p1,...,p,}) we often deal
with the partition o = o' = {{p1},...,{pn}, 7'} of P, and G is o'"-soluble if and
only if G is w-soluble. Note also that a subgroup A of G is ¢'"-subnormal in G if
and only if there is a subgroup chain

A=A <A< <A =G

such that either A; 1 < A; or A;/(A;_1)a, is a 7’-group for all i = 1,... n, that is,
A is F-subnormal in G in the sense of Kegel [2], where § is the class of all 7’-groups.
The o-subnormal subgroups have found applications in the analysis of many open
questions (see, in particular, the recent papers [1], [3]- [11] and the survey [12]). In [13],
we prove the following criterion of o-solubility of finite groups.
Theorem 1 [13, Theorm 1.2|. If i,(G) < 2|0(G)|, then G is o-soluble.
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As an application of Theorem 1, we get from this result in the case when o =
=o' = {{2},{3},...} the following criterion of solubility.

Corollary 1. If the number of all classes of isoordic non-subnormal subgroups of
G is at most 2|n(G)|, then G is soluble.

The following special case of Corollary 1 is the main result in [14].

Corollary 2 (Lu, Meng [14, Theorem 1.1(1)]). If the number of conjugacy classes
of non-subnormal subgroups of G is at most 2|w(G)|, then G is soluble.

In the case when o = 0™ = {7, 7'}, we get from Theorem 1 the following result.

Corollary 3. If i,~(G) < 4, then G is m-separable.

In the case when o = o' = {{p1},...,{pn}, 7}, we get from Theorem 1 the
following

Corollary 4. If i,1-(G) < 2|6'™(G)|, then G is m-soluble.

Recall that G is said to be o -decomposable (Shemetkov [15]) or o -nilpotent (Guo
and Skiba [16]) if G = G; x ... x G,, for some o-primary groups Gj,...,G, . Note
that in the case when o = ¢! = {{2},{3},...}, G is o!'-nilpotent if and only if G
is nilpotent. In the case when o = 0™ = {m, 7'}, G is o™-nilpotent if and only if
G is w-decomposable, that is, G = O,(G) x O(G). Note also that if 0 = ¢! =
= {{pl} Apn}, 7'}, G is o'™-nilpotent if and only if it is 7 -special [17], that is,

Opl(G) X - x Op, (G) x Op(G).

From Theorem 1 we get also the following criterion of o-nilpotency (see
Theorem 1.7 in [13]).

Theorem 2. If i,(G) < |0(G)| — 2, then G is o -nilpotent.

Note that the restrictions on i,(G) in Theorems 1 and 2 cannot be weakened. For
Theorem 1 it follows from the example of the alternating group of degree 5 in the
case when o = {{2},{3},{5},{2,3,5}'}. For Theorem 2 it follows from the example
of the symmetric group of degree 3 where o = {{2},{3},{2,3}'}.
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ON DENSE SUBSETS OF PRODUCTS AND INDEPENDENT
MATRICES OF SETS
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By the classical Hewitt-Marczewski-Pondiczery theorem the Tychonoff product of
2“ many separable spaces is separable.

We consider the problem of the existence in the Tychonoff product of 2 many
separable spaces a dense countable subset, which contains no nontrivial convergent in
the product sequences and therefore is sequentially closed.

The first result was proved by W.H. Priestley. He proved [4] that such dense set
exists in the Tychonoff product of 2 many closed unit intervals.

For our constructions we use independent matrices of subsets, defined by J. van
Mill [3]. The notion of the independent matrix generelizes the classical notion of the
independent family of sets.

Using indepependent matrices we prove the following.

A countable dense set, which contains no nontrivial convergent in the product
sequences exsists:

- in the product of 2 many separable not single point Hausdorff spaces [1];
- in the product Z*" of a not single point separable T} -space Z |[2].
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ON INDUCTIVE SYSTEMS OF SEMIGROUP C*-ALGEBRAS
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The report is devoted to inductive systems of reduced semigroup C*-algebras for
semigroups of rational numbers and their limits.

The main part of motivation for our study comes from the results on morphisms
between projective systems of topological groups and their limits [1]. A part of
motivation for studying inductive systems of C*-algebras comes from algebraic
quantum field theory (see, for example, [2]). The general framework of algebraic
quantum field theory is given by a covariant functor. Usually that functor acts
from a category associated to a partially ordered set into a category describing
the algebraic structure of local observables. The standard assumption in quantum
physics is that the second category consists of unital C*-algebras and their unital
x-homomorphisms. Thus one has an inductive system of algebras of local observables
over a partially ordered set.

A simple example of an inductive system F = (K,{A4;},{0;;}) of C*-algebras over
a directed set ( K, <) is that in which {A; | i € K} is a net of C*-subalgebras of a
given C*-algebra A. By this, one means that each A; is a C*-subalgebra containing
the unit I4 of the algebra A, A; C A; and o0j; : A; — A, is the inclusion mapping
whenever 7,7 € K and ¢ < j. Given such a net F, the norm closure of the union of
all A; is itself a C*-subalgebra of A which is a simple example of an inductive limit
in the category of C*-algebras and their *x-homomorphisms.

The basic tool of the algebraic approach to quantum fields over a spacetime is
a net of C*-algebras over a set defined as a suitable set of regions of the spacetime
ordered under inclusion [2].

Here, we recall the definition of reduced semigroup C*-algebras for semigroups in
the group of all rational numbers Q. To do this we assume that I' is an arbitrary
subgroup in the group Q. The positive cone in the ordered group I' is denoted by the
symbol

I :=TnN[0,+00).

As usual, the symbol [2(I'") stands for the Hilbert space of all square summable
complex-valued functions on the additive semigroup I'*:

PO :={f:TT=C: > |f(y)I’ < +oo}.

~yel'+
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Recall that the inner product in the space I*(T'") is given by the formula

< f.g>=Y_ f(1g(7).

~yelr+

The canonical orthonormal basis in the Hilbert space [*(I'") is denoted by
{ey | g € I'" }. That is, for arbitrary elements g,h € I't, we set e,(h) = d 5, where

P 1, ifg=h;
oh=0, ifg+#h.

Let us consider the C*-algebra of all bounded linear operators B(I*(I'")) in
the Hilbert space [2(I'"). For every element g € I't, we define the isometry
V, € BE(T)) by

Voen == egin,

where h is an element of the semigroup I'".

We denote by C#(I'") the C*-subalgebra in the C*-algebra B(I*(I'")) generated
by the set of isometries {V, | g € I'" }. The algebra C*(I'") is called the reduced
semigroup C*-algebra of the semigroup T'T.

It is worth noting that in the similar way a semigroup C*-algebra can be defined for
an arbitrary left cancellative semigroup. This algebra is a very natural object because
it is generated by the regular representation for a given semigroup. The study of such
semigroup C*-algebras goes back to L. A. Coburn, R. G. Douglas, G. J. Murphy.
There is a large literature on the subject at the present time (see, for example, [3, 4]
and references there in).

In the case when I' is the group of all integers Z, the semigroup C*-algebra
C*(Z7) is often called the Toeplitz algebra.

The report is concerned with inductive systems of Toeplitz algebras and their
limits. We discuss results concerning morphisms of these objects that are contained
in [5, 6].

The research was funded by the subsidy allocated to Kazan Federal University for
the state assignment in the sphere of scientific activities, project Ne 1.13556.2019/13.1.
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ONE EXTENSION OF THE CAPPING MINIMAL DEGREE
THEOREM
S. T. Ishmukhametov
Kazan Federal University, Kazan (Russia)
Shamil. Ishmukhametov@kpfu.ru

In 1998 Angsheng Li and Dongping Yang published in the Journal of Symbolic
Logic an article [1] containing incorrect proof of the assertion that there exists a pair
of computably enumerable (c.e.) degrees a and b, 0 < b < a such that any minimal
degree m < a satisfies also m<b.

The author [2]| refuted their claim by proving an opposite theorem that for any
c.e. degrees a and b, 0 < b < a there is a minimal degree m <a incomparable with
b. Thus any c.e. degree b in a lower cone D(< a) is cappable to 0 by a minimal
degree m. In the proof we used a new version of the priority argument to work with
non-computable sets.

The team of four authors [3] proved a generalization of our theorem dropping a
restriction on degree b to be c.e. Their theorem says that for any non-zero c.e. degree
a and any non-zero degree b below a there is a minimal degree m <a incomparable
with b. We show in our report how to use our method to prove the latter result.

Let c.e.set A €caand B = ®(A) €b be given. We need to construct aset M < A,
satisfying the set of requirements:

N.: M, = ®(M) total — (M =T.(M,)) or M, = A,),
P, : M # 0.(B),

where {®.}ec, and {O.}.c, are effective enumerations of all partial computable
functionals. Clearly, the written requirements ensure all set of required properties.

The difference between these requirements and those set in [2]| is a new property
of set B to be non-c.e. But this obstacle is easily dropped via the use of reduction
B = ®(A). Indeed, we need only to reach P. : M # ©.(B) (which is equivalent
to M # ©.(P(A))). Since any change of functional ©.(P(A)(n) causing inequality
M(n) # ©.(P(A))(n) is preceded by a change of c.e. set A at the interval bounded by
use function ¢(0.(n)) then we have a permission to change M (n) at this step so this
observation preserves all strategies described in [2] safe to work as earlier. So some
cosmetic changes to proof are required to obtain the theorem proved in [3].
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INDICES OF ELEMENTS AND THE STRUCTURE OF FINITE
GROUP
L. Kazarin
Demidov Yaroslavl State Unwversity, Yaroslavl
kazarinQuniyar.ac.ru

Let G be a finite group and x # 1 is an element of G. A well-known result
of W. Burnside [1]| states that if the number of conjugates of x is a power of a
prime p, then G contains a proper normal subgroup H such that +H € Z(G/H). In
particular, it is possible that x € H. In each case G is not simple. Later it was proved
in [2] that the normal closure of an element x in G is a soluble w({z}) U {p}-group.
A. and R. Camina’s 3] proved that the normal closure H of z is an extension of a
p-group by an abelian group.

Denote by the indexr of an element x the number of elements of G, that are
conjugate with z in G (i.e. i,(z) = |G : Cg(z)|). Using the above results, M. F. Felipe,
A. Martinez-Pastor and V. M. Ortiz-Sotomayor [4] have proved recently the following

Theorem 1. Let G = AB be a finite group such that ig(z) is a prime power for
all prime power elements © € AU B. Then G/F(F) is abelian. G has abelian Sylow
subgroups if and only if F(G) is abelian.

The following is a generalization of the above result:

Theorem 2. Let G = (x1,2s,...,2,) be a finite group, that is generated by
primary elements xi,xs,...,x,. If indices ig(x;) are prime powers for each i €
€ {1,2,...,n}, then G/F(G) is a group which is a product of abelian normal
subgroups. In particular, G = F5(G).

Theorem 3. Let G be a finite non-abelian group containing subgroups A and B
such that m(G) = w(A) Un(B). If for each primary element x € (AU B) its index is
a prime-power, then AB is a soluble normal subgroup of G .

Clearly, in this case the subgroup AB satisfies the conclusion of Theorem 1.

The author likes to thank the Programme VIP-008 and the State Programme
of the Ministry of Education and Science of the Russian Federation, project
N1.12873.2018/12.1
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IDENTITIES OF ASSOCIATIVE LIE NILPOTENT ALGEBRAS ON
THREE GENERATORS
A. M. Kuz’min
Universidade Federal do Rio Grande do Norte, Natal (Brazil)
amkuzmin@ya.ru

Let @ be an associative and commutative unital ring, A the free unital
associative algebra of countable rank over @, and 7™ the T-ideal of A generated

by the iterated commutator [[...[al,ag],...,an,lLan}, n > 2. A number of

authors [1] — [15], at different times, studied questions related with the possibility to
include the product 7T ®) into T+~ Briefly, at the moment, it is known that
37T T® C Tm+k=1) whenever at least one of the numbers m, k is odd [1, 5, 8, 14]
and, on the other hand, 7#m™T@k) ¢ TEm+2k=1) 4 8] We present some results on
the similar inclusion for the free 3-generated unital subalgebra Az of A. Namely,
we prove that, for T-ideals 7™ N A; = 75(71), the inclusion 7§(m)7§(k) C 75<m+k_1)
holds for all m,k with no restrictions on the ground ring @. In consequence,
we obtain that, for every partition &k + ... + k;, = n — 1, the relatively free
Lie nilpotent algebra Asz/ ’75(") = .A:(;") satisfies a multilinear identity of the form
Chy T1Cky T2 - - C,_ Ty—1Ck, = 0, where each ¢, = ¢x (y1, ..., Yk | 21,...,2;) stands for

the polynomial ¢ = “ [[yl,zl] yg,zﬂyg,...,zk_l}yk,zk} . In particular, it yields

that Ay is strong Lie nilpotent of index n and the T-ideal 73" ") lies in the

center Z (Ag’"‘)). Moreover, we establish that the condition of the partition cannot
be weakened up to the case ky + ...+ k; < n — 1. Finally, we prove that the additive

module of A" has no torsion.
Joint work with Sergey V. Pchelintsev.
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ON RANKS FOR FAMILIES OF THEORIES
N. D. Markhabatov, S. V. Sudoplatov
Novosibirsk State Technical University, Sobolev Institute of Mathematics,
Nowosibirsk State University, Novosibirsk (Russia)
nur_24.08.93@mail.ru, sudoplat@math.nsc.ru

We consider dynamics of rank RS(+) and degree ds(-) [1] for subfamilies of families
of theories.

Let T be the set of all complete elementary theories of a relational language .

For a set 7 C Ty we denote by Clg(7) the set of all theories Th(A), where A
is a structure of some E-class in A" = Ap, Agp = Combg(A;)icr, Th(A;) € T [2].
As usual, if T = Clg(T) then T is said to be E-closed.

For a set T of theories in a language > and for a sentence ¢ with () C X we
denote by 7T, the set {T' € T | ¢ € T'}. Any set T, is called the ¢-neighbourhood,
or simply a neighbourhood, for T, or the (y-)definable subset of 7. The set T, is
also called (formula- or sentence-)definable (by the sentence ) with respect to T, or
(sentence-) T -definable, or simply s-definable.

Proposition [3]. If T C T is an infinite set and T € Tx \ T then T € Clg(T)
(i.e., T is an accumulation point for T with respect to E-closure Clg) if and only if
for any formula ¢ € T the set T, is infinite.

If 7 is a family of theories and @ is a set of sentences, then we put 7o = () 7T,

ped
and the set T is called (type- or diagram-)definable (by the set ®) with respect to
T, or (diagram-)T -definable, or simply d-definable.
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Theorem 1. Let 7 be a family of a countable language Y. and with RS(T) =
=00, a € {0,1}, n € w\ {0}. Then there is a d-definable subfamily Ts such that
RS(Ts) = a and ds(7s) = n.

Notice that the arguments in the proof of Theorem 1 do not work for a > 2
since taking infinitely many disjoint s-definable infinite subfamilies 7, we can
not guarantee that ¢; 77 1; for infinitely many 7 -disjoint sentences ;. Thus
constructing d-definable e-minimal [4] subfamilies 7; of 7, it is possible to obtain

s (UT) > 830 1 () - 2.

At the same time, constructing countably many d-definable subfamilies 7; of 7, ,
1 € w, with pairwise inconsistent ;, we can choose some infinite / C w, such that
accumulation points T; for 7;, i € I, form an e-minimal family. Thus, possibly loosing
the d-definability we obtain a d..-definable subfamily 77 = |J 7; with RS(77) = 2

i€l
and ds(7’) = 1. Taking some n disjoint 7’ we obtain a subfamily 7", being the
union of 77, with RS(7") =2 and ds(7") = n.

Now we can continue the process for greater countable ordinals a obtaining a d-
definable subfamily 7* C 7 with RS(7*) = a and ds(7*) = n for given n € w\ {0}.

Theorem 2. Let T be a family of a countable language > and with RS(T) = oo,
« be a countable ordinal, n € w\{0}. Then there is a d,-definable subfamily T* C T
such that RS(T*) = a and ds(T*) =n.
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AP05132546), the program of fundamental scientific researches of the SB RAS
No. I.1.1, project No. 0314-2019-0002, and Russian Foundation for Basic Researches
(Project No. 17-01-00531-a).
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THE SUPERSOLUBILITY OF A GROUP WITH
NS-SUPPLEMENTED P-SUBGROUPS
V. S. Monakhov, A. A. Trofimuk
Francisk Skorina Gomel State University, Gomel (Belarus)
victor.monakhov@gmail.com, alexander.trofimuk@gmail.com

Throughout this paper, all groups are finite and G always denotes a finite group.
We use the standard notations and terminology of [1|. The set of all prime divisors of
the order of G is denoted by 7(G). The semidirect product of a normal subgroup A
and a subgroup B is denoted by [A]B.
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By the Zassenhaus Theorem ( [1, IV.2.11]), a group G with cyclic Sylow subgroups
has a cyclic Hall subgroup H such that the quotient G/H is also cyclic. In particular,
G is supersoluble. A group G with abelian Sylow subgroups may be non-soluble (for
example, PSL(2,5)) and the compositional factors of G are known [2].

In some papers, the sufficient conditions of solubility and supersolubility of a
group in which Sylow subgroups permute with some subgroups were established. For
example, the supersolubility of a group G such that every Sylow subgroup P of G
permutes with subgroups of some supplement of P in G was obtained in works [3], [4].
Groups in which all maximal subgroups of every Sylow subgroup have properties close
to the properties of normal subgroups were studied in [5]- [8].

The following concept was introduced in [9].

Definition 1. Two subgroups A and B of a group G are said to be
NS-permutable, if they satisfy the following conditions:

(1) whenever X is a normal subgroup of A and p € 7(B), there exists a Sylow
p-subgroup B, of B such that XB, = B, X;

(2) whenever Y is a normal subgroup of B and p € w(A), there exists a Sylow
p-subgroup A, of A such that YA, =A,Y.

Moreover, if G = AB, we say that G is an NS-permutable product of the
subgroups A and B.

The totally permutable [10] and totally c-permutable [11] subgroups are
NS-permutable [9, Lemma 2|. The supersolubility of a group G = AB such that
it is the NS-permutable product of supersoluble subgroups A and B was obtained
in [9].

We introduce the following

Definition 2. A subgroup A of a group G is said to be NS-supplemented in G,
if there exists a subgroup B of G such that:

(1) G=AB;

(2) whenever X is a normal subgroup of A and p € 7(B), there exists a Sylow
p-subgroup B, of B such that XB, = B, X .

In this case we say that B is a NS-supplement of A in G.

We proved the following theorems:

Theorem 1. Let P be a Sylow p-subgroup of G. If P is NS-supplemented in G,
then G is p-supersoluble in each of the following cases:

(1) p#3;

(2) p=3 and G is 3-soluble.

Corollary 1.1. If all non-cyclic Sylow subgroups of G are NS-supplemented in
G, then G is supersoluble.

Example 1. The group PSL(2,7) is an NS-supplement of its Sylow 3-subgroup.
Hence we can not omit the condition < group is 3-soluble>> in Theorem 1.

Theorem 2. Let G be a p-soluble group and P be its Sylow p-subgroup. If for
every maximal subgroup P; of P and every q € n(G), q # p, there exists a Sylow
q-subgroup ) in G such that P,(Q = QP;, then G is p-supersoluble.

It is easy to see that the NS-supplemented maximal subgroups of P satisfy
Theorem 2, therefore we have the following corollary.

Corollary 2.1. Let G be a p-soluble group and P be its Sylow p-subgroup. If
every maximal subgroup of P is NS-supplemented in GG, then G is p-supersoluble.

Since a solvable group with a cyclic Sylow p-subgroup is p-supersoluble,
Corollary 2.1 implies

Corollary 2.2. Let G be a soluble group. If all maximal subgroups of any non-
cyclic Sylow subgroup of G are NS-supplemented in G, then G is supersoluble.

Example 2. In the simple group PSL(2,5) = As; all maximal subgroups of
any Sylow subgroup are N.S-supplemented. Hence we can not omit the solubility
in Corollary 2.2.
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FINITE NON-NILPOTENT RINGS WITH COMPLETE
COMPRESSED ZERO DIVISOR GRAPHS
A. S. Monastyreva
Altai State University, Barnaul (Russia)
akuzminal Qyandex.ru

Let R be a associative ring. D(R) denotes the set of all (one sided and two-
sided) zero-divisors of R. Also, D(R)* = D(R) \ {0}. For any a € R, we denote
l(a) ={x € R; za=0},r(a) ={z € R; ax =0}.For z,y € D(R), we say that z ~ y
if and only if r(x) Ul(x) = r(y) Ul(y). It is clear that ~ is a equivalence relation.
The class of = is denoted by [z].

The compressed zero-divisor graph I'.(R) of an ring R is the looped graph whose
vertices are all classes [x] where z € D(R)*, and two vertices [z] and [y] are joined
by an edge iff xy =0 or yx = 0.

Such graphs for commutative case are studied in [1-3].

We study structure of a finite non-nilpotent ring R such that the compressed zero
divisor graphs I'(R) is complete with loops.
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GENERALIZED RANK FORMATIONS OF FINITE GROUPS
V. 1. Murashka
Francisk Skorina Gomel State University, Gomel (Belarus)
muimath@yandez.ru

All groups considered here are finite. A function of the form f
PU{0} — {formations} is called a composition definition. Recall [1, p. 4] that a
formation § is called composition or Baer-local if

= (G|G/Gs € f(0) and G/Cq(H) € f(p)
for every abelian p-chief factor H of G)

for some composition definition f. A formation is composition (Baer-local) [2, TV,
4.17] if and only if it is solubly saturated, i.e. from G/P(Gg) € §F it follows that
G € §, where Gg is the soluble radical of G. Recall that any nonempty composition
formation § has an unique composition definition F' such that F(p) = 9,F(p) C §
for all primes p and F(0) = § (see [1, 1, 1.6]). In this case F is called the canonical
composition definition of §.

Recall that a chief factor H of G is called X-central in G provided
HxG/Cs(H) € X (see [3, p. 127-128|), otherwise it is called X-eccentric. The
symbol Zx(G) denotes the X-hypercenter of G, that is, the largest normal subgroup

of G such that every chief factor H of G below it is X-central. If X = I is the
class of all nilpotent groups, then Zn(G) = Z«(G) is the hypercenter of G. If § is a
composition formation, then by [1, 1, 2.6] § = (G| Z3(G) = G).

Let N be a chief factor of G. Then N = N; x...x N, where N; are isomorphic
simple groups. The number n = r(N,G) is the mnk‘ of N in G. A rank function
R [2, VII, 2.3| is a map which associates with each prime p a set R(p) of natural
numbers. For each rank function let

¢(R) = (G € & for all p € P each p-chief factor of G has rank in R(p)).

Note that &(R) is a formation. Heineken [4] and Harman [5] characterized all rank
functions R for which &(R) is local. Analogues questions for formations not of full
characteristic were studied by Huppert [6], Kohler [7] and Harman [4]. Haberl and
Heineken [8] characterized all rank functions R for which €(R) is a Fitting formation.
In this paper we generalize the previous construction:

Definition 1. (1) A generalized rank function R is a map defined on direct
products of isomorphic simple groups by

(a) R associates with each simple group S a pair R(S) = (Ar(S), Br(S)) of
possibly empty disjoint sets Az (S) and Bg(S) of natural numbers.
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(l()) )If N is the direct products of simple isomorphic to S groups, then R(N) =
=R(S5).

(2) Let N be a chief factor of G'. We shall say that a generalized rank of N in G
lies in R(N) (briefly gr(N,G) € R(N)) if r(N,G) € Ax(N) or r(N,G) € Br(N)
and if some z € G fixes a composition factor H/K of N (ie. H = H and K =K ),
then x induces an inner automorphism on it.

(3) With each generalized rank function R and a class of groups X we associate
a class

X(R)=(G|H ¢ X and gr(H,G) € R(H) for every X-eccentric chief factor H of G)

We shall say that a generalized rank function R is hereditary if for any simple
group S holds:

(a) from a € Ax(S) it follows that b € Ax(S) for any natural bla;

(b) from a € Bgr(S) it follows that b € Ag(S) U Bg(S) for any natural bla.

Theorem 1. Let M1 C §F be a composition formation with the canonical
composition definition F' and R be a generalized rank function. Then

$(R) is a composition formation with the canonical composition definition Fg
such that Fr(0) = F(R) and Fr(p) = F(p) for all p € P.

(2) If § is normally hereditary and R is hereditary, then §(R) is normally
hereditary.

Recall [9] that a group is called c-supersoluble if every its chief factor is a simple
group.

Corollary 1.1 [10, Theorem 1|. The class . of all c-supersoluble groups is a
composition formation with the canonical composition definition h such that h(p) =
=2M,A(p — 1) for every prime p and h(0) = ..

In [11] the class wil of widely supersoluble groups was introduced. It is a hereditary
saturated formation of soluble groups. Recall [12]| that a group is called widely c-
supersoluble if its abelian chief factors are wil-central and other chief factors are
simple groups.

Corollary 1.2 [12, Theorem A|. The class ., of all widely c-supersoluble
groups is a normally hereditary composition formation with the canonical composition
definition h such that h(p) = M,(G|G € wd N M, A(p — 1)) for every prime p and
R(0) = Upy -

In [13] Guo and Skiba introduced the class §* of quasi-§-groups for a saturated
formation §:

§* = (G| for every F-eccentric chief factor H and every x € G, z induces an inner
automorphism on H ).

Corollary 1.3 [13, Theorem 2.6]. For every saturated formation § containing

all nilpotent groups with the canonical local definition F', the formation F* is

composition with the canonical composition definition F* where F*(p) = F(p) for

every prime p and F*(0) = §*. Moreover, if the formation § is normally hereditary,
then §* is also normally hereditary.
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Department of Mathematics, Danang University, 459 Ton Duc Thang, Danang city
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1. INTRODUCTION

Throughout this paper all rings are assumed to be associated with a nonzero unity
element, while all modules are assumed to be unitary right modules.

A module M is said to be square free (SF) if whenever its submodules is
isomorphism to N*> = N & N for some module N, then N = 0 (see |1, Definitions
2.34]). This means that, a module is square-free if there is no nonzero submodule
isomorphic to a square. For example, Z is a SF-module as a Z-module. The notion of
square free modules has been around for a long time and is very important in group,
ring and module theories. Dually, a module is said to be dual square free (DSF) if
whenever its factor module is isomorphic to N? for some module N, then N = 0.
This means that, a module M is DSF if M has no proper submodules A and B
with M = A+ B and M/A = M/B (see [2], [4] for more details). In [2], the authors
also introduce the concept of simply-distinct modules: A right R-module M is called

simply-distinct if, whenever M; and My are distinct maximal submodules of M | then
M/M; = M /M, (see |2, Definitions 2.11]).
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In this paper, we continue the study of SF-modules. We give some other properties
of SF-modules. Next we show that if M = A® B, where A is a SF-module and B =
= @ ,95; is a finite direct sum of non-isomorphic simple submodules, then M is a
SF-module if and only if A and B are orthogonal. We introduce and describe the
class of simple-distinct modules and establish a connection between SF-modules and
simple-distinct modules.

2. SOME FUNDAMENTAL PROPERTIES
The following proposition give some other properties of SF-modules.
Proposition. The following conditions on a right R-module M are equivalent:

M is a SF-module.

If L is a submodule of M such that L =2 N @ N for some N, then N =0.
If ANB =0, where A, B < M, then A and B are orthogonal.

If AnB =0, where A, B < M, then Mor(A,B) =0.

If AnNB =0, where A, B < M, then ISO(A, B) =0.

We give conditions which allow direct sums of orthogonal submodules to be SF.

Proposition. Let M = A@® B, where A is a SF-module and B = @} S, is a
finite direct sum of non-isomorphic simple submodules. Then M is a SF-module if
and only if A and B are orthogonal.

Example. We have that Z and Z, are orthogonal, thus Z-module Z @© Z, is a
SF-module.

Next we introduce the concept of simple-quasi-injective modules and simple-
distinct modules.

Definition. A module M is said to be simple-quasi-injective if every
homomorphism from any simple submodule of M into M can be extended to an
endomorphism of M .

Definition. A right R-module M is called simple-distinct if whenever M; and
M, are distinct simple submodule of M, then M; 2% M,.

We now describe the class of simple-distinct modules.

Proposition. The following conditions on a right R-module M are equivalent:

=9 aw >

A. M is simple-distinct.

B. If f and g are nonzero homomorphism from a simple submodule of M into M ,
then Im(f) = Im(g).

C. Hom(A, B) = 0 for simple submodule A of M and all submodules B of M
with AN B =0.

Proposition. If M is a simple-distinct right R-module, then every simple
submodule of M is fully invariant. The converse holds in the case where M is
simple-quasi-injective.

We now establish a connection between SF-modules and simple-distinct modules.

Proposition. If either R is a right semi-artinian ring or M is a right R-module
with essential socle, then the following conditions are equivalent:

A. M is a SF-module.
B. M is a simple-distinct module.

The following statement follows directly from the previous propositions.
Proposition. Let M be a simple-quasi-injective module with essential socle. Then
the following conditions are equivalent:
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A. M is a SF-module.
B. M is a simple-distinct module.
C. Every simple submodule of M is fully invariant.

Corollary. If M = A® B is a SF-module and f : A — B is an R-homomorphism,
then Kerf is essential in A.

Corollary. Let M be a SF-module with Z(M) = 0. If M = A& B then
Hom(A, B) =0 = Hom(B, A).
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MAJOR SUBSETS OF R-MAXIMAL SETS AND
Q. n-REDUCIBILITY
R. Sh. Omanadze, I. O. Chitaia
L. Javakhishvili Tbilisi State University, Tbilisi (Georgia)
roland.omanadeze@tsu. ge, i.chitaia@gmail.com

We say that a set A is )y y-reducible to a set B, if there exists a computable
function f such that, the following three conditions are satisfied: (i) (Vz)(z € A &
& Wiw € B), (il) (Va)(Vy)(z # y = Wi N Wy = 0), and (i) U,e, Wi
is computable. This relation due to [1| , generates the () y-degrees. Condition (i)
characterizes @ -reducibility, which yields the @Q-degrees; (i) and (ii) together define
()1 -reducibility, generating the ();-degrees.

Our notation and terminology are standard, and can be found e.g., in [2, 3|.

In this talk we will present the following results.

Theorem 1. Let M be an r-maximal set, A be a major subset of M, B and C
be arbitrary sets such that B <q, y M\ A, C <g,y M\ A and M\ A<q, , B&C.
Then M\ A<, Bor M\ A<, C.

Corollary 1. Let M be an r-maximal set, A be a major subset of M . Then the
(Q1,n -degree of M \ A is not the least upper bound of any )1 n-incomparable Q1 -
degrees a and b such that the ()-degrees of A € a and B € b are ()-incomparable.

Theorem 2. Let A be a 23 set, B be a c.e. set and A <g B. Then there exists
a c.e. set C such that A <q, , C <q B.

Theorem 3. The c.e. ()1 y-degrees are not dense.
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Theorem 4. If A is an r-maximal set and B is a non-r-maximal
hyperhypersimple set, then either A |, , B or there exist a non-r-
maximal hyperhypersimple set C and an r-maximal set D such that
A <Ql,N D <Ql,N ¢ <Q1,N B.

Corollary 2. There exist infinite collections of Q1 n-degrees {a;}ic., and {b;};cw
such that for every i, j

A. a; < Qi ndit1, bj+1 < Ql,ij’ and a; < Ql,ij;
B. every a; consists entirely of maximal sets;

C. every b; consists entirely of non-r-maximal hyperhypersimple sets.

Theorem 5. M be an r-maximal set. Then there are c.e. sets A, B such that
AC B, BC,,M and A=y, B, but A%, B and B %, A.

References

1. V. Bulitko. On ways of characterizing complete sets. Izvestiya Rossiiskoi Akademii
Nauk. Seriya Matematicheskaya, 55(2):227-253, 1991.

2. H. J. Rogers. Theory of Recursive Functions and Effective Computability. MIT
Press, 1967.

3. R. I. Soare. Recursively enumerable sets and degrees: A study of computable

functions and computably generated sets. Springer Science & Business Media,
1999.

ISOLATED POINTS OF SPACES OF FUNCTIONAL CLONES
A. G. Pinus
Nowvosibirsk State Technical University, Novosibirsk
ag.pinus@gmail.com

For any set A let us denote by F4 the set of all functional clones on the set A.

Given F € F4 and n € w denote by F™ the n-fragment of the clone F, i.e. the
collection of all at most n-ary functions on F. In [1], we defined the following natural
metrics on the set F4 as follows. For Fi, Fy € F)y

1

d(Fi, Fo) = { min{n € w| F" # F5VY
0’ lf"T_.l :.Fg.

if./—'.l%,/—"g;

Then Fu = (Fa;d) is a metric space such that on this space the operations on
the lattice Ly = (Fa; A, V) of all functional clones on A are continuous.

In [1-3] we noticed some properties of the spaces Fn. Here we mark some
properties of clones F in the case when F is an isolated point in the space Fju.

Proposition 1. Let A be a set, F be an isolated point of the space F, and for
n €w let (F™) be the clone generated by the fragment F™ . Then for any m >
> n and for any m-ary function h(zi,s,...,7,) on A the clone (F™) contains
an m-ary function h'(zy,zs,...,x,) such that the equalities h'(ai,as,...,am) =
= h(ay,as,...,a,) hold for any m-tuple (ai,as,...,a,) containing at least n + 1
pairwise different elements in A.
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Proposition 2. Let A be a space, F € F4 be a discriminator clone (i.e. a
clone containing the discriminator function), and n be a natural number such that

n > 3. If for any m > n and for any m-ary function h(xy,zs,...,x,) on A the
clone (F™) contains an m-ary function W (zy,s,...,T,) such that the equalities
R (ay,az,...,an) = h(ay,as, ..., ay) hold for any m-tuple (ay,as, ..., a,) containing

at least n + 1 pairwise different elements in A then the clone F is an isolated point
of the space Fy.

Theorem 1. Let A be a set and F be a discriminator clone. Then any
neighborhood of F in the space F contains an isolated point of this space.
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ON VERBALLY CLOSED SUBGROUPS OF FREE SOLVABLE
GROUPS
V. A. Roman’kov, E.I. Timoshenko
Dostoevsky Omsk State University, Omsk, Russia, Novosibirsk State Technical
University, Novosibirsk, Russia
romankov48@mail.ru, etim45@gmail.com

Let G be a group and let F'(X) be a free group of countably infinite rank with
basis X = {x1,...,%p,...}. Asubgroup H of G is called verbally closed if for any word
w € F(X) and element h € H equation w(zy,...,x,) = h (termed split equation)
has a solution in G if and only if it has a solution in H for every w € F(X). This
notion was introduced by Mysnikov and the first author in [1]|, where the following
statement was established. Let F, be a free group of a finite rank n. Then for a
subgroup H of F,, the following conditions are equivalent: H is a retract of F,,, H is
a verbally closed subgroup of F,,, H is an algebraically closed subgroup of F),. Recall
that a subgroup H is called algebraically closed in a group G if for every finite system
of equations S = {E;(z1,...,z,,H) =1 |i=1,...,m} with constants from H the
following holds: if S has a solution in G then it has a solution in H. Then we recall
that a subgroup H of a group G is called a retract of GG, if there is a homomorphism
(termed retraction) ¢ : G — H which is identical on H. Any retract is algebraically
closed, and any algebraically closed subgroup is verbally closed. Similar results were
proved for free nilpotent groups by Khisamiev and the first author in [2] and [3].

Lemma 1 [2]. Let G be a group and let N be a verbal subgroup of G. If H is a
verbally closed subgroup of G then its image Hy is verbally closed in Gy = G/N.

For any free abelian group A, of rank n, a subgroup H is verbally closed if and
only if it is a direct factor of A,,.

By S,q we denote a free solvable group of rank r and the derived length d. In
particular, S,o denotes a free metabelian group of rank r.

Theorem 1. Let H = gp(g, f) be a two-generated subgroup of G = S,4,7
or more generally, of a free polynilpotent group G = F.(AN,, ... N,,),r > 2
Then the following conditions are equivalent:
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1) H is aretract of G.
2) H is a verbally closed subgroup of G.
3) H is an algebraically closed subgroup of G.

In the proof of this theorem we apply test elements that exist in every free non
abelian solvable group of rank 2 and in every free non nilpotent polynilpotent group
of rank 2 (see [4] - [7]).

For any group G, G, denotes the abelianization G/[G, G| of G. Then rank,, (G)
stands for rank of G,.

Proposition 1. Let H be a finitely generated verbally closed subgroup of
Sra, T, d = 2, such that rank,,(H) = 1. Then H is retract of S,4.

Proposition 2.

A. Let H be finitely generated subgroup of S,q,7,d > 2, such that rank ,,(H) = 7.
Then any retraction S,; — H is identical map.

B. Let H be a verbally closed subgroup of S,o. If rank,,(H) = r then G = H.

Now we give a generalization of the concept of the verbal closure. For any k € N,
a subgroup H of a group G is called a k-verbally closed in G, if and only if every
system of k£ split equations of the form

wi(.Tl,...,l'n):hi,hiEH,izl,...,k’,

of any number n of variables having a solution in G, is solvable in H.

Theorem 2. Any k-verbally closed (k + 1)-generated subgroup H of S,o,7 > 2,
such that rank,,(H) = k + 1, is a retract of S,..

A part of results was published in preprint 8] and in note [9].
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THE AXIOMATIC RANK OF THE LEVI CLASS GENERATED BY
THE ALMOST ABELIAN QUASIVARIETY OF NILPOTENT
GROUPS
S. A. Shakhova
Altai State University, Barnaul, Russia
sashakhova@gmail.com

For an arbitrary class M of groups, we denote by L(M) a class of all groups G
in which the normal closure (a)¥ of each element a € G belongs to M. The class
L(M) is called a Levi class generated by M. In [1] it was stated that if M is a
quasivariety of groups, then L(M) is also a quasivariety of groups. Levi classes of
nilpotent quasivarieties of groups were treated in [2-6].

Denote by N. the variety of nilpotent groups of class at most ¢, by M. the
quasivariety of torsion-free nilpotent groups of class at most ¢, by N., the variety of
nilpotent groups of class at most ¢ and exponent p, and by F,(M) the free group of
rank n in M.

Consider groups having the following representations in N5 :
Hy, = gr(z,y || [z,y]" = 1),

H, = gr(z,y || 2P =y = [z, y]P =1).

Quasivarieties qF5(N3), qHps (except qHy ), qH,, where p runs through the set
of prime numbers, constitute an exhaustive list of almost Abelian quasivarieties of
nilpotent groups.

In [4], it was proved that for any p # 2, the following equalities are true:

L(qF2(N2p)) = Nap, L(qF2(N2)) = N o

Levi classes L(gH,)(p # 2) were studied in [5], and Levi classes
L(qH,s)(p # 2,s > 2), in [6]. All of these classes, as it turned out, are defined by
systems of quasi-identities in infinite number of variables. In [7], it was shown that
L(qH,s)(p # 2, s > 2) is finitely axiomatizable, i.e., it can be defined by a finite system
of quasi-identities.

In the present paper, we state that the following theorem is true.

Theorem. The axiomatic rank of the quasivariety L(qH,)(p # 2) is finite, i.e. it
can be defined by a system of quasi-identities in finite number of variables.
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ON CONVEX DIRECTED SUBGROUPS OF GROUPS WITH THE
ALMOST ORTHOGONALITY CONDITION
E. E. Shirshova
Moscow Pedagogical State University, Moscow (Russia)
shirshova.elena@gmail. com

Let G be a partially ordered group (po-group), and G ={g € G| e < g}. G is
called a directed group if there exists an upper bound for every two elements of G.
A subgroup M of a po-group G is said to be conver if equalities a < g < b imply
g € M for any elements a,b € M and g € G. A convex directed subgroup M of a
po-group G is called a value of an element g € G (a regular subgroup) whenever M
is maximal with respect to not containing g among convex directed subgroups of G'.

Let us denote by L(G) the set of all convex directed subgroups of a po-group G'.

Positive elements a and b are called to be almost orthogonal in a po-group G
whenever inequalities ¢ < a,b imply the validity of inequalities ¢g" < a,b for all
elements g € G and all integers n > 0. Elements, whose greatest lower bound is
equal to zero, possess this property.

A convex subgroup M of a po-group G is called a rectifying subgroup whenever
the set of all right cosets of the group G by the subgroup M is a linearly ordered set.

Theorem 1. Suppose G is a po-group, and M is a rectifying directed subgroup
of GG; then the following assertions hold:

1)if M C H and M C K for any subgroups H € L(G) and K € L(G); then
either HC K or K C H;

2) if a € Gt \ M ; then there exists a unique value A of the element a for which
MCA.

A po-group G is referred to groups with the almost orthogonality condition
whenever each element g € G has a representation g = ab™! for some almost
orthogonal elements a and b of GG. This subclass of directed groups includes lattice-
ordered groups.

Theorem 2. Suppose G is a group with the almost orthogonality condition and
M is a subgroup of G; then the following conditions are equivalent:

1) M is a rectifying directed subgroup;

2) if a and b are almost orthogonal elements in the group G, then either a € M
orbe M.

It is said that a subgroup M € L(G) is meet irreducible whenever for every
N; € L(G) an equality M = N/ N; implies that there exists an index j for which
M = N;,.

Thejorem 3. Suppose G is a group with the almost orthogonality condition, and
M is a convex directed subgroup of G; then the following conditions are equivalent:

1) M is a regular subgroup;

2) M is meet irreducible.
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MINIMAL GENERATING SET OF THE COMMUTATOR OF SYLOW
SUBGROUPS OF ALTERNATING AND SYMMETRIC GROUPS,
AND ITS COMMUTATOR WIDTH
R. V. Skuratovskii
TAMP department of computer science, Kiev (Ukraine)
ruslan@imath.kiev.ua

The definition of the commutator length could be found in [1]. The commutator
width of a group G, denoted by cw(G), is the maximum of the commutator lengths
of the elements of its derived subgroup |G, G]. The size of minimal generating sets of
the Sylow 2-subgroup SylyAgr of Agr is found. We prove that the commutator width
of Sylow 2-subgroups of alternating group A, symmetric group Sy» and C, ! B
are equal to 1. The paper presents a structure of commutator subgroup of Sylow 2-
subgroups alternating groups. We prove that the commutator width [1] of an arbitrary
element of a permutational wreath product of cyclic groups C,,, p; € N is 1. As it
was proven in [3| there are subgroups Gy and By in a group of automorphisms of
restricted binary rooted tree AutX® such that Gy ~ SylyAs and By ~ SylsSor
respectively. ‘

Theorem. An element (g1, g2)o" € G}, iff g1,92 € Gr—1 and g192 € B),_;.

Lemma. For any group B and integer p > 2 the following inequality is true

cw(B1Cy) < max(1l, cw(B)).

Lemma. For prime p > 2 and k > 1 the commutator width of Syl,(A,:) and of
Syl,(Syr) k> 1 equal to 1.

Futher, we analized the structure of the elements from SyZQS;k and obtained the
following result.

Theorem. Elements of SylyS,, have the following form Syl,S,, = {[f.1] |
feBleGy={[l,f]|f€ BgleG}.

Moreover, we have obtained a more general result about the commutator width
for finite wreath product of finite cyclic groups.

Corollary. If W = C,, ... 0 C,, then for k > 2 we have cw(W) = 1.

Lemma. For prime p > 2 and k > 1 the commutator width of Syl,(A,:) and of
Syl,(Spe) k> 1 equal to 1.

Proposition. The commutator of Sylow 2-subgroup (SylsAsx) has order
92 —k—2

Proposition. The second commutator of Sylow 2-subgroup (SylaAsx) has the
order 22" -3k+1

Corollary. The Frattini factor of (SylaAqx)’ is isomorphic to elementary abelian
subgroup (C5)?*73. Any minimal generator set of (SylaAor)’. has 2k — 3 generators.

Theorem. The commutator width of the group SyloAqr is equal to 1 for k > 2.

Example. The minimal generating set of Syl,(As) consists of 3 generators:
(1,3)(2,4)(5,7)(6,8), (1,2)(3,4), (1,3)(2,4)(5,8)(6, 7). The commutator Sylj(As) ~
~ (3 that is an elementary abelian 2-group of order 8. Minimal generating set
of Syl,(Ayg) consist of 5 = 2 -4 — 3 generators: (1,4,2,3)(5,6)(9,12)(10,11),
(1,4)(2,3)(5,8)(6,7), (1,2)(5,6), (1,7,3,5)(2,8,4,6)(9, 14, 12,16)(10, 13, 11, 15),
(1,7)(2,8)(3,6)(4,5)(9, 16, 10, 15)(11, 14, 12, 13).

Example. Size Syllj(Ais) = 32, a size of direct product Syly(Ag)* = 64 but due
to relation on second level of Syllj(Aye) the direct product (Syly(Ag))? transforms in
subdirect Syly(Ag) X Syl,(Ag) that has feasible combination on X? 2 times less.
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MAXIMAL SUBFIELDS IN FINITE-DIMENSIONAL SIMPLE
ALGEBRAS
S. V. Tikhonov
Byelorussian State University, Minsk (Byelorussia)
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The genus gen(D) of a finite-dimensional central division algebra D over a field
F' is defined as the collection of classes [D'] € Br(F'), where D’ is a central division
F-algebra having the same maximal subfields as D. This means that D and D’ have
the same degree n, and a field extension K/F of degree n admits an F-embedding
K < D if and only if it admits an F-embedding K < D’. Different variations of
the notion of the genus are mentioned in [1].

In [3], we show that the fact that quaternion division algebras D and D’ have the
same maximal subfields does not imply that the matrix algebras M;(D) and M,;(D")
have the same maximal subfields for [ > 1. Moreover, for any n > 1, we construct
a field L such that there are two quaternion division L-algebras D and D’ and a
central division L-algebra C' of degree and exponent n such that gen(D) = gen(D’),
but the algebras D ®@ C' and D’ ® C' do not have the same maximal subfields.

In particular, this gives negative answers to questions formulated in |2, footnote 1
and Remark 2.2].
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ON THE LATTICE OF ALL 7-CLOSED TOTALLY COMPOSITION
FORMATIONS OF FINITE GROUPS
A. Tsarev
Department of Mathematics, Jeju National University, 690-756, Jeju (South Korea)
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The concept of Skiba’s subgroup functor turned out to be useful in research on
the general class theory. In each group G, we select a system of subgroups 7(G).
We say that 7 is a subgroup functor if (1) G € 7(G) for every group G; and (2)
for every epimorphism ¢ : A — B and any H € 7(A) and T € 7(B), we have

H? € 7(B) and T% ' € 7(A). If 7(G) = {G} then the functor 7 is called trivial.
In the sequel, we will consider only subgroup functors 7 such that for any group G
all subgroups of 7(G) are subnormal in G. For any set of groups X the symbol S,
denotes the set of groups H such that H € 7(G) for some group G € X. A class
of groups § is called 7-closed if S, (F) = §. A formation is a class of finite groups
§ satisfying the following two conditions: (1) if G € §, then G/N € §; and (2) if
G/Ny, G/Ny € §, then G/N; N Ny € §, for any N, Ny, Ny < G. In particular, a
formation § is called 7-closed if 7(G) C § for every group G of §.

Saturated formations introduced by Gaschiitz are classical classes of finite groups,
composition formations form a broader family of classes and have many interesting
applications in group theory. By Baer’s theorem, composition formations are precisely
solvably saturated formations. A formation § is said to be solvably saturated if it
contains each group G with G/®(N) € § for some solvable normal subgroup N of
(G, and any saturated formation is solvably saturated. A formation is called totally
composition if it is n-multiply composition for all positive integers n; for more details
see [2].

The concept of composition formation has been developed analogously to the
concept of saturated formation. In broad outline, the both run parallel, but not
all the properties of saturated formations can be translated directly for composition
formations. Both the lattice of all totally saturated formations [5] and the lattice of all
totally composition formations [3] are inductive. Safonov [1| proved that the lattice of
all totally saturated formations is algebraic, and it is already known that the lattice of
all multiply composition formations is algebraic [2]. However, the following problem
is still of a special interest.

Question (see [2, Problem 1]). Is the lattice of all totally composition formations
algebraic?

Our main result is:

Theorem. The lattice ¢l of all T-closed totally composition formations of finite
groups is algebraic.

Corollary [4]. The lattice ¢4, of all totally composition formations of finite groups
is algebraic.
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EFFECTIVITY PROPERTIES OF INTUITIONISTIC SET THEORY
WITH SOME CHOICE PRINCIPLES AND SOME ADDITIONAL
INTUITIONISTIC PRINCIPLES
A. G. Vladimirov
Lomonosov State University, Moscow, Russia
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We consider some effectivity properties of ZF12C' with the principle DC'S, and
cach of the following choice principles: Axiom of Countable Choice (AC, ), Axiom of
Dependend Choice (DC'), and Axiom of Relativized Dependend Choice (RDC').

Specifically, let T" be an extension of ZFI12C or ZFI12C + DCS by addition of
each of principles AC,,, DC', and RDC'. We prove that the theory T" has the following
properties:

1. Disjunctive property (DP):if T+ ¢V, then T F ¢ or T+ 1);

2. Numerical existence property (EP,): If T'F Jap(a) then there is a number n,
such that T'F ¢(n);

3. Markov rule (MR): if T F Va(¢(a) V =p(a))

Jap(a);

4. Extended Church rule (CR): if T F Va[-¢(a) — Fbp(a;b)] then there is a
number e, such that T+ Va[-(a) = ¢(a; {e}(a))];

5. Uniformization rule (UR): if T'+ Vmﬂag@( ;a) then T+ JaVrp(z;a);

6. The UZ rule (UZR): if T+ Vz(p(z)V(x)) then T+ Vzp(z) or T F Vaip(x).

In each of these rules each formula is closed, and conclusion of each rule is
constructed effectively by proof of antecedents.

Let’s remark, that the following additional intuitionistic principles: the Markov
Principle (M), the Uniformization Principle UP, the Extended Church Thesis
(ECT), the principle UZ are realizable in our semantic, too, and so, they can be
added to the theory T" with all statements 1-6 hold.

Finally, ZFI12C + DCS + M + RDC doesn’t prove CH V =-C'H , where C'H is a
form of the Continuum Hypothesis.

As for the proof technique, we use a Kleene-style self-validating semantic for
extensional set theory.

and T+ ——dap(a), then T F

ON THE NUMBER OF SYLOW SUBGROUPS IN FINITE ALMOST
SIMPLE GROUPS
Zh. Wu
University of Science and Technology of China, Anhui (China)
zhfwu@mail. ustc. edu.cn

Let G be a finite group and p a prime. Denote by v,(G) the number of Sylow
p-subgroups of G. Following [1], we say that a group G satisfies DivSyl(p) if
vp(H) divides v,(G) for every subgroup H of G. In [1] it is proven that G satisfies
DivSyl(p), if groups of induced automorphisms of all nonabelian composition factors
satisfy the same condition. So two natural problems arise:

Problem 1. How often almost simple group satisfies DivSyl(p)?
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Problem 2. If all composition factors of a group G does not satisfy DivSyl(p),
can we state that the group G does not satisfy DivSyl(p)?

In [2], for every prime p, a complete classification of groups isomorphic to P.SLsy(q)
and satisfying DivSyl(p) is obtained. In particular, it is proven that infinite number
of groups isomorphic to PSLs(q) satisfy DivSyl(p) for every prime p. Note also
that in [3], it is proven that every p-solvable group satisfy DivSyl(p). In particular,
solvable groups satisfy DivSyl(p) for every prime p. The main goal of our paper is to
show that a simple group satisfying DivSyl(p) should be small in some sense. This
means that "almost for all"finite simple group S, there exists a prime p such that S
does not satisfy DivSyl(p). In this case, "almost for all"means that for all, except
some groups of bounded order or of bounded Lie rank.

Theorem. Let G be an alternating simple group or a finite simple group of Lie
type. In the second case assume also that the Lie rank of G is at least 15 (in particular,
G is classical). Then there exists a prime r such that G does not satisty DivSyl(r).

As to the second problem, we provide an example showing that it has a negative
answer. Moreover this example can be extended to a wide class of groups, so one can
not expect that the information on DivSyl(p) can be completely obtained only in
terms of composition factors.

References

1. Guo W., Vdovin E.P. Number of Sylow subgroups in finite groups // J. Group
Theory. — 2018. — V. 21, Is. 4. — P. 695-712.

2. Wu Z., Guo W., Vdovin E. P. On the number of Sylow subgroups in special linear
groups of degree 2 // Algebra Logic. — 2017. — V. 56, Is. 6. — P. 498-501.

3. Navarro G. Number of Sylow subgroups in p-solvable groups // Proc. Amer.
Math. Soc. —2003. — V. 131, Is.10. — P. 3019-3020.

ISOLATION FROM SIDE IN TURING DEGREES
M. M. Yamaleev
Kazan Federal Uniwversity, Kazan, Russia
mars.yamaleev@kpfu.ru

Given 2-c.e. Turing degree d, we say that d is usolated from side if there exists
a c.e. degree a such that d € a and for any c.e. degree w < d it holds w < a.
This notion generalizes the well-studied notion of isolation introduced by Cooper and
Yi (3], where they required a < d instead of d € a. Isolation from side was used
implicitly in works |2, 5] where they obtain series of model-theoretic properties of
n-c.e. Turing degrees, later it was introduced in [4].

By Sacks Splitting Theorem it is easy to see that no c.e. degree can be isolated
from side by other c.e. degree, in particular it holds for the case of usual isolation.
On the other hand, one can find some isolated /non-isolated properly 2-c.e. Turing
degree. So far, we know only examples of properly 2-c.e. degrees isolated from side,
and don’t know examples for the opposite case. This gives an idea to use isolation
from side in order to distinguish c.e. degrees from properly 2-c.e. degrees by some
formula. Working towards this direction according to the proposal from [1] we obtain
the following structural results.
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Theorem 1. Any low properly 2-c.e. Turing degree d is isolated from side.

In the setting of weak truth table degrees we can go through the class of all properly
2-c.e. degrees.

Theorem 2. Any properly 2-c.e. wtt-degree d is isolated from side.

The author is supported by RFBR, project No. 18-31-00420.
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RATIONAL GRADING IN AN EXPRESSIVE DESCRIPTION LOGIC
WITH INVERSE AND TRANSITIVE ROLES AND COUNTING
M. Yanchev
Faculty of Mathematics and Informatics, Sofia University, Sofia, Bulgaria
yanchev@fmi.uni-sofia.bg

Description Logics (DLs) are a family of formalisms widely used in knowledge-
based systems. The representation in their languages of transitive relations, in
different possible ways [2|, and also of inverse relations, is important for dealing
with complex objects. Transitive roles (i.e. relations in DLs) permit such objects
to be described by referring to their components without specifying a particular level
of decomposition. Inverse roles enable the language to describe both the whole by
means of its components and vice versa, for example has part and is_part_of.

Reducing the complexity of reasoning, especially to the point permitting practical
and efficient use, is a permanent goal in DLs. In [3] an optimized PSPACE tableaux
algorithm is presented for ALCNZg+—a DL from the AL family with transitive
and inverse roles, and the counting (or grading—a term coming from the modal
counterparts of DLs [1]) concepts (formulae) called number restrictions.

Another concept constructors, called part restrictions |[8], are capable of
distinguishing a part of a set of successors, and in that way they realize rational
grading. These constructors are analogues of the modal operators for rational grading
[5] which generalize the majority operators [4]. They are MrR.C' and (the dual)
WrR.C', where r is a rational number in (0,1), R is a non-transitive role, and C
is a concept. The intended meaning of MrR.C is ‘(strongly) M ore than r-part of
R-successors (or R-neighbors, in the presence of inverse roles) of the current object
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possess the property C’. Part restrictions essentially enrich the expressive capabilities
of DLs. One example of their use is to express the notion of qualifying majority in a
voting system:

M % voted.Yes

Formally, the interpretation Z = (AZ, Z) of part restrictions, for any concept C,
non-transitive role R, and rational number r € (0, 1), is defined as follows. R%(x)
denotes the set of R -neighbors of z, RZ(z,C) denotes the set of RZ-neighbors of z
which are in CT, ie. {y | (x,y) € RT and y € C?}, and M denotes the cardinality
of a set M.

(MrR.C)F .= {x € AT | 4R (2, C) > r4R*(z)}
(WrR.C)E = {x € AT | tRE(z,~C) < r-tR%(z)} ( - (ﬁMrR.ﬁC)I>

Presburger constraints in the language of extended modal logic EXML [6], a many-
relational language with only independent relations, capture both integer and rational
grading, and they have rich expressiveness. The modal rational grading operators
are expressible by the presburger constraints. Another, combinatorial, approach to
grading in modal logics uses the so called Majority digraphs |7]. In this approach the
grading with real coefficients can be expressed additionally.

Nonetheless, the use of separate rational grading, having its place also in modal
logics, proves markedly beneficial in DLs. Part restrictions can be combined in a
DL with different concepts and roles. Indices technique [12|, specially designed for
exploring the part restrictions, permits to design completion rules, dealing with part
restriction, and to give an adequate rule application strategy, all to guarantee the
correctness of the tableaux algorithm. This technique allows following a common
way of obtaining decidability and complexity results in rational grading languages
with various expressivity. In particular, reasoning complexity results—polynomial, NP,
and co-NP—concerning a range of description logics from the AL family with part
restrictions added, are obtained [9], [8], [10], as well as PSPACE results for Description
and modal logics [8], [11], [12].

Now, we consider DL ALCQPZ R+ where qualifying number restrictions (instead
of number restrictions) and part restrictions are allowed additionally to the syntax of
ALCNZIr+. Modifying the tableaux algorithm presented in [3], we give a PSPACE
tableaux algorithm for ALCOQPZxr+. Essentially, we use the indices technique to cope
with part restrictions. We extend both the set of the tableaux properties and the set
of completion rules to reflect the presence of part restrictions. The indices technique
provides us with a kind of ‘horizontal blocking’ of the completion tree generation
process which is crucial for the algorithm termination, as it limits the branching
of the tree caused by part restrictions. As a result the reasoning complexity in the
extended logic remains in PSPACE. Finally, we prove:

Theorem. The presented tableaux algorithm is a PSPACE decision procedure for
the satisfiability and subsumption of ALC QPZI r+-concepts.
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THE LEAST DIMONOID CONGRUENCES ON THE FREE TRIOID

A. V. Zhuchok
Luhansk Taras Shevchenko National University, Starobilsk (Ukraine)
zhuchok.av@gmail.com

Following [1], a trioid is a nonempty set T equipped with three binary associative

operations -, -, and L satisfying the following axioms:

(xdy)dz=x4(yF 2), (T'1)

(xky)dz=zkF (y-=2), (T2)
(xdy)Fz=xF (yF 2), (T'3)
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(xdy)dz=24(y L 2), (T4)
(xLy)dz=a Ll (y-z2), (T'5)
(xdy) Lz=a 1L (yt 2), (T6)
(zFy) Lz=xk (yL=2), (T'7)
(xLlykFz=ak(yk=2) (T'8)

for all z,y,z € T. A dimonoid [2| is a nonempty set T equipped with two binary
associative operations - and F satisfying the axioms (7'1)—(7'3).

As usual, N denotes the set of all positive integers. Let X be an arbitrary
nonempty set, and let w be an arbitrary word over the alphabet X. The length
of w is denoted by /. For any n,k € N and L C {1,2,....,n}, L # &, we let
L+k={m+k|me L} and denote the least (greatest) number of L by L
(Lma:p)-

Let F[X] be the free semigroup on X . Define operations -, -, and L on

F={(wL)|weF[X],LC{1,2,....0.,},L # 2}

by
(w,L) 4 (u, R) = (wu, L), (w,L)F (u,R) = (wu, R+ ),

(w,L) L (u,R) = (wu, LU(R+{y))

for all (w, L), (u, R) € F. By Lemma 7.1 and Theorem 7.1 from [3], (F,,F, L) is the
free trioid. It is denoted by FT'(X).

If p is a congruence on a trioid (7,-,+, L) such that two operations of
(T,,k, L)/p coincide and it is a dimonoid, we say that p is a dimonoid congruence
[4]. A dimonoid congruence p on a trioid (7,H,F, 1) is called a d-congruence
(respectively, di-congruence) [4] if operations 4 and L (respectively, + and 1)
of (T,H,F, L)/p coincide. If p is a congruence on a trioid (7),,F, L) such that all
operations of (7,,F, L)/p coincide, we say that p is a semigroup congruence.

Theorem. Let FT(X) be the free trioid and (w, L), (u, R) € FT(X).

(i) Define a relation o5 on FT(X) by

—~

(w, L)os (u, R)
if and only if

w=u and L., = Rmnin.

Then o= is the least d*-congruence on FT(X).
(i) Define a relation o on FT(X) by

(w, L)oot (u, R)
if and only if

w=u and L. = Rmnez-

Then (/TE is the least di-congruence on FT(X).
(iii) Define a relation o on FT(X) by

(w, L)o(u, R)

if and only if w = w. Then & is the least semigroup congruence on FT(X).
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CTPOTI'O Q-HNJIb-UNCTHIE KOJIBbIIA
A. H. A6bizos, M. C. Epsamkun, 1. T. Tankun
Kasancxut (Ilpusosstceruti) gedeparvronts yrusepcumem, Kazanw
aabyzov@kpfu.ru, mikhail. eryashkin@qgmail.com, danil.tapkin@Qyandex.ru

KosibI10 Ha3bIBACTCS YUCTbIM, €CIIN KaZKJIbIH €10 3JIEMEHT [PEJICTABIM B BUJIE CYM-
MbI 0OPATHMOIO 3JIEMEHTA U MJIEMIIOTeHTa. VI3yueHne YucThIX KOoJell ObLI0 HHUIUIPO-
BaHo B pabore [1]. Kosbiio HassBaercst ¢cmpozo wucmoim, €Cn KazKIblit €ro 9JIeMEHT
[PEJICTABIM B BHJIE CYMMbI KOMMYTHPYIOIIUX OOPATHMOIO 3J€MEHTa M HJEMIIOTEH-
ta. [IoHsATHE CTPOrO YMCTOrO KOJIbIa ObLIO BBEJEHO U n3ydeHo B padore [2|. Kosbio
HA3BIBACTCH (CMP0O20) HUNb-YUCTNbIM, €CITH KAXKIBIH €ro 9JeMEHT SBJIACTCA CyMMOi
(KOMMYTHPYIOIINX) HUJILIOTEHTHOTO SJICMEHTA U HjeMIIoTeHTa. Husb-ancrere n cTpo-
r0 HUJIb-YUCTBIE KOJIbIA ObLIM BBEJEHbI U u3ydeHbl B pabore [3]. Beskoe (crporo)
HUJIb-9UCTOE KOJIBIO SIBJISETCS (CTPOrO) YHCTLIM.

Kosbrio R HA3BIBAETCA CMPO20 G -HUAD-HUCTNOLM, €CJIH KayKJIbIH 91eMenT u3 R
[PEJICTABIM B BUJIE CYMMBI KOMMYTUDPYIOIIUX ¢-1OTeHTa ¥ HusbioTeHTa. CTporo ¢-
HUJIb-YUCThIE KOJIbIa u3ydeHbl B crarbe [4]. CTporo 3-Hu/Ib-9uCTbIe KOJIbIA B MO
cyiesiHee BpeMst ObLM u3ydeHbl B paborax [5], [6]. Vmeer mecro creayromiee onucanue
CTPOrO ¢-HUJIb-IUCTHIX KOJIEIL.

Teopema 1. Ilycts q¢ > 1 — HarypasbHoe uwucio. s Koibna R cieytorme
YCJIOBHSI DABHOCHJIBHDL:

1) R — crporo q-HWJIb 9HCTOE KOJIBIIO;
2) mrs kaxigoro r € R sjmemenT 19 — r SBJIS€TCS HUJIBIIOTEHTHBIM;

3) J(R) — HuIb-HjI€as H BCSIKOE IPHMHTHBHOE CIIPaBa (baKTOP-KOJIBIIO KoJbla R
nmeer sug M, (F), rge F — korneunoe nose, u | F | =1 | ¢ — 1 s kaxgoro
1< <n.

Caencrsue 2. Ecin R — ¢Tporo ¢-Hujb 9ucTO€ KOJIBIIO, TO KasKI0€ MOJKOJIBIIO
R u kaxkioe ¢pakTop-KOJIBIO KOJIbIIa R Tak’Ke sIBJISIETCSI CTPOrO (-HHJIb YHCTHIM
KOJIBIIOM.

Teopema 3. Ilyctb ¢ > 1 — HarypaJsbHOe 4ucjo, F' — KOHedHOe I10jIe XapakKTe-
pucrukn p, n € N u kaxigas marpuna A € M, (F) npeigcraBuma B BuJe CyMMBbI
KOMMYTHPYIOIIIX (-IMOTEeHTHOH MaTpHI[bI U HIeMIIOTeHTHOH Marpuiibl. Toraa uMeror
MECTO CJICLYIOIIHE YTBEPIKICHUSI:

1) |F|'=1|q—1 mma kaxkmgoro 1 <i < n;
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2) p° | q—1, e s € Z u p° — HauMeHbINAsI CTENIEHb P, KOTOpas OOJIbIIIE HJIH
paBHa N ;

3) M,(F) — crporo q-HHJIb-4UCTOE KOJIBIIO.

B ([3, Borpoc 3|) 6bL1a ocTaBeHa IpobIeMa: sIBJIAETCST JIN MOJTHOE KOJIBII0 MATPHI]
M, (R) munb-auctbiM, ecan R — Huib-dncroe Kojbio. B cratbe [7] 66110 mOKa3aHo,
9TO MOJIOKUTEJILHOE PEIeHne STOMH MPOGIeMbI 9KBUBAJIEHTHO [OJIOXKHUTETHHOMY DeIlie-
uuio runoressl Kére B Kiacce anrebp naj nosiem Fo. HanmomuuMm, uro runoresa Kére
YTBEPIKJIAET, 4TO BCAKOE KOJIBIIO, COJleprKalllee HEHYJIeBOi O/IHOCTOPOHUH HUJIb-1/1eall,
COJIEPZKUT TaKzKe HeHYJIEBOIl JIBYCTOPOHHUN HUJIb-HIeall.

Teopema 4. Ciejyrorue ycjoBusi paBHOCHIBHBI:

1) ecsim R — crporo Huib-ancroe KoJbio, 1o My(R) — 4-cTporo-Huib-4ucroe KoJib-
10;

2) ecst R — cTporo Hu/Ib-4ucToe KOJIbIO, TO Jjis KaxKjaoro v € Ms(R) saement

7”4 — T ABJIAETCA HUJIBIIOTEHTHBIM,

3) ecim R — auib-anrebpa naj mojgem Fy, To My(R) — HHIb-KOJIBIIO;

4) npobiema Kére umeer mosiokurebHoe perienue B Kiacce Fo-aareop.
Teopema 5. [Iycte p — npocroe qucjo. Ciaemyrorine ycjaoBUs PABHOCHIbHDI:

1) ectu R — crporo p-amib-uncras F,-amrebpa, to My(R) — p?-cTporo-omib-
qHICTOE KOJIBIIO;

2) econ R — Hmib-arebpa nag nogem F, wn > 1, o M, (R) — HH/Ib-KOJIBIIO;
3) mpobsrema Kére nmeer nosoxxkuresbHoe penrernne B Kiaacce Fy-aareop.

B paborax [8] u |9] onucanbl KoJblia, Y KOTOPBIX KazK/bIil 9JIEMEHT SIBJIAETCS CO-
OTBETCTBEHHO CYMMOIi JIBYX HJIEMIIOTEHTOB U JBYX TPUIOTEHTOB. B |9, mpobiema 6.4]
Obl1a TocTaBjeHa pobJieMa 00 OIMUCAHUHU KOJIEIl, Y KOTOPBIX KaKJIbIil 9JIEMEHT ABJIs-
eTcs CyMMOIt JIBYX (KOMMYTHDYIOIIUX) P-TIOTEHTOB, TJe P — IPOCTOE TUCIIO.

[Iycts q,p € Z, upudem p — mpocroe. Obo3HAUUM Uepe3 Si(q, p) HAMOOJIbIIIEE
s € N Takoe, uto p°|q — 1. Torma q¢ — 1 = p*2@Pk u (p,k) = 1. O6o3HaumM Uepes
s1(q, p) — MOPSIIOK 3yieMeHTa P B Zy .

Teopewma 6. IIycte R — Kosbro. Eciin KaxKJIbIit 3/IEMEHT SIBJISIETCST CYMMOI JIBYX
KOMMYTHDPYIOIIUX (-IIOTCHTOB U Huyibnorenta, To J(R) — aunb-naean, R = [[_| Ry, ,
rae R, taxue, uro R, /J(R,,) sABiIsgercs IOAIPIMBIM HPOU3BEJEHHEM KOJIEIl BHA
M,(F), rie F —none ¢ pl snementamu, npudenm tl gesnt sy(q, p;), B KaXKIblit 3/1eMeHT
noJis w3 pil vMeMeHTOB SABJIAETCS CyMMOIl JIBYX KOMMYTHDYIOIHX (-IHOTEHTOB JIIsI
Jjiroboro t € 1,n.

Teopema 7. Ilycrs R — kosbro. Crexgytorme ycaoBusi pABHOCHIbHBIL:

1) Kaxkjplii 97ieMeHT T € R sIBJIsIETCsT CyMMOIT JIByX KOMMYTHPYIOIIUX 5-TI0T€HTOB;
2) umeer mecto m3omoppusm R = Ry X R3 X Rs X Ry3, e

a) Ry3 siBistercst moanpsiMbIM 1ipou3ssejienneM 1moJist Fig;
b) Rs siBjsteTcst MOJIIPSIMBIM IIPOU3BEICHUEM 110Jis1 Fs ;
¢) Ry siBisiercst momnpsivbiM nponssegennem noseii Fs u Fy;

4) Rs/J(Rs) sBisiercst momnpsiMbiM ipoussegenneM mouist Fo u rpymma U(Ry)
uMeeT SKCHOHEHTY 4;
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[To usBectnoit Teopeme Ppobennyca HEMPUBOUMAas HEOTPUIATE/IbHAS MaTPUIA
JIN0O IPUMUTHUBHA, JTUOO IEPECTAHOBOYHO MOJ00HA MaTPUIIE BUJIA

0 Ap ... 0
0 0 ... A_q,
An 0 ... 0

C KBaJ[pATHBIMHU JIMATOHAJILHBIMEU OJiokamMu, mpuiém B wmarpure A" =

= diag(qu),Aég),... , A qmaronanbuele 610KH IPHMUTHBHBL (CM. HAIpHMED, [1]).
Yucsio r = r(A) Has3bBaeTcss WHJIEKCOM UMIPUMUTHBHOCTH Marpuibl A. Marpuia
A — upumep 610UHO-MOHOMEAIBLHON MaTpuUIlbl. Boobire, Marpuity Oy/eM HAa3bIBATH
0/I0YHO-MOHOMMAJIHLHOM, €C/In B KaxKJ0i OJIOUHON cTpoke m OJIOUHOM CTOJIONE OHa
nMeeT POBHO OJIMH HEHYJIEeBOU OJIOK.

MysbTuiimkaTuBHaS MOJyrpynna P HeOTpHUIaTeIbHBIX MaTPHIL MOPSIKa 1 Ha-
3BIBACTCS HENPUBOJIMMON, €CIIn JIJIst JTIOOBIX WHJIEKCOB 4, j € {1,...,n} B mosyrpymme
HaiIETC MaTPUIlA ¢ TOJOKUTENbHBIM (7, j)-37eMenToM. [losmyrpynna P HasbiBaeTCs
IPUMUTUBHOMN, €CJIN OHA COJIEPIKUT TIOJIOKUTEILHYI0 MaTpulty. [Iporacos u Boitros [2]
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JloKazaJiu creyroliee obobienne TeopeMbl Ppodenuyca: Jiodast HEIPUBOIUMAs TTOJTY-
rpyima P HeOTPHUIATE/IbHBIX MATPUIL 0€3 HYJIEBBIX CTPOK U CTOJIOIOB JINOO TPUMUTHUB-
Ha, JTIOO ITOCPEICTBOM OJTHOTO TIEPECTAHOBOYHOT'O TIOJ00MS BCE MATPHUITHI IOy TPYIIITHI
NPUBOJATCA K OJIOYHO-MOHOMUATLHOM (popMme, TpUIéM MpeodpazoBaHHAas MOJTYTPYII-
1a COJIEPKUT OJIOUHO-/IMArOHAJIBLHYIO MATPUILY C MMOJIOKUTETbHBIMEI JTHATOHATBHBIMU
OJ10KaMu.

Kimouesyio ponb B Teopeme IIporacoa-Boiinosa urpaer nonstue mHIEKCA M-
HMPUMUTUBHOCTH TOJIYTPYIIIBI HEOTPULIATETbHBIX MaTpuil. CKaXKeM, UTO UHJIEKCHI ¢ U
J COBMECTHUMBI MOJIyrpyImoi P, ecim cymectByer marpura A € P, B KOTOPOit -5
U j-d CTPOKHM B HEKOTOPOM ODINEM CTOJIOIE MMEIOT MTOJIOYKUTEIbHbIe 3jleMeHThI. IH-
JIEKCOM MIMITPUMUTUBHOCTH MOJIYTPYIIBI P Ha3biBaeTcss MakcuMasbHoe ducyio r(P)
MHJIEKCOB, JTIOOBIE JIBA U3 KOTOPBIX HECOBMECTUMBI MOJIYTPYIIOH P . DTo MOHITHE SB-
JISIETCS €CTECTBEHHBIM 0000IIEeHNeM TOHATUS HHIEKCA UMIIPIMUTABHOCTH, U3BECTHOTO
u3 teopun [leppona—Ppobennyca, MOCKOIbKY MHJIEKC UMIPUMUATHBHOCTU MOJIYTPYII-
IIbI, TIOPOZK/ICHHO}I HEIIPUBOIMMOI HeOTpHUIATeIbHOI MaTpureit A, copmagaer ¢ r(A)
(em. [2]).

Teopema IIporacoBa—BoiiHoBa BbI3bIBAET €CTECTBEHHBII MHTEPEC K MOIYTDYIIIAM
HEOTPHUIATEIbHBIX OJIOYHO-MOHOMUAJILHBIX MaTpull boJsiee obiero suia. /lasee gepes
P obosHagaeTcs MPOU3BOJIbHAS MOJIYTPYIIa OJIOTHO-MOHOMUAIBHBIX MaTPHUIL OJIOY-
HOrO Topsijika k 6e3 HyJeBbIX CTPOK. MHOXKecTBO P JHMArOHAIBHBIX (8, S)-0JI0KOB
MATPHUIL TOJIYTPYIILL P 0b6pa3yeT MyJIbTUILIHKATUBHYIO TOJIYTPYIIILY. DTa HOJIyIPYI-
[Ia HA3bIBAETCs S-f TEeMITOpaJIbHON KOMIOHEHTOH moayrpynmsl P (s = 1,2,... k).
[TonsiTre TeMIOpabHOIl KOMIIOHEHTBI BBEJEHO B [3|, mpuBojmMMble HUXKE CBOHCTBA
TEMIIOPAJIbHBIX KOMIIOHEHT JIOKa3aHbl B [4].

Teopema 1. UHnexc uMIPpUMHTHBHOCTH HMOJIYTPYIIBI P paBeH cyMMe HHIEKCOB
AMIIPAMATHBHOCTH €€ TEeMIIOPAJIbHBIX KOMIIOHEHT:

T(P) = 7’(7)1) + -+ T(Pk)

[Tonyrpynna P mHasbiBaeTcsd OJIOYHO-HENPUBOJMMON, €CJd JJid JIIOObIX S, €
€ {1,2,...,k} momyrpymma coepKuUT MaTPUILy C HEHYJIEBBIM (S, t)-OJOKOM.

Teopema 2. Ecyin nosyrpymma P 6109HO-HEIIPUBOUMA, TO HHIEKCHI HMIIPUMH-
THBHOCTH TEMITOPAJIbHBIX KOMIIOHEHT COBIAJAIOT.

Pabora mepBoro aBTopa BBIIOJIHEHA 38 CUET CPEJCTB cyOcuun, Boiaeennoit Ka-
3aHCKOMY (bejiepaJbHOMY YHUBEPCUTETY JIJIsi BBIIIOJTHEHUS NOCY/IapCTBEHHOIO 3aJ1a-
Husi B cdepe HaydHOI JesitenbHOCTH, TipoekT Nt 1.12878.2018/12.1.
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2. Protasov V. Yu., Voynov A. S. Sets of nonnegative matrices without positive
products // Linear Algebra Appl. — V. 437. — 2012 — P. 749-765.

3. Aummumn 10. A., Anpiuna B. C. Temnopaavhvie KoMNOHEHMbL NOAY2DYNNLL HEOM -
puyamervnolz mampuy,. Obobuwenue meopemvr Munka o cmpyxmype HEnpueoou-
mot mampuyw, // Sammckn HayaH. cemun. [IOMU. — T. 463. — 2017. — C. 5-12.

4. Ampmun FO. A, Amenuna B. C. Hndexcvl umnpumumusHocmu memnopaibHoLs
KOMNOHEHM, NOAYZPYNNLL HEOMPUUAMEALHOT Mampuy, // SalucKu HaydH. ce-
vua. [IOMU. — T. 472. — 2018. — C. 17-30.
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SIBHAS PEAJIN3AIINSA IPEJICTABJIEHUI GLy METOJAMU
JNPO®PEPEHIINAJIBHOM AJITEBPHBI
1. B. ApramoHnon
MI'Y umenu M.B. Jlomonocosa, Poccutickas axademus napodro2o rozaiicmea u
2ocydapcmeennoti cayocov. npu Ilpesudenme P®, Mockesa
artamonov.dmitri@gmail.com

Pacemorpum rpynny GL,(C) u dyuknun wa stoit rpymme. Vmeercs neficTsre
GL,(C) ua stu dpyukimu, npu koropom sjiement X € GL,(C) neiicrByer 1o npasuiy
f(g) — f(gX). llepexong k amrebpam Jlu mosgydaem cOOTBETCTBEHHO jeficTBHE gl .
JIr000e KOHEeTHOMEPHOE HEITPUBOINMOE TIPeJICTaBIeHre gl,, peann3yercs Kak MOIpeI-
cTaBJIeHNe B IpOcTpaHcTBe (pyHKIUU Ha 3TO# rpymme. B mokimaje Oyier obCyK1aTh-
csl 3aJ1a9a SIBHOT'O OITMCAHMST TAKOTO MOJIPE/ICTABICHIs (TO €CTh SIBHOTO MOCTPOCHMUS
0a3ucHbIX (PYHKIWI U onucaHus JefCTBUS TeHepaTopoB ajaredpbl Ha 3TU OGa3UCHBIE
9JIEMEHTHI ).

st sToro npexie Bcero dyukinun na snemenre X € GL,(C) 6yayr 3amnuca-
HBbI KaK OOBIIHBIE (DYHKIUN OT MUHOPOB MATpuilbl X . 3aTeM Oy/IyT sIBHO BBIITNCAHBI
nuddepeHImaIbHbIe COOTHOIIEHNS, BBIIIOJHEHNE KOTOPBIX HEOOXOINMO JIJId TOIaia-
HUsI COOTBETCTBYIOIIEH (DYHKIMU B mojipe/craBieHue. Vaeasn, mopoXeHHbI ITH-
MU COOTHOIIEHUSIMHE, OKA3bIBACTCS TECHO CBA3AHHBIM C XOPOIIO U3y IeHHBIM 00bEKTOM
nuddepenImanbHOi agaredpbl — TOpUIECKUMEI UaeaiaMiu B ajredpe Beiis.

C momompio MeTosia juarpamMM HeroTona OyiyT mostydeHbl 6a3MCHBIE PEIeHUs.
Inddepennmanbabie COOTHONEHUS TOMOTYT OITUCATD JIECTBUE T€HEPATOPOB ATreOpbl
Ha 3T OAa3UCHbIE PEIIeHMHs.

KOPETPAKTABEJIbHOCTHb CMEIIIAHHBIX ABEJIEBBIX I'PVIIII
. FO. Apremos
Mockosckuti nedazoeuneckuti 2ocydapemeennvit yrusepcumem, Mockea
dyu.artemov@mail.Tu

IIyctp R — acconmmaTuBHOE KOJIBIIO ¢ eauauteil. JIlesurit R-momynb M nasbiBaeTcsd
pempaxmabesvnvim 1], ecam mis KazxK 00 ero HeHyJIeBOro Mo AMO/ Iy ist N BBIITOJTHEHO
Hompg(M, N) # 0. Jleswiit R-momynb M HasbiBaercst kopemparmabeavhovim 2|, ecam
JTsl KazKJI0T0 ero cobcTBeHHOro oMo ysist N Bornosaseno Hompg(M /N, M) # 0.

B pabore [3] paccMarpuBaioTest KIacchl peTpakTabebHbIX U KOPETPAKTa0e IbHbIX
MOJTysIeil HaJl KOJIBIIOM TIEJIbIX 4ducest (T.e. peTpakTabesbHble W KopeTpakTabebHbIe
abeJieBbl IpyTbl). AGesieBa rpymia A Ha3bIBaeTCs pempaxmabesbHoll, eCIu JJist Kazk-
JIOit €€ HeHyJIeBO# MOArPYyIIbl B BBIIOJTHIETCS

Hom(A, B) # 0.

AbesieBa rpymma A Ha3bIBAETCS KOpEmMpaxmabesvHot, ecau JIJisd KaxK10i e€ cobCTBeH-
HOIl TIOJAI'PYIIIbI B BBIIOJIHAECTCS

Hom(A/B, A) # 0.

B [3] mpuBomuTcs mosHoe onmcanne CIeAyIONX KIaccoB abesieBbIX IPYIIT: PeTpa-
KTabe/IbHbIe abesIeBbl TPYIIILI, KOpeTpakTabe/bHble adeIeBbl TPYIIbI 0€3 KPYJYeHUs
n KopeTpakTabebHble ITepuojinieckne adesaeBbl rpynmbl. Hacrodmasa padora 3aBep-
maet uccsegioBanue [3]. 31ech IPUBOAUTCS TOJIHOE OIIUCAHUE KJIACCA KOPEeTpaKTabe b-
HBIX CMEITAHHBIX a0e/IeBbIX TPYIIIL.
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Bce rpyrtinbr, 0 KOTOPBIX MOHAET pedb B JabHEHIIEeM, IPeIIoIaraloTcs abeeBbl-
mu. Yepes t,(A) Oymem obosnatars p-kommonenty rpynnsl A, Q — obosnauenune
aJIUTUBHOI TPYIIIBI BCEX PAIMOHATIBHBIX YUCEN, Zye — ODO3HAUEHHE KBA3HUIIMKJIN-
9eCcKOil p-Ipynmbl (p — HPOCTOE UUCIIO).

Teopema 1. Ilycte A — cMmemaHHasT Tpyiiiia, codepkairas moarpyiny srga Q.
I'pynna A sBistercst KoperpakTabe/IbHOH TOTIa W TOJBKO TOI/a, KOIJ[a OHA JIJIST JIFO-
60oro mpocToro 4ucja p COAEPKHUT IIOATPYIILY BUAA Ly .

Teopema 2. I[Iycrr A — cmermannast rpyiia, He cogepxkairas mogrpymnn Buga Q.
I'pynna A saBistercst kKoperpakTabe/IbHOH TOrga U TOJIBKO TOTJIA, KOTJIA JIJIS BCEX TTPO-
CTBIX 9HCeJI P TaKHX, 4TO A He COAEePXKUT IIOAIPYIII BUJA Lyeo , T00a (PaKTOPIPYIIIIA
rpymmbl A Takzke He CONEPAKUT HOATPYIII BUA Lyeo H JOHOJHHTEILHO t,(A) ommmdna
OT HYJISI.
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KOHEYHBIE ITOAT'PVYIIIIBI CBOBOAHBIX I'PVIIII BECKOHEYHO
BA3MPYEMBIX MHOI'OOBPA3UI C. 1. AIISIHA
A.T. Acnansn, A.JI. I'ebopran, A. A. I'puropsin
Poccuticko-Apmancrui Ynusepcumem, Epesan
haikaslanyan@gmail.com, amirjan.gevorgian@gmail.com,
hayk. grigoryan27@gmail. com

[TepBble npuMepbl HECKOHEYHBIX HE3aBUCUMBIX CHCTEM I'DYIIIOBBIX TOXKIECTB (OT
JByX mepeMeHHbIX) Oputn moctpoersl C.ML.Aggrnom B 1] (eMm. Takxke [2]). DTuMm 6bI-
JIO JTAHO KOHCTPYKTHBHOE DeIlleHne M3BECTHON MpoOJeMbl KOHEYHOTO Das3mca Teopnun
rpyii, Koropas Oblia moctasjieHa b.Heiimanom B 1937 1. DTOT pesy/brar BOIIET B
monorpadmuio 1975 roja, rie gokazano (cM. |3, rrasa VII]), aro npu jirobom HegeTHOM
n = 1003 caemytoriee ceMeficTBO TOXKJIECTB OT JIBYX ITEPEMEHHBIX

(aPryPra TPy TP =1, (1)

rJie mapaMerp p HpoberaeT Bee MPOCThie YHCIA, sIBISeTCS He3aBUCUMOI, T.e. HU OHO
U3 9TUX TOXKJIECTB He SIBJISIETCS CJIEJCTBAEM OCTaabHbIX. OTCIOMa CIIEYET, ITO JIJIs JIFO-
6oro Heuernoro n > 1003 cymiecTByeT KOHTUHYYM pa3indHbix MHOroobpasuii A, (1),
COOTBETCTBYIOIIUX PA3JIUIHBIM MHOXKeCTBaM MpocThix yuces 11. Ilpu sroMm, npu dhuk-
cupoBaHHOM m > 1 cymiecTByeT KOHTHHYYM Hem3omopdubix rpym I'(m,n, 1), tie
['(m,n,II) — orHOCHTEILHO CBOGO/IHAS TPYIILY paHra m muoroobpasus A, (I1).
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Jlerko MOHSATBH, YTO BCe MHOroo6pasusi, OIpeje/eHHble ToXKaecTBamu Bujga (1),
cojiepzkaT GepHCaiiioBo MHOrooOpasue BB, BCeX I'PYIII, Y/IOBJIETBOPSIONINX TOXKIECTBY
2™ = 1. Hamomunaem, 9to c60600n0t beprcatidosoti epynnot B(m,n) HasbiBaeTCs
cBobO/IHAST IPYTIIa paHra m MHOroobpasus B, .

Hampreiimee u3ydenue rpymn ['(m,n,I1) mano B pabore [4], rme mokazano, aro
MEHTPAIN3ATOP JIIOOOTO HECIUHIUIHOTO JIEMEHTA KarK/I0r0 U3 OTHOCHTEIHHO CBOOO/I-
ubix rpymni I'(m, n, IT) — nukanaeckuii. [Tokazano, 4To Bee yKa3aHHbIE TPYIIIBI UMe-
0T TPUBUAJBHBIN IEHTD, Jiobas ux adeieBa MOJAIPYIIIa — IUKJIMIeCKas U JI0dast X
HeTpUBHAJIbHASA HOPMaJbHas OArpyIia — beckornedna. g ceodoausrx rpymm [ Bcex
muoroo6pasuii A, (I1) mosryuen Takzke 0TBET Ha BOIPOC 00 OMUCAHUN ABTOMOP(hU3MOB
nosyrpytibsl End(I) nocrasmennsiii B.ITnorkuabiv B 2000 1. B wactHOCTH, MOKa3a-
HO, 9TO Jist JiFo0oit u3 s1ux rpynn ['(m,n, II) rpynna aBroMopdu3MOB MOy TPYIIIbL
End(T'(m,n,I1)) kanorudeckn Biaoxeno B rpymiy Aut(T'(m,n,I1)). Hamu nokasana

Teopewma. Jliobasi koHedHasi moArpymmna Kaxjaoi csobogroii rpymmbsr '(m, n, 1)
[IPOU3BOJIBHOTO paHra m > 1 6eckonedro 6azupyembix MHoroobpasmii rpymm A, (I1)
ABJIACTCA MUKJIUYCCKOH I'DYIIIOH.

[ToguepkneM, 9TO aHAJOTMYHOE YTBEPXKJEHUE JJIsi CBOOOJHBIX OepHCAilIOBBIX
rpynn B(m,n) HederHoro mepuoma n > 665 u 0b60ro paHra paHHee OBLIO JTOKa-
sano C.M.Anguom B [3] (em. ror VII [3]), a mas abcosrtorHO ¢BOGOTHBIX TPYIIT OHO
OYEBHJTHO.

UccnenoBanne 9acTutHO BBIIOJTHEHO pu (puHAHCOBOI 1o 1epkKe [ocymapcraen-
rnoro komureTta 1mo Hayke MOH PA B pamkax mayaroro mpoekta Ne 18T-1A306.
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KJTACCUPUKAIINA 1 TUIIBI BA3COB B ITIOJTHOM
YACTNUYHOM VJIBTPAKJIOHE PAHTA 2
C. A. Baamaes, U. K. IIlapanxaeB
Bypamcxuti 2ocydapecmeennviti yrnusepcumem, Yaar-Yoa
badmaevsa@mail.ru, gorand@mail.ru

B Teopun JucKpeTHbIX (DYHKIUIT aKTHBHO UCCIIELYIOTCS MYJIbTHQYHKIN — DYHK-
UK, 3a/IaHHbIE HA KOHEYHOM MHOXKecTBe A M NpUHUMAIONue B KauecTBe 3HAUEHUi
noMHOXKecTBa MHOXKecTBa, A. IIpm onpenesennn cymeprosunuu Jijist MyJIbTHDYHK-
nuit va A, tae |A| =k, MBI 10 cyTu nMeeM JIeJI0 ¢ MOJMHOXKECTBOM MHOYKECTBA BCEX
byukimit 2% -snaunoit joruku. 3amernm, 4To 0OBIYHASA CYHEPIO3UIIHS, KOTOPasd Pac-
cMarpuBaercs jiid QyHKIM k-3HAUHOl JIOTMKH, B JIAHHOM ciiydae He mogoiizer. K
HACTOSIIEMY BPEMEHH M3BECTHBI J[Ba BUJIA CYIEPIO3UIUE Jjid MyabTdyHnkuuii [1, 2|.

IIycte A = {0,1} u F = {@,{0},{1},{0,1}}. Oupenenum cieyrormmne MHOXKe-
cTBa PYHKITHIL:
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on = L1 A" = F}, Py = J Py,
s = fIf € P35, u |f(&@)] <1 mnaseex & € A}, Py = J Py,

2,n

Py ={f|f € Pin 1< |f(a)] <2 mnaseex a€ A"} Py =R,

Py, ={f|f € P;n u |f(&)] =1 aaseex & € A"}, Py = Pop.

Oyuknun u3 P, HazbpBaloT (YHKIUAME aareOpbl JIOTUKHU, U3 P; — 9acTUIHBIMA
byukmusivu na A, 3 P, — runepdynxmmamvu na A, uz Py — MyabTuyHKIMAMA
Ha A.

Bajaua o IpuHaIeKHOCTH QYHKIINI MAKCUMAIBHBIM (IIPE/IIIOITHBIM ) KIACCAM $TB-
JIsIeTCs TOCTATOYHO M3BECTHOW, HAITpUMeD, I PYHKIINI aJrebpbl JJOTUKI OHA PereHa
B [3]. Ucnob3yst pazbuenune MHOKeCTBa BeeX (DYHKIHMI Ha KJIACCHI S9KBUBAJIEHTHOCTH
[0 OTHOIIEHWIO MPUHAICKHOCTH MAKCHUMAJILHBIM KJIACCAM, MOXKHO OICHUTBH MOIII-
HOCTHU BCEBO3MOYKHBIX 0a3WMCOB, OMHUCATH BCE THIhI 0A3MCOB, MCCJIEI0BATH PEIIeTKY
3aMKHYTBIX KJIACCOB.

B [4] onmcanbr Bce MakCHMaJIbHBIC YACTUYHBIC YIBTPAKJIOHBI MYJbTHQYHKIUI Ha
A. B mokmajze paccMaTpuBaeTCs BOIIPOC O TPUHAJIEKHOCTH MYJIBTUQYHKITNNH MaKCH-
MaJIbHBIM YaCTUIHBIM YJIbTPAKJIOHaM. KoJM4ecTBO MaKCHMAJIBHBIX YaCTUYHBIX Y/Ib-
TPaKJIOHOB, paBHOe 12, JlaeT BEPXHIOI OIEHKY YUC/IA KJIACCOB PAa30UEHMs, KAK MOIII-
HOCTb MHOKECTBA BCEX TOIMHOYKECTB MHOYKECTBA MAKCUMAJIBHBIX YACTUIHBIX VJib-
TpakioHos, T. e. 2'2. Uccienosanne cBoiicTs MyabTUMDYHKIHI MO3BOJISACT TOHU3UTD
9Ty oneHkKy. KoMIIbIOTepHBI SKCIIEPUMEHT YCTAHOBUJI, YTO MYJIbTU(MYHKIIUUA OT TPeX
nepeMeHHbIX fafoT 91 kiace sKBuBasieHTHOCTH. Takum 00pa3oM, HAM YIAJIOCH TIOJTY-
YUTH CJIEIYIONINE YTBEPIK ICHUS.

Teopema 1. Yucio KiaaccoB MysIbTH(DYHKIUH, TOPOXKJIEHHBIX OTHOIITEHUEM ITPH-
HaJ[JIEXKHOCTH MaKCHMAaJIbHBIM YaCTHIHBIM YJIbTPaKJIOHaM, paBHO 91.

Teopema 2. Yucsio kiraccoB ¢pyHkmnuii ajaredpbl JOTHKH, MOPOXKJICHHBIX OTHOIIIC-
HHEM MPUHAIEXKHOCTH MAKCUMAJIbHBIM 9YaCTHIHBIM YJIBTDAKJIOHAM, PABHO 15.

Teopema 3. Yuciio kiraccoB 4acTHIHBIX (DYHKIIHE, TOPOXKJIEHHBIX OTHOHNICHHIEM
MIPHHAJICXKHOCTH MaKCHMAJIbHBIM YACTHIHBIM YIBTPAK/JIOHAM, PABHO 49.

Teopema 4. Ywucsio kraccoB runepyHKIHH, TOPOXKJICHHBIX OTHOIIIEHHEM IPH-
HaJIJTIEXKHOCTH MaKCHMAaJIbHBIM YaCTHIHBIM YJIbTPAKJIOHAM, paBHO 28.

[TosmHbliT KOMIILIOTEPHBIH TIEPEOOP MTOKA3aJI, YTO UMeeTcsd 1 Tuil 6a3MCOB MOIIHOCTH
1, 690 Tunos GazucoB MorHocTu 2, 7940 Turos 6asmcos momuocTu 3, 2830 THIIOB
6azucos MorHOCTH 4, 6a31COB OOJIBIEHl MOIITHOCTU HE CYIIeCTBYET.

Pabora mepBoro aBropa BbimoJsiHeHAa 1pu  nojjepxkke PPOU, mpoekr
Ne18-31-00020.
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OPJIMNMHAJIBI PEA/IN3YEMBIE BBIYNCJINMO
ITEPEYNCJ/IMMBIMUA OTHOIIEHNAMNM 95KBUBAJIEHTHOCTUA
H. A. Baxenos, M. B. 3y6koB
UM CO PAH, Hosocubupck; K@V, Kaszanv
bazhenov@math.nsc.ru, maxim.zubkov@kpfu.ru

Mer crieyem noaxoy paboret [1]. Bee pacemarpuBaembie OTHOIICHUS SKBUBAJICHT-
HOCTH MMEIOT 00JIacTh OIpeJIe/ieHnsl w. ByleM roBopuTh, 9T0 B.II. OTHOIIEHUE IKBU-
BaJIEHTHOCTH E peasmsyer NOpsAKOBBIi TUII Y, €CJIU CYIECTBYeT JIMHEHHBII MO I0K
L omnpejiesieHHblii Ha w Takoii, uro F spisiercst KoHrpysHunueit ns L u L/E umeer
nopsKoBbIii Tun 7. O603naunm Ord(E) Kaace BCeX OPJMHAJOB DEATH3YEMbIX BHIUHC-
JIMMO TIEPEYUCIIMMbIM OTHOIIEHHEeM 3KBHBaJeHTHOCTH F. BbLIo 10/yvYeHo onucanue
Becex Bo3MOXKHBIX Ord(E). A nmenno, Obl1a joKa3aHa Teopema:

Teopema. Eciin Ord(E) conepxut opaunas menbine w?, to Ord(E) umeer omqun
u3 caeayionx Bjios: (w-n,w-(n+1)), [w-n,w-(n+1)), [w-n,wf). IIpuuem kazprii
VKA3aHHDII BHJ] pEaJn3yeTcst JI/Is HEKOTOPOI'O B.II. OTHOIICHUS SKBUBAJICHTHOCTH E .

Tak ke GyayT pacemorpensl Ord(E) me comepzKaiiue OpAMHAJOB MEHBIINX W2,

HO cojiepzKalliie OpIUHAJIbI MEHbITINE W™ .

Bropoit aBrop nojiepxkan rpantom PODU Nel18-31-00174.
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O TPAAYUPOBAHHBIX ITPOCTHBIX AJITEBPAX
. H. Banaba
Tyavcxuti 2ocydapemeernviti nedazozuveckut yrusepcumem um. JI. H. Toacmozo,
Tynra
1balaba@mail.ru

Bce paccmarpuBaeMbie KOJIbIIA ITPEIIIOJIATAIOTCS aCCOIMATUBHBIMU C CJIUHUIIEH,
IrpaJlynpOBaHHbBIE MYJIBTUILIMKATUBHON Tpymmoit G .

B Teopun rpaynpoBaHHBIX KOJIEI] 3HATHTEILHYIO POJIb UIPAIOT IPayHPOBAHHbIE
Tejla, TO €CThb I'PaJyHPOBAHHBIE KOJIBIA, KarKIbI HEHYJIEBOH OJHOPOIHBIN IJIEMEHT
KOTOPBIX sBJIgeTcd odpaTuMbiM. HecMoTpst Ha TO, 4TO rpajlyupoBaHHbIE Tejia HE SB-
JIIOTCST TeJIAMI B OOBIMHOM CMBICIE, OHI CAMIE U TPa/[yHPOBAHHbIE MOLY/IN HAJ, HIMHE
00J1a/1al0T CBONCTBAMHE, AHAJOTHYHBIMU CBOICTBAM TeJI U JINHEHHBIX IIPOCTPAHCTB HaJl
tejamu (eM. [1]).

['parympoBaHHbBI MOY/Ib HaJ| IPalyHPOBAHHBIM TEJIOM ABJISIOTCA gr-CBOOOJIHBIM,
TO eCThb 006/1a1a10T GA3MCOM, COCTOAIIMM H3 OJHOPONBIX 3JEMEHTOB. XOPOIIO H3-

BecTHO, uTo ecin V = (P, V, KOHEUHO HOPOXK/IEHHBIN IPa/lyHpOBaHHbIN IIpaBblii
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D-mMojynb ¢ 6a3uCOM COCTOAIIMM U3 OJIHOPOJHBIX 3JIEMEHTOB U1, Vs, ..., U, U; €
€ ‘/gi—l (1t = 1,...,n), To ero rpajyupoBaHHoe KOJbIO 3HI0MOpdu3MoB ENDp (V)

uzoMopduo Koutbity MaTputy, My, (D) (g1, ..., 9n) = Bpea Mn(D)n(g1,---,9n), rie

Dgflhgl Dgflhgz Dgflhgn
—1 -1 -1
o 95 hg1 gy hga ¢ 95 hgn
Mn(D)h(gla---agn) - . . . .
Dgﬁlhgl Dgﬁlhgz Dgﬁlhgn

Taxwue TpalyipPOBKY HA MATPUYHBIX KOJIHIIAX HAZBIBAIOTCS XOPOIITHMH, BCE MATPUIHBIE
€JINHUIIBI ABJISTIOTCS OJITHOPOIHBIMU JIEMEHTAMU.

I'pasynpoBantbiv neHTpoM Zg, (D) Tema D Ha3oBeM MaKCHMAJIbHOE TDAJLYHPO-
BAHHOE MOJIKOJIBIO TeHTpa Z(D), OHO MOPOXKIEHO OJHOPOJHBIME IEHTPAILHBIME
ssieMenTaMu Kojbla D. fcuo, uto Z,, (D) aB/sercsa rpayHPOBAHHBIM IIOJIEM.

Teopewma 1. IIycte D — rpajyupoBaHHbIOE TEJIO, / — €0 IPaJlyHPOBAHHDIH IIEHTD
n F' — makcumanbHoe rpajgynposannoe moguone B D. Torna D Q) , F' apisercs gr-
IJIOTHBIM KOJIBIOM B I'PAJyHPOBAHHOM KoJibile sHgoMophu3moB ENDp(D) rera D,
paccMaTpuBaeMoro KakK TI'paJlyupoBaHHBIH Mojiyiab Hajx F. Ecim teino D KoHedHO-
MepHO HaJl IPajyHpOBaHHBIM IeHTpoM Z, 10 D Q) , F' m30MopdHO KOJIbLy MaTpHIf
M, (F)(g1,---,9n) HaJI rpajgyupoBaHHbIM 1mojieM F' | cHabX»keHHOMY Xoporieil rpajiyu-
PDOBKOH.

[Iycts F — rpajayupoBanHoe mojie 1 A — rpajyunpoBannast ajredbpa Ham F. Aj-
rebpy A Ha30BEeM UeHmMpanvHotl, €CJIU BCE ee TMEeHTPAJIbHBIE OJHOPO/IHBIE /IEMEHTHI
jexkar B F'.

Crenyromas Teopema SIBJISIETCS TPayMPOBAHHBIM aHAJIOIOM TeopeMmbl Hérep-
CxkoseMma.

Teopema 2. Ilycte A — KOHEeUHOMEpHasI IEHTpaJIbHAS Sr-IPOCTast ajaredpa HaJl
rpajyupoBaHHBIM mojieM F u B — gr-mpocras mogarebpa ajareopsr A. Ecom ¢ — ro-
MomopusM asredbpsr B B A, To cymecTByer HeHy/1eBOIH OZHOPOIHBIIH 31eMeHT a € A,
(g € Z(Q)), Takoit, uro (y) = a ‘ya a1 Beex y € B.

Caencrsue. Ilycts A gr-mpocras anaredpa, KOHEYHOMEPHasl HaJ, CBOUM T'paLyH-
POBAHHBIM IEHTPOM, TOIJIa JTI000# aBTOMOPdU3M aJredphbl A, COXpPaHSIONUI IPaLy-
UPOBKY U OCTABJISIIONINI HEIOABUKHBIMI 3JIEMEHTHI IIEHTPA, SBJISIETCS BHYTPEHHIM.

Teopema 3. Ilycre F — rpaaympoBaHHOoe 1oje W A — IpajyupoBaH-
Hasl KOHEYHOMepHasl I[eHTpaJibHasl gr-npocrtas aJjrebpa naj F. Torma cyire-
CTBYeT TIpaJyupoBaHHOe Teja0 D, sBjsionieecss KOHEIHOMEDHOH IIeHTPAJIbHOM
gr-mpocroii  F'-amrebpoii, takoe dro ajarebpa A m3omMoppHa ajrebpe MaTpHIL
M,(D)(g1, .-, gn) st HeKOTOPBIX (g1, ...,9n) € G™.

Ormernm, arto B 2] 6bu1 0Ka3aH axasgor Teopembl HéTep-Ckostema B cirydae, Ko-
rma G — abeneBa rpymma 6e3 KpydeHus, a B |3| usydannch rpajynpoBaHHbIE TPO-
cThle IeHTpaJIbHbIe anredpbl B ciydae abesieBoil rpayuposku. B paborax [4, 5| nana
oJTHasT KJIacCupUKAIUs ¢ TOTYHOCTHIO JI0 S9KBUBAJIEHTHOCTH KOHETHOMEPHBIX DALy U-
POBAHHBIX aJiredp ¢ JieJIeHrneM HaJl MOJIEM JIeHCTBUTEIbHBIX TUCeN, TPaLyMPOBaAHHBIX
KOHEJHOI abe/1eBoil IpyIIoii.

Pabora Bbimosinena npu punancosoii nojiep:kke rpanta PO Ne 19-41-710004-
p-a.
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O PASPEIIIVMBIX HACBIIITEHHBIX ®OPMAIINAX CO

CBOIICTBOM 7P,
C. B. bBajabrueB, A. ®. Bacuibes
Tomenvcrkuti 2ocydapemesennot yrusepcumem um. D. Cropuroi, Iomenw
sergej.balychev@qgmail.com, formation56@mail.ru

B nmanbHeiimem paccMaTpuBarOTCS TOJBKO KOHEYHBbIE T'PYIIbL. HamomamM, 9TO
rpymnna G gBJsieTCsl MPOU3BEIEHUEM CBOUX IIOMApHO IE€PECTAHOBOYHBIX ITOAIPYIIIT
A1, Ay, A, ecm G = AjAy - Ay m AjA; = AjA; i mo0bIx map ducedn 4, ) €
€ {1,2,...n}.

WccnenoBanus rpylIiin ¢ Takoit ¢hakTopusaliueii 6a3upyorces Ha pyHIaMeHTaJIbHbIX
paborax @. Xosia, C.A. Uynuxuna, Xynnepra, Buranara, Kerens, JI.C. Kazapuna.
CoBpeMeHHBIE Pe3yJIbTAThl B 9TOM HAIPABJIEHHN MOXKHO Haiitu B MoHOrpadun [1].

B patore [2] Ambepr, JI.C. Kazapun n XedauHr npejioKuiu cieLyoree

Onpepenenune 1. Ilycts § u X — Kkjaccel rpymnin u kK — HaTypaJabHOE THUCTIO.
Bynem ropopurs, uTo Kiacc § mmeer cBoiictBo Py s X-rpyum, ecan X-rpynma G
MPUHAJIEXKAT § B TOM ciydae, korfda G MoxKeT ObITh 3allicana B BUJIE TPOU3BeIeHUsT
n noarpymn Ap, As, ..., A, Takux, 9TO I KayKJOro BbiOOpa mHuekcoB 1 < i <
19 < ... < i <nrpymma A; - A;, TpUHAIIEXKAT §.

Ecimm X coBmajiaeT ¢ KJlaccoM BceX TPYIII, TO B JaJIbHEHIIIEM Mbl OyJIeM IPOCTO
FOBOPHUTH, 9TO KJIACC § UMeeT CBOHCTBO Py .

B [2]| 6butn OTHOCTBIO ONMCAHBI BCE pa3peIuMble HACTEICTBEHHBIE KJIACCHI U Ha-
CBIIEHHBIE KJIACCHI TPYIII, NMEOIIe CBOWCTBO P; JI/Tst pa3peninMbIX TPYIII, a TaKKe
HpUBEIEHbI cepur (bopMalyii co cBoicTBoM P .

B macrosiiem coobiieHnn MbI UCCIEAYEeM Pa3perinMbie HACHIICHHBIE (POPMAIUN
co cBoiicTBOM P 7151 3a/IaHHOM HACJIeACTBEHHON HaCHIMEeHHOH (dhopmarmu X .

UsBecrHo, uro dopmaruu Beex HusbnorenTHbIX rpytn (Keresb [3]), Bcex paspe-
mumMbix rpymn (JI.C. Kazapun [4]) umeror coiictBo Ps.

Hawm norpebyercst korcrpykius dbopmanun w§ [5] (em. takxke [6-8]).

[Iycts § — memycrast popmartus. [loarpynma H rpynmer G HasbiBaeTcs § -cyoHop-
Mmarvnot B G, ecnun oo H = G, mubo cyiecTByeT MakCcuMaJbHasl 1EIb MOAPYIIII
H=H,< H, <...< H, =G Takas, 9410 Hf <H_yanai=1,...,n.

Cornacuo [5] myst wemycroit dbopmarun § depes w§ 0003HAUAETCS KJIACC BCEX
rpyun G rakux, 9ro 7(G) C 7w(F) mw B G mobasg CHIOBCKast MOArpyNHa -
cyOHOpMAJIbHA.

B pabote |5| ycranosiieno, 9ro eciau § — HacJeICTBEHHAsT HACBIEHHAs (hopMa-
IUsi, TO W TaKKe sIBJISETCsI HACIEJICTBEHHOI HacbleHHoi dopmarueit. B [6] Haii-
JIEHbI HeOOXO/IMMbIE U JOCTATOYHBIE YCIOBHS, IPA KOTOPHIX W§ = §.
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Teopema 2. [lycrs § — paspelnmasi HaCJIeJCTBeHHAs HACBIIIEHHAS (POpMAIIHSs.
Torma u TOJIBKO TOTa § HMeeT CBOHCTBO Psy, Korja § siBisiercss phopmariueri Our-
THHTA U W§ = §.

OrmernM, 910 A1 JTF060T0 HATYPAIbHOrO Kk > 2 MOYKHO IIPUBECTH IPUMED pas-
permMoii HacJIeICTBEHHON HACKIIIEHHO (hbopMaliu § , uMeroIneii cBoiicTBo Py, HO He
obJtatatoreil ¢cBOMCTBOM Py_1, U JJIsi KOTOPOIl BBIIOJIHSIETCA § = W .

Onpenenenne 3. Kiacc rpynn X HasbiBaeTcs S.p-3aMKHYTBIM, ecii X BMecTe
co Besikoit rpymmoit G comep:kuT Bee €€ noarpynbl [IMumara.

[Tonsitre S.p,-3aMKHYTON hopMmaruu ObLIO BBEJIEHO U M3y4aaoch B pabote [9)].

Teopema 4. Ilycter § — paspermumasi S, -3aMKHyTast HACBIIICHHAS (hOPMaIlUs.
Tora u TOJIBKO TOI1a § HMEET CBOHCTBO Ps, Korza § HMeeT TaKOH ITOJIHDBIH JIOKAIb-
upiil sxpan [, aro f(p) = Sr(sp)), ecmm p € ©(F) 1 f(p) = @, ecom p € P\ 7(F).

Teopema 5. Ilycte X — pasperuvasi HACJI€ACTBEHHAsT HACBIIIIEHHAST (pOPMAIIUS.
Torma u TosbKO TOIIA JII0OAas HACJIEACTBEHHAS HACHIIIeHHAs moggpopmanns § 3 X
umeer cBorcTBo Py st X-rpyiil, korjja X cOCTOUT W3 TPYII C HUJIBIIOTEHTHBIM
KOMMYTAHTOM.
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OBb AJIBTEPHATUBE TUTCA B OBOBIIIEHHBIX
TETPASAPAJIBHBIX I'PVYIIITAX TUIIA (2,N,2,2,2,2)
B. B. Bensanr-Kpusen, 4. A. 2KyKkoBeri
Beaopycexuti 2ocydapemeernnniil ynusepcumem, Beaopyccrutl 2ocydapemeenmoiil
nedazozuneckull ynusepcumem um. M. Tanwxa (Munck, Beaapycy)
benyash@tut.by, y.zhukovets@gmail.com

ToBopsiT, uTo rpymma G yaoBieTBopseT ajnbrepuatuse Turca, ecin G COMEPKUT
b0 HeabesieBy CBOOOIHYIO MOATPYIIILY, TUO0 pa3PeruMyIo MOArPYIITY KOHEYHOTO HH-
nekca. . B. Buabepr [1]| BBest B paccmoTperne 0606IIeHHbIE TeTPasIpabHbIe IPYIIIH,
UMeEIOIIIe KOPEJICTABIEHNE BHIA

P = 25k = Ryp(a, $2)l = Roz(z2,23)" =

= R13($1,l‘3)n = 1>,

['= (1,29, 73 | 2, = 2y

rae ki, ko, ks, l,m,n > 2, R;j(x;,x;) — IUKINIECKN PeIyIHPOBAHHOE CJIOBO B CBOOOI-
HoM npoussesennu (z; | z" = 1)x(x; | ;% = 1), xoropoe ne siB/sIeTCST COGCTBEHHOI
crenenbo. CyrecTByer runoresa [2|, 4To kaxjas 0000IeHHas TeTpadpaabHasi IPyTi-
Ia yjioBjaerBopsieT ajbrepHaruse Turca. K nacrosiimemy Bpemenn B paborax [2-6] sta
IUIIOTE3a JOKa3aHa JIJIs BeeX 000OIIeHHBIX TeTpa3/[paabHbIX IPYIII, KPOMEe I'PYII CJie-
JIYIOIIEro BUJA:

2 2
<$1,562,333 | 2% = 1™ = ™ = 312(561,962)2 = (561a133ﬁ) = (117271735) = 1> ;

e 1?11 + 1?12 + é > % Ormernm Takke, uro B |4] runoresa Pozenbeprepa jokaszana B

CJIeIYIOMuUX crydaax: 1) %4—,{—13 <3;2) 1?12""% <3:3) &+ < 3,32 HCKIIOTCHIEM

cuydas ks =2 u (k1, ko) = (3,8), (3,10), (4,5), (4,6), (4,8), (5,6). B namnoit pabore
MBI PACCMOTPUM TPYIIIBI ¢ KOIPEICTABICHIEM

I'=(abcla®>=b"=c= R(a,b)* = (b%)* = (ac)® = 1), (1)

riae R(a,b) = ab"ab"?...ab" , 1 < u; < n. Cupaseimsa

Teopewma 1. Ilyctes ' — obobiiennast rerpasapaJ/ibHasi rpyliia, onpeje/leHHast B
(1), U=wuj+ ...+ us, s > 1. Ilycte n gesurest mbo Ha mpocToe ducao p = 7, aubo
Ha oaHO U3 unucesa 8, 9, 25. Ecju BBIIIOJIHSIETCS OJHO U3 YCJIOBHIL:

1) (Un) =1,

2) s mederro, n genures Ha 8, U 4werno u U He gennrces Ha 8,
To rpymia I cogepkut HeabeseBy cBOOOJHYTO HOATPYIIILY H, CJEJOBATE/IBHO, V/OBJIC-
TBOpsieT ajibrepHaTuBe Turca.
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O MEPECEYEHUU TTIOATI'PVYIIII BJIM3KUX K
$-ABHOPMAJIBHBIM B I'PVIIITAX C OITEPATOPAMMUA
P. B. Bopoauu, M. B. Cenbkun
Tomenvcrkuti 2ocydapemsennot yrusepcumem umeny @.Ckopunovl, [omens
(Beaapyco)

Borodich@gsu.by

Bce paccmarpuBaembie rpyiiibl KOHEUHBI. VceieioBanme epeceueHnit MaKCuMAa b
HBIX TIOJIPYIII SIBJISETCs OJTHOM M3 K/TACCHIECKUX 3a/1a9, BOCXO X K pabore Opat-
tuan [1]. B 50-x romax Teopema @parrunu nosyudnsia pasputue B paborax [ammora
[2], Heckunca [3]. Janbueiimuii uarepec K moarpynnaM (pparTuHUEBOro TUIA B 3HA-
YUTEIBHON CTeleHN CBsi3aH ¢ pasBuTueM Teopuu dopmaruii (cMm. moHorpadum [4,
5]).

[Iycrs mamer rpynmna G, muoxkectBo A u orobpaxenne f : A — Aut(G), rue
Aut(G) — muoxkecTBO aBromopdusmos rpymnsl G. [loarpynmna M waseiBaercs A-
JonycTuMoit, ecaim M BbIIEpKUBaeT JieiicTBre Becex oneparopos u3 A, to ectb M* C
C M ps moboro omeparopa o € A.

Hecoxkno 3ameTnTh, 9TO TaK KakK OIEPATOPHI JEHCTBYIOT KaK COOTBETCTBYIO-
e UM aBTOMOPGU3MBI, TO KarKasl XapaKTepUCTUIecKas MOArpynna spiserca A-
JIOIIYCTUMOM JIJIsI IPOU3BOJIBHON T'PYIIIBI OITEPATOPOB.

[Moarpynma H rpymnbl G HA3bIBAETCS MaKCUMAJIBHON A-T0IMyCcTUMOl TOArPYyTI-
moit B G, eciu H saBnsiercs A-pomnycrumoir n yrobast coOcTBeHHast A-I0IycTuMast
noarpynna u3 G, comepxkamiasg H , coBnamaer ¢ H .

[Iycte X — mpousBosibHBIN HemycToi Kiacc rpyiir. ComocTaBuM €O BCSIKONW TPYII-
noit G € X nekoropyto cucremy noarpymi 7(G). Coruacto [5] 6ymem roBopuTh, ITO
7 — noarpynnosoit X-dyukrop (moarpymmosoit dbyHKTOp Ha X ), €ciu JJis BCSIKOTrO
stumopdusMa ¢ @ A — B, e A, B € X, pumosaens srmouenust (7(A))? C 7(B),

(T(B))*" C 7(A), u s moboit rpymmsr G € X umeer mecro G € 7(G).

Ecmn X = & — kitacc Beex rpyiin, TO HOArpyinoBoit X -gpyHKTOP HA3BIBAIOT IIPO-
CTO TIO/ITPYIIIOBBIM (DYHKTOPOM.

OyurTop # OyaeM Ha3bIBaTh aOHOPMAJIBLHO MOJHBIM, €CIN JjIst 1000 rpynmbl G
cpeau muokectBa 0((G) cofepKarcss Bce aDHOPMAJIbHbBIE TOArPYIIbL Ipytibl G .

Bamernm, 9T0 MakcuMmasbHasg A-jgomyctumas nogrpyiima Mo ubo e mKoM co-
NepsKAT §-Kopaaukana rpynnsl G, mmbo MGS = G. JleficTBUTeNLHO, TaK KaK MPO-
usBeenne A-pomyctuMbrx moArpymn A-momyermvo u GY — XapaKTepHCTHYeCKas
HOArpPYIIIa, a, caeoBaTeabH0, A-gomycerumas, To MGS = M nwm MGS = G.

[Iycts § — memycras dopmanus u rpymma G umeer rpymmy oneparopos A. He-
pe3 DE(G, A) 0bo3HAUNM TIepeceveHre s/iep BCeX MaKCUMAIbHBIX A-10mycTuMbIix 0-
noarpymm rpymnsl G, He cojepxKanmx §-kKopajaukasa rpynnsl G. Ecau B rpynme G
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BCe MaKCHMaJibHble A-JI0IycTUMBbIE O-TOAIPYIINIbI COMEPKAT §-KOPAJIUKAI I'PYIIIbI
G, To monoxxum D3 (G, A) = G.

Teopema. Ilycmov § — S, -3amrxnyman soxaronan gopmavus u epynna G ume-
em epynny onepamopos A maxyro, umo (|G|,|A|) = 1, 0 — abropmasvro noarwii
nodepynnosoti pynkmop. Ecau N — nopmaavras A-donycmumas 6 -nodepynna epyn-
no G u N/NﬂDg(G, A) € §, moeda N npedcmasuma 6 ude npsamozo npoudsedenus
N = N; X Ny, muoorcumeny, Komopozo yoo8aemseopaA0m CAeOYOUUM YCAOBUAM.:

1) N1 c 8:,'

2) m(No) N7 (F) = 9,

9) Ny C 0(G, A).

CaencrBue 1. [lycmv § — S, -3aMKERYMAA A0KGALHAA POPMAUUA, COOCPHCAULAA
6ce Huavnomenmmuwie epynnot, u epynna G umeem epynny onepamopos A maxyio,
umo (|G|, |A|) =1, 6 — abropmarvro nosnvi nodepynnosot gynkmop. Ecau N —

nopmarvran A-donyemumasn 0-nodepynna epynnoe G u N/N N Dg(G, A) € §, mo
NeF.

B ciyugae, korna ¢pyHKTOp 6 BhLAeaseT BCe HOATPYIIILI, TO HOJIYYaeM

CaencrBue 2. [lycmv § — S, -3amrnyman sokasvhas opmavus u epynna G
umeem epynny onepamopos A maxyro, wmo (|G|,|A|) = 1. Ecau N — nopmaavran
A-donycmumasn nodepynna epynnwe G u N/N N DS(G, A) € §, mozda N npedcma-
suma 6 sude npamozo npoussedenus N = Ny X Ny, muooicumenu xKomopozo ydos.ae-
MEOPAIOM, CACOYIOULUM YCAOBUAM:

1 ) Ny € S 5

2) m(Ny) N7 (F) =2;

3) Ny CO(G,A).

Eciau K ToMy 2Ke II0JI02KUTh, 9TO TPYIIIa OLEpaTopoB A aBjsercsd eauHUYHOlN, TO
noyrpyra D§ (G, A) cosnaaer ¢ nogarpymmoit AS(G) u MbI TIOJTyHaeM COOTBETCTBY-
formuii pe3ynnraT paboTsl [4].
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ITPABMNJIBHOE OITPEAEJIEHUE N1 TEOPEMA
BUJIAHOA-XAPTJIN OJId CYBMAKCUMAJIBHBIX
X-IIOATI'PVIIII
A. B. Bacuibes, . O. PeBun, C. B. CkpecanoB
UM CO PAH, HI'Y, Hosocubupck
vasand@math.nsc.ru, revin@math.nsc.ru, s.skresanov@g.nsu.ru

Berony nasnee depes X obo3HavueH (PUKCUPOBAHHBINA HEIYCTOW KJIACC KOHETHBIX
IPYII, 3aMKHYTBI OTHOCUTEIBHO B3dATHS IOAIPYIIL, TOMOMOPMHBIX 00pa30B U pac-
mupennii. Kinaccuaeckas reopema Bumanga-Xaprim (cMm., Hanpumep, |1, jgemmbr 2

/ .
u 3|, [2, rmasa 5, (3.20)'], [3, Treopema 13.2]) yrBepxaaer:

Teopema 1. Ilycrs G — koneuHnast rpymna u A — ee HOpMaJIbHasT TIOATPYIIIA.
Torza st smoboit makcumasbaoi X -moarpymmsl H rpyimmner G cipaBeIuBbI CIEIy-
IOII[ue YTBEP2KICHHUA !

(1) Na(HNA)/(HNA) ue conepkut HeeHHIIHBIX X -IIOATDYIII;

(13) B wacrHoctn, H N A = 1 rorya u ToJbKO TOIJa, KOrjla A He COJEPXKHT Heeu-
HUYHBIX X -TIOJTDYIIII.

Dra Teopema mozBosmaa X.Bunanmay B paborax [3, 4| BBecTH mOHSITHE CyOMAKCH-
MaJjibHON X-rtoarpymibl. OmnpeseseHus, JaHHbIe B 9TUX paboTax, cjierka OTJIMIaloTCs,
u MBI 6yjieM cyOMakcuMasbabie X -TIOrPYIIbL B CMBICTE |3| HA3BIBATH TaKKe CHIIBHO
cyOMaKcuMaJIbHBIMU.

Omnpenenenune. lloarpynma H rtpynnsl (G Ha3BIBAETCS CYOMAKCUMAADHOU 6
cmuvicae 3] mma cuavho cybmarcumanrvrot X -nodzpynnoti (COOTBETCTBEHHO, CYOMAK-
cumasvnol 6 cmuicae |4 mwmm mpocto cybmakcumanvrot X -nodepynnot), ecin G
MOYKHO BJIOXKUTH B KadeCTBe HOPMAJIBLHOIN (COOTBETCTBEHHO, CYOHOPMAJILHOl) MOJI-
IPYIIIBLI B HOAXOAANTy 0 rpyniny G* takum obpasom, urodbl H cosnasa ¢ GN K s
HEKOTOPOIt MakcuMa bHoit X-toarpymmel K rpymmsr G*.

Ucrnionb3ys aTo omnpenenenune, TeopeMmy Buianga-XapTin MOXKHO SKBUBAJIEHTHO
nepedopMyINPOBATE B CJIEIYIONEM BU/IE.

Teopema 1*. I[Iycto G — Koneunas rpymnmna u H — ee cuibHO cyOMakcuMaJ/ibHAST
X -nomrpymma. Torya Ng(H)/H He conep:kut HeeMHUIHBIX X -IIOATDYIIL.

B nmokjtajie MbI 00CY UM CJIEJTyIONTNE BOIIPOCHI.

o Jlns Kakux 1esieil MOXKeT OBITh HCIOJIB30BAHO MOHATHE CyOMakcuMmasibHOU X-
O/ITPYTIIIBI !

e DKBUBAJEHTHBI JIU ONPEIEICHNs CYyOMAKCUMAILHON X -OArPYIIIbL, JaHHbe B |3]
u [4]7

e Kakoe u3 stux ABYX OHpe,ZLeJIeHI/Iﬁ cjaeayer caiuTaTb HpaBI/IJ'IbeIM?

e CrpaBeUIuB I aHAJIOT TeopeMbl 1* it cybMakcuMaabHbIX X -TIOArPYIII, AHOH-
CUPOBaHHBIN B [4]7

[Tpu nomnepzxke Poccuitckoro nayuanoro donga (mpoext Ne19-11-00039).
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HOPMAJIN3ATOPBI CNJIOBCKUX ITOATI'PVIIII B HEKOTOPBIX
ITPOCTHBIX I'PVYIIITAX
A. C. BacuiibeB
HI'Y, Hosocubupcxk
a.vasilevl Qg.nsu.ru

V3yuennto CHIOBCKUX TOATPYIII YJIEIAeTCsi 0c000e BHUMAHNUE B TEOPUU KOHEIHBIX
rpymi. CTpoeHre CHJIOBCKUX MOJATPYIIT B MPOCTBHIX TPyIIax Haiijgeno B paborax Ka-
nyzxunna, [Ilepaste, Pu, Beitpa, Kaprepa n ®@onra. B 2005 roxy A. C. Konaparses
oIucaj HOpMAIU3aTOPhl CUJIOBCKUX 2-TTOJIPYII B KOHEYHBIX MPOCTHIX I'PYIIIAX.

B okmaje Oyjer INpejcTaBieHO CTPOEHHe HOPMAaIM3aTOPOB CUJIOBCKHUX T~
HOATPYII B JIMHEHHBIX ¥ YHUTAPHBIX IPYIIAX /I HEYETHBIX T

[Monoxkum GLf(q) = GL,(q) u GL,(q¢) = GU,(q). Hdua aucia m depes m,
obo3HaYEeHA HAMOOJIbINAs CTEeleHb YUCTIa T, JEJIAIas YUCIO M, U My = M /M.

Teopema 1. Ilycts G = GL!(q), tie n = +1 mam 3uax 3TOroO 4mCIa, T —
HEYeTHOe MpocToe ducjao, takoe, 4ro (q,r) = 1. Ilomoxnm

e=min{k >1](ng)* =1 (mod )},
n=ae+c, rge 0 < ¢ < e, u 3apUKCHPYEM T -HIHOE IIPEJ[CTABICHAE YUCIa G
a=ayg+ar+...+a,r".
Toryga gt cumoBekoit r-noarpynnsl R rpynnsr G- cripaBeiymmBo
R=1.x Ry x...x R},
e 1. — rpuBnasabnas noarpymnmna B GL1(q), a R; — cumoBekas r-IOJArpyIiia IPY b
Gi = GLZTi (Q) , H
v
Na(R) = GLI(q) x [ [ Vit Syma,,
i=0

Na(R)/R = GLI(q) x [ [ Ni/ R Syma,,

=0
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e N; = Ng,(R;). Kpowme toro,

Ri = Clyee), 1Cr 1.2 C,
\ﬂ_/

Nz/Rz = C(qe_ne)T/ X Ce X Cr—l X ... X Or—l .

Vv
i pa3

Teopewma 2. [Iycts G = GL!(q),S = SL!(q), R € Syl.(G), P = RNS € Syl,.(S).

Torna B ciayqae (r,n,(q—n),) = (3,3,3) umeroT MecTO H30MOPDUIMBI

P~ 32 Ng(P) ~ 32 x Qg,
rie 32 — 9ro skcrpacnenmasibHas rpymma mopsaka 27 mepuona 3, a Qg — rpymma
kBaTepHHOHOB; B 4actHocTH, Ng(P) > Ng(R) N S. B ocragpHbIX CIydasx uMeer
MeCTO paBEeHCTBO

Ng(P) = Ng(R) N S.

Kpowme roro, ecim ~: S — S/Z(S) = PSL!(q) — kaHOHImYECKHH SITEMOPQDU3M, TO

P € Syl,(S) u Ng(P) = Ns(P).

UccneioBanue BBIMOTHEHO 3a cUéT TpaHTa Poccuiickoro HayaHoro GoHma (IpoekT

Ne 19-11-00039).

KOHEYHBIE T'PVYIIIBI C 3AJJAHHOVW CUCTEMOMN
$-CYBHOPMAJIBHBIX JIOKAJIBHBIX ITIOJATPVYIIII
A. ®. Bacuibes, T. 1. BacunbeBa, A. I'. MejbieHKO
Tomenvcruti 2ocydapemeerrind ynusepcumem um. @. Cropunwv, Tomenw
formation56@mail.ru, tivasilyeva@mail.ru, melchenkonastya@mail.ru

Bce paccmarpuBaembie IpyIIbI Ipe/oiaraoTces Konedrbivu. CBoiicTBa HOpMa-
JIN3ATOPOB MTPUMAPHBIX TOAIPYIII, T. €. JIOKAJbHBIX MOATPYIII, ITHPOKO TPUMEHAIOTCS
[IPU KJIACCU(PUKAIMN TPOCTHIX HeabeJIeBBIX TPYIII, & TAKZKe IIPHU N3y YeHINH HEITPOCTHIX,
B YaCTHOCTH, paspemumbix rpymm. Hampumep, B [1] gokazaHo, 910 HEOOXOIMMbBIM 1
JIOCTATOYHBIM YCJIOBUEM HUJIBIIOTEHTHOCTHU TPYIIIIBI SABJISETCA HUJIBIIOTEHTHOCTH HOP-
MaJIN3aTOPOB €€ CHJIOBCKUX MOArPYyNI (KPATKO, CHJIOBCKAX HOPMAIH3aTOpOB). B [2]
LpUBeJieH 0630p PadboT, B KOTOPHIX UCCJIEIOBAJINCH CBA3M MEXKY CBOWCTBAME I'DYIIIbI
U TPUHAJIE’KHOCTBIO HACBIIIEHHON (hopMaIlny ee CUIOBCKUX HOPMAJIA3ATOPOB.

B nacrosiiieM cooOIieHun U3ydaeTcsd 3aBUCUMOCTH CBONCTB I'PYIIIBI OT CrOcoba
BJIOXKEHUSI B Hee CHJIOBCKUX HOPMAaJIU3aTOPOB.

[Iycte § — menycras dopmarus. [loarpynma H rpynnsl Ha3biBaeTcs  §-
cyoHopmasibaoit B G, ecyim mubo H = G, qmbo cymiecTByer MakKCHMaJjbHasl IEIb
monrpynn H = Hy < Hy < ... < H, , < H, = G rtakasg, aro Hf < Hq nns
1=1,...,n.

Onpegaesienne. Ilycrs § — Hemycrasg dpopMalusa U T — HEKOTOPOE MHOMKECTBO
IPOCTHIX unces. byneM obo3HavaTh Yepe3 wi§ CICAYIONHi KIace IPYIIIL:

wig = (G | 7(G) C 7(F) u Ng(P) siBasercs §-cyOHOPMAJIBbHOI HOArPYNIOi B
G st moboit cutoBekoit g-toarpynmsl P w3 G u g € 1 N w(G)).
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ITo onpegenennio G € wig, ecim 7(G) C 7(F) u 7 N w(G) = 0. dna muoxkecTBa
BCEX IPOCTBIX uncesl P BMecTo Wp§ HCIOJIb3yeTcsa 0OO3HAUEHHEe W .

Kirace rpynn § mazbiBaercs: Sy -3aMKHYTBIM, €CJIU § BMeECTe ¢ KayKJ0# TPYIIIOit
G comepxkut JI00YI0 XOJUIOBY moArpyiiy u3 G'.

Teopema 1. IIyctp § — Henycrass ¢popmarust. Torja cpaBeIUBbI CJICIYIONTHE
VTBEDKJICHUS.

(1) wig — romomop@ rakoii, aro w*§ C wi§ C wig u wi$ C wi§ st soboro
MHOXKEeCTBa IIPOCTHIX IHCe/I T, COJAepKallero T, u Jiroboi popmarmn $ C §.

(2) Ecim § — nHacsejcTBeHHBIH KJacc, T0 Wi§ — Spy-3aMKHyTast ¢opMmalsl,
mprdeM § C w'F C wif = wi(wig).

Cornacho [3] apudmerndeckas JyiHa pa3permumoii rpymibl G olpee/seTcs Kak
max {l,(G)}, tne [,(G) — p-mmmua rpynosl G u p npoberaer BCe MPOCTBIE GHC-
na u3 7(G). OTMernM, 9T0 KIacC BCEX PA3PEIIUMBIX IPYII, apUMOMETUIECKAsT JIJTH-
Ha KOTOPBLIX HEe MPEBOCXOIUT 1, aB/IgeTCd HACJIEICTBEHHON HACBIIEHHONW (hopmarimeit
@urTHHTA.

Teopewma 2. [lycts § — HacjeACTBeHHasT HACBIIIICHHAs (DOpMAIIHST Pa3pPelIuMbIX
rpymi, Ubs apugmerudeckas JyinHa He npepocxoaut 1. Torna w*'§ = §.

Cnencrue 2.1 [4]. Eciir M? — opmaiust Bcex METAHUIBIIOTEHTHBIX TPYIII, TO
w2 = 92,

Caencrsue 2.2 [4|. Eciim MA — ¢opmarust Bcex rpyIin ¢ HUJIBIIOTEHTHBIM KOM-
myTanToMm, To W A = 2.

CnenctBue 2.3. Ecim § — opmarnust Bcex pa3perinMbiX TPYIIIL, apuMeTnde-
CKasl JIJINHA KOTOPBIX He IPeBoCcXoauT 1, To w*§ = §.

Bameuanue. B pabore [5| Oblia BBejieHa 1 U3ydaIach KOHCTPYKIIUS KJIAcCa W .
[Iycts § — dopmarms. Torga w§ obosnadaer kiace rpynn G, y koropsix 7(G) C
C 7(F) u mobas cunoBckas MOArpyiia §-cyonopmanbha B G. B pabore 6] paccmar-
puBajuch 60siee obime KOHCTpyKIuu KjaaccoB rpymn W, § u W, §. g dopmarun
§ Bomonnagerca wig € W, §. Ectm m = P u § — mnacnencrsennas dbopmarusd, y
koropoit 7(§F) = P, ro w'§ C w§ = WF = WF. ObparHoe BKIIOUeHHE B OOIIEM
clydae He BbIOJHAeTcs. Tak, Hanpumep, no |5, caeacreue D2] w2 = & — kiace
BCEX paspelIuMbIX Ipymi, a w2 = 912,
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NMHBEKTUBHOCTDHb U PAIIMOHAJIBHOCTbBb
A.B. BepéBkun
Yavanosckutl 2ocydapcmeennoitl yrusepcumem, Yavarosck
abverevkin@gmail.com

[Iycts A = k[z] — anrebpa mOJMHOMOB OT OJIHON HepeMenHOi Hast mojieM k. Pac-
cMoTpuM npoctpancTso k—mmeitnbrx bynkumit (kfz]) = Homy (k[z], k). Ono apmnsa-
etea k[z]-Momyenm ornocuTensho Taxoro geficteus: s | € (k[z])", P(z) n Q(x) €
€ klz] sagamum npasuso (I-P(z))(Q(z)) = (P(z)-Q(z)) . Torma aus moboro k(z]-

*

Moyt My, ecth msomopdmsm Homyy (Mk[x] , (k[x])zm) = Homy, (My, ki) = (]\/[) ,
nostomy kfz]-momyms (k[z]) — mmbexrusen.
Hnsa 1 e (k[x])* ompeJie UM HpousBosmit pan Hy(t) = > 1 (2") - ", onmo-

3HATHO OIPEIe/ IOl PyHKIHIIO [.
Jlemma. Ciemyrorne ycjaoBusi SKBUBAJICHTHDI:

e ps H(t) — panmonasen;

o dimy (I - k[z]) < oo;

e RAnngp (1) #0;

e npocrpancro Ker(l) comepxkur mHernysepoii upeas klx);

e nocrrenosaresrocts (I(1), I(z), I(z?), ...) HaunHAs ¢ HEKOTOPOrO HOMEpA CTa-
HOBHUTCH JIMHEHHO DPEKYPPEHTHOH.

13 5TOr0 TEXHUYIECKOTO YyTBEPKIECHUSA BBITCKAET MHTEPECHBIH (DaKT:
o *
Teopema. Muoxecrso ¢ynxnmii | € (k[z])" ¢ pammonaprbm psgom H(t) obpa-
o *
syer nabexrusHbli k(x)-noavoxyns (k[z]) . Hax anreOpamiecki 3aMKHY TBIM 1OJIEM
k ou siBiIsieTcst HHbEKTHBHOI 000JIOUKOH CyMMBI BCEX OJHOMEPHBIX k[r|-Momyei.
HokazareabcTBo: 113 KOMMYTATUBHOCTH k|| HECIIOKHO BBIBOJUTCS, ITO YKA3aH-
* [¥]
HOE MHOZKECTBO sABJIsercs noamoayieM (k[z)) Ko A u3 npeapIyIIEil JIEMMBI ClIe/IyerT,

YTO ITOT MOJIMOY/Ib HE MMeeT COOCTBEHHBIX CYIIECTBEHHBIX PACIIUPEHUN B UHDBEK-
*
TUBHOM MOJLyJIe (k[x])km U TIO9TOMY CaM sBJIgeTCsl MHbeKTHBHBIM. [Ipsmas cymma

BCEX OJTHOMEDHBIX k[x]-Moysieil BKIaIbIBACTCS B (k[x])* B Bujie (DYHKIMIA ¢ pay-

OHAJIBHBIM TIPOM3BOAAIIIM psijioM Buga P(t)/Q(t) ¢ yemosusmu: Q(0) = 1, Q(t) me
nmeeT KpaTHbix Kopueil u deg P(t) < deg Q(1).
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COKPATUMBIE 3JIEMEHTHI PEINIETKN
HAJIKOMMYTATUNBHBIX MHOT'OOBPA3UU I1OJIVI'PVIIII
B. M. Bepuukos, B. FO. IITanpbiackuii
Yparvcerui pedeparvroni ynusepcumem, Examepunbype
bvernikov@gmail.com, vshapr@yandez.ru

Nmeercs niesiblii psij paboT, MOCBSIIEHHBIX U3YYEeHUIO CIENUaIbHBIX 9JIEMEHTOB B
pereTke BceX MHOrooOpasuil MmoJiyrpyIin U HEKOTOPBIX ee mojperinerkax. O630p pe-
3yJILTATOB, MOJIYYEHHbIX B 9TOM Hamnpasenuu 10 2015 r., Mmoxuo Haiitu B [5]. MHOTO-
obpaswue MOJIyrPyYIIT HA3bIBACTCA HAJKOMMYMAMUSHLM, €CJTH OHO COJIEPXKUT MHOIO-
obpasue BceX KOMMYTATUBHBIX MOJyrpyIiiin. COBOKYITHOCTh BCEX HAJIKOMMYTATHBHBIX
MHOT00Opas3uii 0bpasyer MOAPEIIETKY B PerieTKe BceX MHOrooOpasuii mostyrpyiir. Mot
obosuauaem 31y nojpemnterky depe3 QC. CrenuaibHble 9J1€MEHTHI PAia THIIOB B pe-
merke OC wusyvanucs B paborax |1, 4].

Dnement x pemierku (L;V, \) Ha3bIBAETCS COKPAMUMbLM, €CJIU JIJIsT JIIOOBIX Y, 2 €
€ L uz toro, uto tVy=xVzu Ay =2z z BbTekaer, 4T0 y = z. B pabore [3]
apropamu n JI.B. CKOKOBBIM TOJIyYeHO IMOJTHOE OIUCAHHE COKPATUMBIX JIEMEHTOB B
peleTKe Bcex MHOTooOpaswuil moyrpyimil. B janHoit padbore 1mojiydeHo moJiHoe OIuca-
Hue cokpaTuMbiX 3j1eMeHTOB B perierke QC. Yrobbr cchopMmymmpoBaTh 3TO ONUCAHUE,
HaM TIOHAJIOOUTCA psiJi 0003HAYEHUIA.

O6o3naunM [gepe3 F' ¢BODOJHYIO MOJIYIPYIIY CYETHOTO paHra HaJl ajdaBUTOM
{z1,29, ..., Xpn,...}. Eciu u € F | 10 yepes {(u) obo3HavaeTcs JJIMHA CJIOBa U, 4epe3
¢;(u) — 9mcsI0 BXOK/ICHUIT 7; B U, a depe3 con(u) — MHOKECTBO BCEX OYKB, BXOJISIIIX
B 3ammch u. ToXKIeCTBO U & V HasbIBaeTCs ypasHosewerhvim, ecin {;(u) = ¢;(v) s
Bcex 1. OBIEn3BeCTHO, 9TO BCAKOE TOXKJIECTBO, BBIIIOJIHEHHOE B HEKOTOPOM HAJIKOM-
MyTaTUBHOM MHOIOOOpa3wu, ypaBHOBEIICHO.

[Iycts m m n — HATypaJbHbIE YUCIA Takue, 9To 2 < m < n. Pazbuernuem wucaa
n Ha M wacmel HA3BIBAETCS KOPTEXK HATYPAIbHBIX duces A = ({1, 0y, ..., {,,) Takoii,
uro by =2 by = - 24, u 2211& =n. Yucna l(1,0s, ..., L, Ha3LIBAIOTCI KOMNOHEH-
mamu pazdouennsa \. Hepes A, ,, obo3HaTaeTCA MHOXKECTBO BCEX pa3OMeHUIT YucIa n
Ha m yacteil. [Tonoxxum A = U2<m<n Ao

Ecan u € F, To gepes part(u) obosnavaercs pasduenune unciaa {(u) wa |con(u)|
Jacreii, cocrosiee u3 qucesn {;(u) g Beex ¢ Takux, 4to z; € con(u) (umcaa £;(u)
pacrnojiaraorcst B part(u) B HeBO3pacTamolieM Topsjke). Ecau ToxIeCcTBO U~V
yPaBHOBeIIEHO, T0, o4eBuHO, (1) = ¢(Vv), |con(u)| = |con(v)| u part(u) = part(v).

IIycte A = (01, 0s,...,0y) € Apy. ObosHatdmM wepe3 W, ., \ MHOXKECTBO BCeX
cjioB u takux, uro f(u) = n, con(u) = {x1,xs,..., Ty}, Li(u) = liq(u) masa Beex
i=1,2,...,m—1 u part(u) = A. OueBHIHO, 9TO BCIKOE YPABHOBEIIEHHOE TOXKIECTBO
u ~ v Takoe, uro f(u) = {(v) = n, |con(u)| = |con(v)| = m u part(u) = part(v) =
= )\, 9KBUBAJICHTHO HEKOTOPOMY TOXKJIECTBY S A% t TakoMmy, 4ro s,t € W, ».

s pasbuennss A\ = (0, 0y, ..., 0y) € Ay, oupegermm ancaa g(A), 7(A) 1 s(A)
caenyomum obpaszoM: ¢(A) — WnCI0 KOMIOHEHT pasbmennst A, paBHBIX 1; r(\) —
CyMMa BCeX KOMITIOHEHT 9TOro pa3bueHust, KoTopble 6oJbiine 1 (ecm TaKuX KOMIOHEHT
uet, 0 7(A) = 0); s(A) = max {r(A\) —q(\) — 06,0}, tne 6 =0, ecru n =3, m=2 u
A= (2,1),u § = 1 B nporusHOM cayuae. s sesxoro k > 0 gepes A\¥ obosnagaercs

creytonee pasbuenue uuciaa n + k na m + k gacreit: A\ = (01, 0y, ... 0,1, ..., 1),
N——
k pas
B wactaoctn, A\’ = ). HazoBeM HaJIKOMMYTaTHBHOE MHOT000pasme Moayrpynn V

24CAONDIM, €CITA JIJTsT JTIOOBIX HATYPAIbHBIX 9UCET M U N TaKuX, 9T0 2 < m < n,
moboro pazobuenus A € A, ,, U3 TOro, 4To B V BBIIOJIHEHO HEKOTOPOE HETPUBHAJIL-
HOe TOXKJIECTBO BHJIa U~ V, rJe u,v € W, ., \, BeITeKaeT, 4To B V BBIIIOJIHEHO BCs-
KO€ TOXKJIECTBO TAKOTO BHJia. Uepe3 var X obO3HAYaETCss MHOTOOOpa3ue MOJIYTPYIII,
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3aJlaHHOe cUCTeMOil ToxJecTB . [na pasbuenus A € A, ,, nonoxum W, =

=var{furxv|uveW,,\} uS\= /\f(:)(‘)) W imini -

DJIeMeHT x pereTkn L Ha3bIBAeTCa HeUmpanbHoLM, €CTIU JIJIA JIIOObIX Y, z € L ve-
MEHTBI T, Y U 2 HOPOXKIAIOT JUCTPUOYTUBHYIO OAPEINETKY B L, 1 ducmpubymueHbim
[cmandapmuvim|, ecu juist mOOBIX Y, 2 € L BBIIOJHEHO paBeHCTBO = V (Y A 2) =
= (xVy)A(xzAz) [coorBercTBerHo (xVy) Az = (zAz)V (yAz)|. Koduempuby-
MUBHBIE U KOCAHOAPMHBLE SJIEMEHTBI OIIPEJIENIIOTCA JIBORCTBEHHO K JUCTPUOY THUB-
HBIM ¥ CTAHJIAPTHBIM COOTBETCTBEHHO. BCAKUiT HEHTpaabHBIA 3/1eMEHT cTaHgapTeH U
KOCTaH/IAPTEH, a BCAKHI [KO|cTaHIapTHBIN 97eMeHT [Ko|aucTpubyTHBEeH U COKPATHM
(em. |2, Section II1.2]). B abcTpakTHBIX pererkax CBOCTBA ObITH 3JIeMEHTaAMHU [IECTH
00CYKJaeMbIX THIIOB IIONAPHO HE SKBUBAJICHTHDI.

Teopema. /list HaJKOMMYyTaTHBHOIO MHOI00Opa3ust Hmojyrpyir V  cJeayrorrmie
VCJIOBUSI 9KBUBAJICHTHBI:

a) V — cokparnmbrii smement permerkn QOC;

6) V — aucrpubyrusabiii s1ement pererkn QC ;
B) V — koaucrpubyrusnblii sjement pererkn QC;
r) V — craggaprabti sisement pemerku QC;
n) V. — kocrangaprabti snement pererkn QC ;
e) V — meiirpaabubiii snement permerku QOC;
k) V — kajHOe MHOroobpasue;

)

k
3) smbo V — mHOroobpasue scex nouyrpymr, jmbo V = N\;_; Sy, 41 HeKoTOpbIX

A, Aoy, A EAL

DKBUBAJIEHTHOCTD yCJIOBUIL 6)—K) J0Ka3aHa B [1], & SKBUBAJIEHTHOCTD yCJIOBUIT 7K )
u 3) — B |4]. B mannoit pabore nokasaHa S5KBUBAJIEHTHOCTD YCJIOBHI &) U XK ).

O6a asropa nomaepxaabl PODU (mepsbiit — rpantom 17-01-00551, Bropoit —
rpanTom 18-31-00443) u MunucTepcTBOM HayKu 1 BbICIIero obpasosanusi Poccuiickoit
Denepanuu (npoekt 1.6018.2017/8.9).
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OIIPEAEJJIAEMOCTD P —JIOKAJIBHBIX I'PVYIIII
MUWHVMAJIBHBIMU KOJIBITAMUW PACIHIEIIJIEHU A
C. B. Bepumina
Mocxosckuii Iledazoeuveckuti I'ocydapecmeennwvti Ynusepcumem, Mockea
svetlanavershina@gmail.com

Abenesa rpynna 6e3 Kpydenusi A HasbIBaeTCsl P —A0KaAbHOU (P — TPOCTOE YHC-
JI0), €CJIM OHAa SIBJISETCA MOJYJIEM HaJ KOJIBIOM JUCKPETHOIO HODMHUDOBAHUS Z;, —
JIOKAJIU3AIUN KOJIbIIA IEJIbIX Yucesl 7 OTHOCUTEBHO IpocToro uuciaa p. Ilose K Ha-

3BIBACTCA Noaem pacuienaenus epynnov, A, ectu AQ R= D@ F, tie R = KN 2p,

Z,, — nononHenue Z, B p—ajudeckoil Tonojoruu, D — gesnmbliit R—Monyiab, [ —
cBoboHbIit R—Momynb. Kosbiio R B 9TOM ciiydae HA3BIBAETCA KOALUOM PACULENAE-
nus epynno. A. Kombro pacimiernyieHust, He cojepzkaliee COOCTBEHHBIX CepPBAHTHBIX
IIOJIKOJIEIT PACIIEIJIEHNsT TPYIIbI A, HAa3bIBAETCA MUHUMANLHUM KOALYUOM PACULENAE-
nus epynnoe A. Tlojte pacienieHus Ha3bIBACTCH MUHUMAALHBIM NOAEM DACULETAEHUSA
epynno. A, ecm He COAEPKUT COOCTBEHHBIX IOJIEH pacIierieHust Tpybl A.

Bynem ropopurh, uro rpynma A u3 kimacca A omnpejesnsieTcss ¢ TOYHOCTHIO JI0
n3oMopdusMa MEHIMAJIBHBIM KOJIBIIOM paciierieHust R4, eciau st J1I000# TPYIIIbI
B € A w3 uzomopdusMa MUHUMAaJIBLHBIX KOJIEI paclierjieHnst 3Tux rpymnn Ra = Rp
caeayer nuzoMopdusm rpymmn A = B.

Broraenum cieyroniye Kaacchl HEPA3JJIOKUMBIX ITPYIII 0€3 KPydeHUs ¢ MUHIMAJIb-
HBIM KyOWMYECKUM I0JIeEM paciierienus K :

e A : rpynmsl panra 2 p—panra 1;
e B : rpymmsl panra 3 p—paura 1;
e C : rpyunsl panra 3 p—panra 2.

Teopema 1 [2]. Kiaccamu rpynn A, B u C HCYepHbIBAIOTCS BCe HEPA3JIOMKUMbIE
P — JIOKaJIbHbBIE TPYIIITBI 6€3 KPYydeHHsI ¢ MHHUMAJIBHBIM KYOHIECKAM I10JIeM PAaCIIell-
JIEHUS].

Teopema 2. B kiacce rpynn A Kakjast rpyIiiia OIpeaessieTcsi ¢ TOIHOCTBIO JI0
H30MOp(pHU3Ma CBOUM MHHHMAJIBHBIM KOJIBI[OM DACIICILICHHSI.

Teopema 3. B kiiacce rpynin B KaxKjast IpyIia OIPeeseTcss ¢ TOYHOCTBIO JI0
n30MOppuU3Ma CBOUM MHHUMAJIBHBIM KOJIBI[OM DACIICILICHHSI.

CaencrBue. B kiracce rpymnmn AU B u3 m3oMopduizva MEHUMAIBHBIX KOJIEI] PAC-
memienust Ry = Rp gt rpynin A uw B cienyer uzomopgusm rpynn A = B B Tom
U TOJIBKO B TOM ciydae, ecan 1(A) = r(B).

Teopema 4. B kiacce C Kaxkjast TpyIITa OIPEJEISeTCss CBOUM MHUHIMAJIbHBIM
KOJIBIIOM DaCIIEIIEHUs] C TOYHOCTBIO JI0 KBa3UH30MOp(pHU3Ma, HO He H30MOPGU3MA.

JlaHHbIe pe3ysbTaThl JAr0T MOJIHBI OTBET Ha IIOCTaBJIEHHBIN B [1] Bompoc ot yceiio-
BUSIX OIPEJIEISIEMOCTH C TOYHOCTHIO JI0 H30MOPMU3Ma p—I0KAIBHOM TPl 6€3 KPy-
YeHMs ¢ MUHIMAJIbHBIM KyOUYIECKUM TI0JIEM PACIIEIIEHUST CBOUM MUHUMAIbHBIM KOJTb-
IIOM PaCIIEIICHHS.
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AJITEBPANMYECKUE XAPAKTEPU3AIINNM JTUNCKPETHOCTN
TNMXOHOBCKUX ITPOCTPAHCTB
E. M. BeuromMmoB
Bamcxui eocydapemeenmviti ynusepcumem, Kupos (Poccus)
vecht@mail. ru

MbI IpuBO MM XapaKTepu3alui CBONCTBA JUCKPETHOCTH ITPOU3BOJIBHOTO TUXOHOB-
ckoro npocrpascTBa X B TepmuHax Kosiblia C'(X) Beex HENPEPbIBHBIX JeHCTBUTE b
HO3HAUHBIX (DyHKIWMHA Ha X 1 ero nojanosykobiia CT(X) HenpepbIBHBIX HEOTPHUIA-
TEeJbHBIX (PYHKITHII.

Hamomuum HEKOTOpBIE TONOJIOTHYECKHE U aJiredpandecKue MOHATUs. TOTOoJIOru-
94ecKoe MPOCTPAHCTBO HA3BIBAETCH THXOHOBCKUM (XBIOMTTOBCKUM), €CJIM OHO I'OMEO-
MOPGhHO HOJAIIPOCTPAHCTBY (COOTBETCTBEHHO, 3aMKHYTOMY IIOJIIPOCTPAHCTBY) THXO-
HOBCKOII cTelleHn 1IncjaoBoil psimoit R. TuxoHOBCKOE IIPOCTPaHCTBO HA3BIBAETCSI: DKC-
TPeMaJIbHO HECBSI3HBIM, €CJIM 3aMbIKaHUe JIIOOOr0 €ro OTKPBITOTO MHOYKECTBA OTKPBI-
TO; P-npocrpancTsoM, eciu Hyab-MHoxkectBo [~ 1(0) kaxmoit bynkuun f € C(X)
orkpbiTo. Kapauaan k HasbiBaeTcst n3MepUMbIM (110 YJiaMy ), ecJin Ha MHOYKECTBE BCEX
HOJIMHOYKECTB MHOXKecTBa X MomHOCTH k cymiectByer cderHo-amurusHas {0, 1}-
snavnas Mepa [, i Koropoit u(X) =1 u p({zr}) = 0 m1a Beex Touek = € X ; B po-
THUBHOM CJIyYae KapJnHaJI k Ha3bIBAETCS HEM3MEPUMbBIM. Te0peTuKO-MHOYKECTBEHHOE
MIPEJIIOJIOKEHNE O HEM3MEPUMOCTH BCEX Kap/IMHAJIOB HA3BIBAIOT aKCHOMON Yiiama.

[Ton KOMMYTATUBHBIM ITOJIYKOJIBIIOM ITOHUMAETCs ajredpanmdeckas CTPYKTypa
(S,+,:) ¢ KOMMYTATHBHO-aCCOIMATUBHBIMUA OMHAPHBIMU OIEPAIUSIMA CIOXKEHHU +
U YMHOYKEHHS -, TAKUMHU, ITO YMHOYKEHWEe JUCTPUOYTUBHO OTHOCUTE/IBHO CJIOKEHU,
CYIIECTBYET HEHTPAJBHBIN MO CJIOKEHWIO dJIeMEeHT — HyJIb (), sABJIAIOMUNACH IOTJIO-
IAIONIUM 10 YMHOYXKEHWIO, U CYIIECTBYET HEHTPAIbHBIN 110 YMHOXKEHUIO IJIEMEHT —
equanna 1. KoMmMmyTtaruBHOE TIOJIYKOJIBIO S HA3BIBAETCS: CAMOMHbEKTUBHBIM, €CIH S
MHBEKTUBHO KakK (IpaBblii) S-T0JIYyMOJLY/Ib; CAMOMHBLEKTUBHBIM 110 Bapy, eciu jyist
Joboro ujeata J MOJIYKOJbIA S KaxKblit romomopdusm S-moaymoayis J B S-
ITOJIyMOJIYJIb S IIPOJOJIZKAETCsI 10 ToMoMopdu3Ma, S -TogIyMoayisa S B ceds.

M3BecTHO, 9TO XBIOMTTOBOCTH JUCKPETHOTO IIPOCTPAHCTBA PABHOCUIbHA HEU3-
mepumoctu ero momtaocTu |5, Theorem 12.2]. Teopema NcbGesia yrBepKuaer, uro
SKCTPEMAJIbHO HECBsI3HBbIE P-IPOCTPAHCTBA HEM3MEPUMOi MOIITHOCTH JIMCKPETHBI |5,
12H.6]. A. A. Kucesnes [4, 4. 1, c. 17; 4. 2, ¢. 143] 10Ka3a71 IPOTUBOPEINBOCTH AKCHOMa-
tudeckoit cucrembl Lepmeno — @penkens (ZF') B IPEIIONIOKEHAN CYIIECTBOBAHUS
c71a00 HEJIOCTUKUMOTO Kap/inHaja. XOPOIIO U3BECTHO, YTO U3MEPUMbIE KapIUHAJIBI
ciabo HegocTKuMBL. Hermporusopeunsocts camoii cuctemsl ZFC' (¢ akcrnomoii BbI-
6opa C') He TOJABEPraeTCsi COMHEHWIO. 3HAYUT, B OOIIENPUHSATON TEOPUU MHOXKECTB
Z FC' Bce Kap/inHa/ bl HEU3MEPUMBI, T. €. BBIIIOJTHSIETCS aKCUOMa, YjiaMa.

Teopema 1. /L5t j1iro60ro THXOHOBCKOI'O IMPOCTPaHCTBa X SKBHUBAJICHTHBI CJICIY-
foIIie Y TBEPIK IEHHS:

1. X — jmuckperHoe IpOCTPaHCTBO;

2. X — sKcrpemaJibHO HecBsi3HOE P -IpOcTpaHCTBO;

3. B X Bce oTKpbIThIe MHOY)KeCcTBa (' -pacIiupseMbl;

4. koo C(X) caMOMHBEKTHBHO;

5. nosykosbiio CT(X) camonrbexkTusHo 110 Bapy;

6. Ct(X)-nmosymonyne C(X ) uabexruser no Bapy.

Cwm. [3, T. 1, reopembr 8.18, 11.21; 6, § 14]. Bamerum, 4TO HEHyJIEBbIE HJI€AJIbI
nostykosier;, C1(X) He UHBEKTUBHBIL.

Teopema 2. |1, 2| /Li1st mpon3BOJIBHOIO TOMOJIOTHIECKOTO NPOCTPAHCTBA X 9K-
BHUBAJIEHTHBI CJIEJIYIOIIHE YCIOBUS:

1. X nauckperHo;

2. O(X)-monynn RX npoexrusen;
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3. C(X)-momynn RY — cobonmublit;

4. C(X)-momyib RX ecrb mouyib Besy, T. e. Bce ero KOHeTHONOPOKICHHDIE IT0J]-
MOJYJIH — ITUKJITIECKHE;

5. C(X)-momyms RX gucrpubyrusen, T. e. perreTka ero mojMoyJieit qucTpuby-
THBHA.

BamernM, uto B ycosugax 2)—5) smecto C'(X)-momyns RY moxkno Baars CF(X)-
noymoyab (RT)X . JlokasarebeTBo TeopeMbl 2 IPOBOIUTCA B PAMKAX COJlepKaTe b
HOU (HAMBHOI) TEOPUU MHOYKECTB.

Pabota BoInosinena B paMkKax rocypapersennoro 3ajganusg Munodbpuayku PO «Ilo-
JIYKOJIbIIA ¥ UX CBsi3n», mpoekT N 1.5879.2017/8.9.
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K OIIPEAEJIAEMOCTMUA BIIOJIHE PA3JIO2ZKMMbBIX ®AKTOPHO
AEJINMMBIX ABEJIEBBIX T'PVIIII CBOUMMUA I'PYIIIIAMN
ABTOMOP®PUNU3MOB
B. K. Buabganos
Huotcezopodexuii 2ocydapemeernviti ynusepcumem um. H. U. Jlobavescrozo,

2. Huotcnut Hoszopod
kadirovi4 @gmail.com,

Bynem rosoputs, uro rpyuma A onpejessiercs cBoeil IpyIioli aBTOMOPGH3MOB B
kiacce rpymn X, ecm n3 Aut(A) = Aut(B), tne B € X, BCAKHil pa3 CiIejyer, 9To
A= B.

Cwmerrannbie (haKTOPHO JleTMMble TPYIIIBl KOHeTHOro paHra onpeneanim A. A. @o-
muH u Y. Yukiece B padore [1]. Ipynma A maseiBaercst haKTOPHO JIJIUMOI, €I OHa
HE COJIEPKUT HEHYJIEBBIX MEPUOMICCKUX JIEJMMBIX MOATPYII, HO COMEPXKUT TaKYIO
cBobomayto moarpymiy F korewnoro panra, uro A/F — mepuonnmdeckas JemmMast
IpyIIIIA.

Bompoc onpezensiemoctu (haKTOPHO JeMMOil TPYIIIBI panra 1 cBoeil rpyImoii as-
TOMOPGU3MOB B KJIACCE BCEX TAKKUX IPYIIT paccMoTpeH B pabore [4]. Omnpenensemoctsb
(baKkTOPHO EIMMBIX I'DYII CBOUMHE IOJIyTPYIIIAMI SHIOMOP(MOHU3IMOB pacCMaTPHUBa-
quch B paborax [2], [3].
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Kiace Bcex daxTopHO JenuMbIX rpymin panra 1 oboznaunm QD;. Kpome Ttoro,
HaM II0TPedyeTcsl cieyolee

Onpenenenne. Byrem ropoputh, 9T0 KOHeUHasT IUKIXIecKas rpymma A caabo
OTIpeJIesIsIeTCsT CBOEH IPyIIoil aBTOMOPMU3MOB, eC/IH I JIIoOOH KOHEUHOH UK/ THIE-
ckoit rpymmbel B 2 A u3 ycaosust Aut A =2 Aut B ciegyet, 9T0 9HCI0 HEHYJIEBBIX
KOMIIOHEHT B, rpynnbsl B Ooibmre, 4eM IHCI0 HEHYJIEBBIX KOMIIOHEHT A, rpymmbsl A.

Teopema 1. [4, Teopema 3.| I'pymma A € QD omnpenessiercst cBoeli rpyIiioii
aBromopguzMoB B kjaacce QD; rorja u ToybKo Torga, korga t(A) — nukiamyeckast
rpymma (BO3MOYKHO, HyJIeBas), CJ1abo ONPEIeISTIOIAsICs CBOEH TpyIIToil aBToMophus3-
MoB, n pA # A nsa Becex p € P raknx, uro A, = 0.

Hazosem rpynny G 0aHOPOIHOM BIOJIHE Pa3I0KUMO# (paKTOPHO JAEIUMOI IPyII-
noit, eciint G = @, A, tne A € QD;. Kirace Beex Takux rpynu obosnadnm QD™ .

Teopema 2. I'pymna G = @, A € QD" onpenessercs cpoeil IpyIIoi aBTOMOP-
¢puzmoB B ki1acce QD" | econ rpynna A omnpenessiercst B Kiaacce QD cBoeil rpymmoii
aBTOMOD(U3MOB.

Teopema 3. I'pymna G = @, A € QD" onpenessercs cpoeil IpyHIoOi aBTOMOP-
¢uszmoB B Kjacce 2— geuMbix rpyiir u3 QD" ecim 2A = A un > 2.

Hna n > 3 TpeboBanue 2— JIeJIMMOCTU B TeOpeMe 3 MOXKHO OIYCTHUTb.

JIuteparypa
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O HEKOTOPHIX BEIITECTBEHHO 3AMKHYTHBIX IIOJIAX C
CUMMETPUYHBIMU CEYHEHUAMUAU
H. 10. l'anarnoBa
Tr'y, Tomck
galanova@math.tsu.ru

B janHoit pabore, npuHUMasd KOHTHUHYYM-THIIOTE3Y, HCCJIELyeM CEueHHsl MoJIei
OrpaHMYEeHHBIX (POPMAJIBHBIX CTEIEHHBIX PSAJOB CO CYETHBHIMH HOCUTENsIMH. 1lycThb
L = {t,} en — JIHHEHHO yHOPsI0YEHHOE MHOXKECTBO HHBEPCHO MOJ00HOE OPIANHAILY
wi, < G, -, <> — auHeHO yropsiIoYeHHas JenMast abesieBa rpyIa, YIIopsI0IeHHO
usomopduas G = Q[[L, Ro]] (em. [1]), R[[G, R;]] — mose orpanmaeHHbIX HOPMATbHBIX
CTENEHHBIX PAIOB & = » 149, e 7y € R, supp(x) = {g € G|r, # 0} — Buoe an-

geG
TUYHOPSI0YEHHOe MOJAMHOXKeCTBO Tpymibl G, |supp(z)| < Nj, T. e. moJie cocTOUT u3
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BCEBO3MOYKHBIX DsJIOB €O cueTHbiMEU HocuTessivmu (cm. [2-3]). Ilyers K Hanmenbliee
[0 BKJIOUEHUIO BEIeCTBEHHO 3aMKHyToe noxnose nosst R[[G,N;]], comepxkaiee G.
O6o3naunm Yepe3 H HamMeHbIee [0 BKJIIOYCHHIO BEIECTBEHHO 3aMKHYTOE IIOZIIOIe
noist R[[G,N]] conepxkamee K u Bce yceuenus [4] pana z, = >, 1-t,. Cedenne
teL

(A, B) BelecTBeHHO 3aMKHYTOro ynopsijgodentoro nosst F C R[[G]] sBisiercs cum-
merpuuneiM (o Ilecrosy) iff 3 € R[[G]]\ FF A < x < B (cMm. [5]). Ucnons3ys
pe3yabraTs! u3 [4-6] mosyanm

Teopema. (1) K C H C R[[G,¥,]].

(2) Hosme K nmeer cummerpranbie cedenust tama (No, No).

(3) DiteMeHThI BeleCTBEHHOIO 3aMbIKAHHSI IPOCTOIO TPAHCIIEH/IEHTHOIO PACIITHPE-

st H(x,,) \ H mopoxgator B mose H cummerpmannie cedennst tuma (Ny, Ny).
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O HEKOTOPBIX HEPABEHCTBAX B ITOJINMAINYECKHNX
I'PVIIIIONIJAX CIIEIIMAJIBHOI'O BUIA
A. M. Tanemak, FO. . KynaxxeHko
Mozunéscrutl 2ocydapcmseennvitl yrusepcumem npodososvcmeus, Mozuniés;

Beaopycexuti 2ocydapemsernnuiii yrusepcumem mparcnopma, Tomens
halmb4 @mail.ru; kulazhenko@bsut.by

HOJH/I&ILI/I‘IGCKI/IM I'PyHIIonJaoM CIienuaJJIbHOI'O BHJ/a Ha3bIBACTCA HOJH/Ia,HI/I‘IeCKI/II‘/'I
IPpyHIons ¢ [-apHOil omeparueit 7., KOTOpasg Ha3bIBACTCA HMOJHAIIIECKON OIle-
paryeil CIenma bHOTO BUJIA M ONpeJiesisgeTcs Ha JekapToBoil cremern AF n-apmoro
rpynmonja < A,7 > ¢ HOMOIIBIO MOJCTAHOBKU 0 € S u n-apHoil onepamuu 7). [1o-
JIMAIYeCKIe Olepaliii ClIennalbHOrO BHJIa IePBOHAYAIBHO OBLIH OIpe/IesieHbl B [1].
HacTHBIMUI CIydasMn [-apHOW OIepanuu 7, p JJIS CIydas

n=2s=mk=m-11l=m,0=(12...m—1)

SIBJISTIOTCSI JIBE TIOJIna inIecKue onepanui, kotopbie . [Toct ompeent u usydas B [2].
Opa n3 HEUX ObLIA OIpeJeIeHa UM Ha JIEKapPTOBOI CTEIIEHN CUMMETPUYIECKON IPYIIIIHI.
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Bropyto onepanuio 9. Iloct onpenennit Ha JeKapTOBOI CTENEHU IOJHON JIMHEIHOM
T'PYIIIIBI Ha/ II0JIEM KOMIIJIEKCHBIX YHCEJI.

Teopema 1. Ilycts 0 € Sy u jist Hekoroporo r € {1,2,...,n — 1} nogcranos-
Ka 0" He SIBJISETCST TOXKJIeCTBeHHOH, HEOJHOSJIEMEeHTHBIH N -apHbIiH rpymmong < A,n >
obJ1a/1aeT paBoi HEHTPaJJIbHOMH ( HeﬁTpaﬂbHoﬁ) IHOCJICAOBATCABHOCTEIO €1 ... Cph_1. 38-
dukcupyem a € A (a # e,), a rakxe j € {1,2,...,k}, ama koroporo ¢"(j) # j, u
MTOJTOZK UM

a= (g =...=a_1=6,0; =0,0j41 = ... = A =€),
e = (61, ceey 61),82 = (62, ceey 62),en,1 = <€n717 ceey en,l). (1)
—_—— —— ”
k k b
Tora
7737g7k(a\e1 .. €p_1€ ...€, 1 ... e ... en,lj) =+

TV
S

7§7737a7k(e7161...eT,laeTH...en,lgl . €ep 1€ ... €1 ... €1 ... en,ll). (2)

[oaras B Teopeme 1 r = 1, HOIydnM CJIeIyIONIHIT PE3yIIBTAT.

CaencrBue 1 [3|. Ilycrp mojcranoBga o € Sy He SIBISETCS TOXKJECTBEHHOI,
HEOTHOJIeMEeHTHBIH n-apHbIi rpymmong < A,n > obiajgaer npaBoii HeHTpaJbHOMI
(HefiTpasIbHOI) 1TOCTEM0BATEIBHOCTHIO €] ... e,_1. Sadurcupyem a € A (a # e1), a

rakxke j € {1,2,... k}, mis koroporo o(j) # j, u MOJOKHM
a= (a1 =...=aj_1=¢€1,0;, =a,0j41 = ... = A = €1),
e, €,...,e, 1 — re ke, uro u B (1). Torua
Nsok(@€ ... €_1€ ... €1 ... € ... €1 )F
N - 7
S
7é7737a7k(e1ae2...en_1\el . €p_ 1€ ...€, 1 ... €] ... en_lj).
TV

[Tonaras B Teopeme 1 r = n — 1, HOIy4IUM emé OIMH Pe3yJILTAT.

Caencrsue 2 [4]. Ilycrs gyt nojgcranoBku o € Sy mojgcraHoBka o' me sB-
JIAETCS TOXKJECTBEHHOI, HeOIMHOIJIeMEeHTHBIH N -apHbIi rpymnmons < A,n > obaagaer
npaBoii HeHTpaIbHOH (HEHTpaIbHOMH) MOCIEOBATEIBHOCTBIO €1 ... €, 1. 3ahukcupy-
em ajement a € A (a # e,_1), a takxke j € {1,2,...,k}, g koroporo o™ 1(j) # j,
U IIOJIOXKHM

a= (a1 =...=0j_1 =€,.1,0; = Q,Qj41 = ... = A = €5_1),
e, €,...,6,1 —1e ke, uro u B (1). Torga
Nsok(a€l ... €_1€ ... €1 ... € ... €1 )F
VvV
S
# Nsok(€n_1€1...€428€1 ... €,_1 € ... €_1 ... € ... €, ).
Vv

Crenyromas TeopeMa MOYKeT ObITh ITOJIyIeHa U3 TeOPeMBI 1, ecyin B Hel 11 n > 3
MOJIOKHATD 0 = €, 1 .
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Teopema 2. Ilycrs 0 € Sy u mist Hekoroporo r € {1,2,... . n — 2} nmojcraHoBKa
0" He SIBJISIeTCSI TOXKJIeCTBEHHOH, n-apHbIi rpymrmony < A,n >, rme n > 3, obiaga-
er Takoii npapoii HelTpaIbHOI (HeHTPaJIbHOI) TOCTE[0BATEIBHOCTBIO €] ... €y 1, 9TO
en_1 # €,. Bacpukcupyem j € {1,2,...,k}, st koroporo o”(j) # j, moaoxum

a=(m=...=aj_1=¢€,0; =€,_1,0j41 = ... = Q) =€),

U OIIPEJIeJTHM JJIEMEHTHI €1, ..., €, 1 ¢ nomomipio (1). Torma BepHo HepaBeHCTBO (2).
Cilenyrommas Teopema MOXKeT ObITh HOJIydeHa U3 TeopeMbl 1, ecyn B Heit g n > 3
HOJIOXKUTD @ = €] .
Teopema 3. Ilycrb o € Sy u st Hekoroporo v € {1,2,...,n — 1} noscranoska
0" He ABJISETCs TOXKJICCTBEeHHOMH, n-apHbIi rpymmony < A,n >, rge n > 3, obaaja-
er Takoii npapoii HedTpaIbHOI (HEeHTPAJTIbHOI) TOCTE[0BATEIBHOCTHIO €] ... €1, ITO
ey # e,.. 3acpukcupyem j € {1,2, ..., k}, st koroporo o"(j) # j, HogI0KHM

a= (a1 =...=aj_1=¢€,0; =€,0j41 = ... = =€),
U OIIPEJIeTM JJIEMEHTHI €1, ..., €, 1 ¢ nomomipio (1). Torma BepHo HepaBeHCTBO (2).
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OBPAIIIEHUE IIOJICTAHOBKU 11 TEOPUI KJIACCUYECKON
IMPOIIO3UILIMOHAJILHONI JIOTUKN
. A. TopbyHos
Tel'V, Teepo
i gorbunov@mail.ru

(Pabora  BbimOSHEHA ~1pm  QuHaHCOBOW  mojjiep:kke  PODU,  rpaHThI
Ne 17-03-00818-OT'H u Ne 18-011-00869-a..)

Kiaccnveckyio Jjioruky OyjeM paccmarpuBaTh B sa3bike ¢ aidasurom (11,3, 1),
rjie

o IT={p;:i>1} — MHOXKECTBO IIPOIO3UIIHOHATBHBIX [IEDEMEHHBIX,
e ) — HeKOTOpasd TOJIHAsI CUCTEeMa CBA30K,

e T ={(,)} — MHOXKECTBO BCIIOMOTI'aTeJILHBIX CHMBOJIOB.
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st 0bo3HAYMEHMST TPOIO3UIINOHAIBHBIX EPEMEHHBIX 3a4acCTyI0 OyJ/IeM HCIO0JIB30-
BaThb MeTa0OO3HAYECHUSI.

Besikuiit repM, moctpoennsbiii u3 cumposios ajadasura (11,3, 1), GyaeM HasbBaTh
c¢opmyiroit. MuoxkectBo Bcex hopmyst OysieM 0003HAYATH TOCPEJICTBOM F'.

Orerkoii HasbiBaeM orobpazkenue v : 11 — {0,1}. Buavenne dopmyasl ¢ mnpu
oreHke v OyjeM obo3HadaTh nocpeactsoM v(y). Bynem mucars v(I') = 1, ecom nipu
orieHKe v Bce (OpMyJIbI MHOXKecTBa [’ npunumartor 3uadenue 1. MuoxkecTBO Beex
OIIEHOK 0DO3HAYUM TTOCPEJICTBOM O .

Byksoit L 0603Ha4YMM MHOYKECTBO BCEX TOXKJICCTBEHHO-UCTUHHBIX (DOPMYJI, 3TO
MHOKECTBO OyJIeM Ha3bIBATb MHOXKECTBOM TaBTOJIOTHI.

OrHollleHne JIOrH9ecKoro CJaeJoBaHusl | OnpeesuM CaeAyomuM o0pa3oM: Jijis
Joboro muozkectsa opmyst ' u bopmysisr

'Fe=WweO (v()=1=v(p) =1).

Teopueii 6yaeM Ha3bIBaTh He COBHaJaoIIee ¢ F' MHOXKeCTBO OpMyJI, 3aMKHYTOE 10
OTHOIITEHUIO JIOTUIECKOTO CJI€IOBAHMS.

IloncranoBkoii OyjieM Ha3bIBATH TOMOMOPQHOE IIPOJIOJIKEHNE OTOOpaYKEHUs &
II — F' ma MHO2XKecTBO Bcex (hOPMYJI, 3TO MPOJIOIKeHne OyeM 0003HAYATh TOXKE €.
s oboro muoxkectBa hopmyst [ nocpegctBom €l Oyaem obo3HadaTh pe3yabTaT
[IPUMEHEHHUsI TIOJICTAHOBKU £ KO BceM (popMyJsiaM 9TOro MHOXKecTBa. MHOXKECTBO Beex
ITOJICTAHOBOK ODO3HAYUM IIOCPEICTBOM F .

ObpareHneM MoACTAHOBKH € OYIeM Ha3bIBATh OIEPAINIO B3SITHSA IIPOOOPa3a MHO-
JKecTBa (DOPMYJT Juid aHnoil mojcTanoskn. OGo3HAYATh 9Ty omepanuio oymaeMm & !
Taxum obpasomM, i J1000ro MHOXKecTBa opmyt I mmeem:

e ') ={p:epeTl}.

B patore [1] (cTp. 14) npusesena semma CyIko, U3 KOTOPOH CJIJyeT, UTo JJisl JIO-
0oit Teopun 1T’ KJ1acCUYIECKOIl JIOTUKHU 1 JIIOOOI IT0JICTAHOBKU € BEPHO, UTO MHOYKECTBO
e H(T) Toxke aBnasercss Teopueil KIaccuuecKoi Jornku. MHOXKECTBO BeeX mpoobpa-
30B MHOKeCcTBa [, OTHOCHUTEJIbHO BCEX IOJICTAHOBOK 00Opas3yeT HEKOTOPOe MHOXKECTBO
teopuii. BozHukaeT BOIIpoc 0 TOM, KaK CBSI3aHBI MEXKJy COOO# MHOYKECTBO BCEX TEO-
puit 1 MHOXKECTBO BCeX IMPOOOpPa30B MHOMKeCTBa TaBToJsorHit! [j1s1 oTBeTa Ha HEro
PaCCMOTPUM CJIEYIONLYIO0 KOHCTPYKITHIO.

YIOPsI09MM MHOXKECTBO IIePEMEHHBIX IIPOU3BOJILHBIM 06pa3oM. ComocTaBuM Kazk-
JIOit orieHKe v € © TOCe0BaTE/IbHOCTD, COCTOSIIYI0 U3 3HAYEHUN [T€PEMEHHBIX ITPH
JTAHHOI OIlEHKE.

MuoxkecTBy Beex omeHoK O comnocrasuMm rpad G = (V, E), upescrapisrormmit
coboit jiBa OmHapHBIX JjepeBa. Jlis Kaxk0if u3 BepminH a € V' MbI OIPEJIEINM BEC
seprmuel s(a) € {0,1} caeayrommm o6pasom:

® KOPHIO JIEBOIO JiepeBa cornocTtaBuM Bec (), & KOPHIO ITPABOro — Bec 1;

® BCSKOI BepInHe, JOCTUKUMON U3 MPEIbIIYINEi, IO JIEBOMY pedpy COIOCTABUM
Bec 0;

® BCSKOIl BepIIuHe, JOCTUXKUMOM U3 IPEJIbIIYIIE, 110 IPaBOMY peOdPy COITOCTABUM
Bec 1.

BameTuM, 9TO MOC/Ie0BATEILHOCTD BECOB BEPIINH JIIOOOI HAUMHAIOMIEHCST ¢ KOPHS
BeTBU rpada G 0O6pasyeT Moc/Ie0BaATE/IbHOCTh, COOTBETCTBYIOIILY IO HEKOTOPOII OIIEHKE
v € O. Ilpu 3ToM 10C/Ie10BATEILHOCTD JII000M OIEHKN I € © IpeIcTaBIeHa BETBHIO

B rpacde G.
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Nunekcom Beprimabl a OyaeM Ha3bIBATh II0CJIEI0BATEILHOCTD BECOB BCEX BEPIIIH
IIOJIBETBU, MCXOJIAIEH 13 KOPHSI U 3aKaHUIMBalolelicss Ha a. Beakuii mHIeKC Koaupyer
HEKOTOPOE HATYPaJbHOE YHUCJIO, KOTOpoe OyJ/ieM Ha3bIBaTh 3HAYCHHEM HHJICKCA.

Besikoit Teopun T’ conocraBum MHOXKeCTBO oneHoK O = {v € © : v(T) =1} un
noarpad O, cocTosImuil TOIBKO U3 Tex BeTBeil rpada (G, KOTOPbIE COOTBETCTBYIOT
oleHKaM u3 Or.

[TocieqoBaTeIbHOCTL BECOB BceX BeplInH rpada O, UMEIOMNX WHIAEKC IINHON
N, YIOPSJIOUYEHHYIO COIVIACHO BO3PACTAHUIO 3HAYEHUI WHJIEKCOB, OyJ/IeM Ha3bIBaTb
n-caoeM. Kakapiit n-cjoit, 1pu HEOOXOIMMOCTH, JOMOJHUM 10 2" 3JeMEeHTOB II0-
cJeJIHUM 3HadeHueM cJjiod. [lojiydeHHyIO CTPOKY Oy/ieM paccMaTpuBaTh KakK CTPO-
Ky 3HaueHuit Hekoropoit Oyiesoit dyukuuu f,(qy,...,q,), TJ€ TOCIeI0BATEIBHOCTD
(q1,--.,Qn) — HAYATBHBIA CEIMEHT IOCJIEI0BATEILHOCTH BCEX IepeMeHHbIX. [locpes-
CTBOM 7, 0DO3Ha4YUM (DOPMYJIy JIOTUKU OT T€X K€ MEPEMEHHBIX, KOTOpas IPeJICTaB-
nger dynkmuo fr(qi, .-, Gn)-

Teopun T' coroctaBuUM IOJICTAHOBKY £, KOTOPYIO OIPEIETINM CJIEIYIONUM 00pa-
30M: epp; = T; JJis J06oro ¢ > 1. DTy HOJACTAHOBKY HA30BEM TOYHOH YHHUDHUIHPYIO-
11eit MoJCcTaHOBKOH ajist Teopun 1.

BamMeTuM, UTO BCsIKasl MOJICTAHOBKA £ JIEHCTBYeT Ha MHOXKECTBe © KakK OJHOMECT-
Has OIeparys, ONpe/Ie/ICHHAs CACTYIONUM 00pa30M:

Vve® (ecv=pe0) Vi1 (viep) = np)).

st ortepanuu €p BEPHBI CJIEIYIONINE YTBEPKICHUA.

Jlemma 1. /lis ymro6oit orenkn v € © BepHO, 9TO 7V € Or.

Jlemma 2. /[irst 110607t orienkn v € O BepHO, 9TO €TV = V.

Orkyma ciemyer

Teopema 1. /li1s1 Besikoit HempoTHBOpednBoii Teopun 1 KIacCHYIECKOI HMPOITO3H-
HHOHAILHOIT JTOTHKH BepHO paseHcTso e (L) =T .

Taxum obpazoMm, I KJIACCHIECKOH JIOTHKH MHOXKECTBO BCEX HEIPOTHBOPEYH-
BbIX Teopuii u mHOkectBo {e (L) : € € F} coBmajaior, To ecTh KaxKjas HENpPO-
THBOpeYNBasi T€OPHUsI KJIACCHIECKOH JIOTUKH SIBJISIETCS TPOOOPA30M MHOXKECTBa BCEX
TOXK/IeCTBEHHO-UCTUHHBIX (DOPMYJI IIPH HEKOTOPOI OJICTAHOBKE.

B cBa3u ¢ nasmmaneM TOYHON YHUMDUIIUPYIOMIEH MOJICTAHOBKY JIId KarKJI0i HeIpo-
THUBOPEYNBON TEOPUU KJIACCUYECKON JIOTUKKA BO3HUKAET BOIIPOC 00 aJrOPUTME MOUCKA
TaKOil 1MOJICTAHOBKHU.

Teopema 2. /[ s1roboii HEIPOTUBOPEYNUBOH KOHEIHO-AKCHOMATH3UPYEMOH Teo-
DHU CYIIeCTBYeT aJTOPUTM, KOTOPBIH 110 KOHEYHOMY CIIHCKY aKCHOM T€ODHH CTPOHUT
eé TOYHYIO YHUDHUIIUPYIOILYIO MOJCTAHOBKY.

Jloruku, mHenporuBopednsseie (1o [TocTy) Teopun KOTOPBIX SBJISIOTCS TPOOOPA3aMK
MHOXKECTBa TaBTOJIOTUI TPU HEKOTOPOU MOJACTAHOBKE, Oy/1eM Ha3bIBATh CYOCTHTYIIHO-
HaJIbHBIMH. B CBsI3U ¢ HAJIMYMEM TAKUX JIOTUK BO3HUKAET PsiJl OTKPBITHIX BOIIPOCOB.

CyrmecTByroT Jjin cyOCTUTYIIHOHATBHBIC JIOTHKH OTJIHIHBIE OT KJIACCHIECKOH!

Bepno Jmn, uTo Besikast MaKcHMAaJIbHAST JIOTHKA, SIBJISIETCST CYOCTHTYITHOHATIHHOMH !

Bepno sn, uro Besikast nostaast o Ilocty Jjioruka sipyistercss CyoCTUTYITHOHATBHON !

JIuteparypa
1. Wojcicki R. Lectures on Propositional Calculi // www.studialogica.org/wojcicki



100

O BBIYUCJINMOCTU HETATUBHBIX [IPEJICTABJIEHUN
HEKOTOPHBIX TUIIOB YIIOPAJTOYEHHBIX KOJIEIL
P. H. /TapakanoB, H. X. KaceimoB
Havuonarvrwii yrnusepcumem Yabexucmana um. Mupso VYayebexa, Tawxenm;
Havuuonarvrwt ynusepcumem Yabexucmana um. Mupso Vayebexa, Tawrenm
dadajonovrnd9@mail.ru, nadim59Q@mail.ru

C Heomnpe/ieJIsIeMbIME TTOHATUSIMI MOXKHO O3HAKOMUThCS B [1-3].

OO61en3BeCTHO, YTO BCIKOE IO3UTUBHOE IIPeJCTaB/IEHHE CTaHIAPTHONW MOJIE/IN
apudmernku 2 = (w; 0,s,+,%) B curmarype L = (0,s,+,%*) (rae w obosHaua-
€T MHOYKECTBO HATYPAJIbHBIX YHCEJ, 8 Y -CUMBOJIBI UMEIOT OYEBUIHBIE €CTECTBEHHBIE
UHTEPIIPETAINN ) ABJIAETC BHIYUCTUMBIM (cM., HarpuMmep, [4]). Bosee Toro, Bbraucu-
MBI TakzKe JIfoOble ITO3UTUBHBIE IIpeicTaBIeHus obeanennii 2y, 21, €2y Momenu () B
obennennubix curHarypax Yo = (0,s), X = (0, s,+), 35 = (0, s, +, *) COOTBETCTBEHHO
(3ameTmM, uTo X1 sBJIsteTcs si3bIKOM apudnmernku [Ipecbyprepa, a Yo — apudmernku
[Teamno).

Menee u3BecTeH TOT (pakT, 9To §2 00/1a/1a6T HErATUBHBIMU HEBBIYUCIUMBIME ITPE/I-
craBienusivu [5]. B Teoperndueckoii nrdopmaTiKe MO peaTM3anuoOHHON TOJHOTOM
HEKOTOPOIi “‘CTaHAapTHOR” MOJIEIN IPOrPaMMHON ClenuUKAIME TOHUMAETCS €IH-
CTBEHHOCTDH TIO3UTUBHOIO ITIPEJICTABJIEHUS STONH MOJIEH, T.€. BBIYUCIUMAs H30MOPd-
HOCTb BCEX MO3UTUBHBIX MIpeJcTaBIeHuil yrmomsanyToit Mojesu [4]. C sroit Touku 3pe-
HUsI CTaHIapTHasg Moje/ib apudmeruku lleaHo He siBjIsieTCs peaU3IUOHHO ITOJTHOM
OTHOCHUTEJILHO €€ HEraTUBHBIX IIPEJICTABJIEHUI, TIOCKOIBKY NMEETCsT KaK MUHUMYM JIBa
HETMBHBIX [IPEJICTABJIEHUST — OOBITHOE BBIYUC/IMMOE U HErATUBHOE HEBBIYMCINMOE.

PaccMorpuM yriopsijioueHnoe yHuTapHoe Koibiio & = (R;+,*,<) B curary-
pe (+,*, <) (mpe/mosaraeTcst BBIIOJTHEHHOCTD YCJIOBUSI CONIACOBAHHOCTH KOJIBIIEBBIX
oneparnuii ¢ JuHeHHbIM TTopsaKoM ). Jomycerum, 4to R ymopsaoueHo OTHOIEHHEM <
o TUIy Tenblx uncen /. Torpa Bepna

Teopema 1. Beakoe nezamustoe npedcmasaerue KoAvua N 6uMUCAIUMO U A100A5
napa maxur npeidcmasienuli SbYUCAUMO USOMOPPHA.

C jpyroit CTOpOHBI, OYEBUIHO, UTO BCIKOE TO3UTHUBHOE IIPEJ/ICTABIEHHE TaKOIr'o
KOJIBI[A TaKKe BBIYUCIUMO M BCE €0 BBIYMC/IUMBIE IIPEJICTABICHUS BHIYUCIUMO K30~
MODPQHBI.

Takum 0O6pas3oM, BBEeJEHHE COIJIACOBAHHOTO JIMHEHHOIO IMOPSIKa JIJIs IIMPOKOTO
KJIacCa eCTECTBEHHBIX KOJIEIl FapaHTUPYyeT eINHCTBEHHOCTD 3(hEKTUBHOTO IIPEICTAB-
JIEHHST KaK B KJIaCcCe MO3UTUBHBIX, TAK U HEMATUBHBIX IIPEJICTABICHUIA.

B pabore [4] C.C. ToHuapoB mpeyioKuia paccMarpuBaTh CTaAHIAPTHYIO MOJETb
apudmveruku ¢ B curnarype (0,s,+, %, <) (B KauecTBe akcuoM (=crenudukaimm)
NPUHAMAIOTCS CTaHIAPTHBIE ONpEIeIeHUsT JJjId OIepalldii, aKCHOMBbI JUHEHHOro I10-
psifika <, COIJIACOBAHHOTO C ONEPAIMsIME, U CXeMa aKcHoM WHIyKiun). Hazosem sty
cucremy akcnoMm Ac.

Hesnaunrenbaast MomumduKalns MeToJa I0Ka3aTeIbCTBA TEOPEMbI 1 ITO3BOJISIET
yOeIUThCST B CIPABEJTABOCTH CJIEJIYIOIINX YTBEPZK ICHU

CanexnctBue 1. Beakxoe neeamustoe npedecmasaerue modeats < 8bMUCAUMO.

CaencrBue 2. Modeav (e umeem edurcmeennoe He2amueHoe NPedcmasieHue.

CanencrBue 3. Cmandapmnan modesv e meopuu A< 8bMUCAUMO YCTOUMUBH
KaK OMHOCUMENBHO TOZUMUBHVIT, MAK U OMHOCUMENLHO HE2AMUBHBLIT Npedcmasae-
nud.

CaencrBue 4. Cmandapmmuas modesv e meopuu Ac peaiudayuonto noana 6
KAGCCE MOZUMUBHVIT U HE2AMUBHIT NPEICMABAEHUT.
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3ameuanue. B TeoperuvueckoM IporpaMMUPOBAHUN OJIHON M3 KJIFOUEBBIX 3a/1ad
ABJIgETCd TTPodJIeMa, e TMHCTBEHHOCTU 3P DEKTUBHON peam3anun abcTpakKTHON Mo/ie-
JIM JIAHHBIX, T.€. SKBUBAJEHTHOCTH (—BBIYUCIUMON H30MOPGMHOCTH) PA3TUIHBIX DEJIH-
3aIil HEKOTOPOI CTaHIapTHONW Mojenn jis 3agannoil cuenndukammu. [loa sdpdek-
THBHBIM IIPEJICTAaBICHIEM MO/ OOBITHO MOHUMAaeTCst mo3uTuBHoe. O IHAKO, HEraTHB-
HbIE TTPEJICTABICHUs TIOPOil HECYT HEe MeHee BaXKHYI0 CEMAaHTUIECKYI0 NH(MOPMAIIIIO O
cBOIiCTBAaX CTaHIAPTHON Mojiesu crerudukanuu (060CHOBaHUs ITOrO Te3uca cM. B [6]),
[IO3TOMY IIPEJICTABJIIETCS I1e1eCO00Pa3HbIM PAaCCMaTPUBAThL B KadeCTBe ITPeJICTaB/Ie-
HU# MOJIeJIN JTAHHBIX €€ aJI'OPUTMUYIECKHe IIPEeJICTaBIeHNd U B JIPYTIUX HUXKHUX KJac-
cax nepapxun Kiaunn-Mocrosckoro. O HUM U3 yTOYHEHUI TAKOTO MOIX0/a ABJISIETCHA
paccMoOTpeHne B KadeCTBe aJrOPUTMUICCKUX [IPEICTABICHUI He TOJIBKO IMTO3UTUBHBIX,
HO M HeraTUBHBIX. B paMKax Takoro I0jxo/ia cTaHIapTHad Mojesb apudmerukn [le-
ano (rem Gosee, apudmernku [IpecOyprepa) He SIBJISIETCSI PEATU3AIMOHHO MOJIHOM.
Tem HEe MeHee, ¢ TOUYKH 3PEHUsT PEATU3AIMOHHON ITOJHOTHI, IPU J0O0ABJICHUU €cTe-
CTBEHHOT'O MOPsIJIKA, PeaIn3alnoHHast OJTHOTa (OTHOCHTENBHO KaK [O3UTHBHBIX, TaK
U HETaTUBHBIX MPEJICTABIEHIN) MOXKET UMETh MeCTO.

JImteparypa
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6. Kaceimos H. X. PekypcuBHO oTjie/nMble HyMepoBaHHbIE ajireOpbl // Yeiexu mar.

Hayk. — 1996. — T. 51, No. 3. — C. 145-176.

O HEPA3PEININMOCTU AJITEBPHI OZJHOCUMBOJIBHBIX

SI3BIKOB C OIIEPAIIMEN KOHKATEHAIIUN
C. M. ynakoB
Teepcroti 2ocynusepcumem, Teepv
sergeydudakov@yandex.Tu

Kak uzBecTHO, Teopud g3bIKa BCEX CJIOB € oliepaliueii KOHKaTeHaIllnl Hepa3permMa,
[PU HAJIMYUE XOTsl Obl JIByX cuMBOJIOB [2|. JIjist 0THOCHUMBOJILHOTO a/ihaBUTa COOTBET-
cTByMOIas ajarebpa n3oMopdHa aJJIMTUBHOMY MOHOU/Iy HATYPAJIHHBIX UUCE], TI09TO-
MYy UMEET Pa3penmMmyio Teopuio. Bo3HmKaeT BOIIPOC: 9TO MOXKHO CKa3aTh O TEOPHH, B
KOTOPOI KJTaCCUYECKHE CJIOBapHBIE Ollepallui, HallpuMep, KOHKaTeHAIAd, IPUMEHSIOT-
cs He K OTJIeJIBHBIM CJIOBaM, & K IeJIbIM S3bIKaM. B KadecTBe HOCUTEIS B 9TOM CJIydae
BBICTYTIAET KaKOoe-JTuO0 MHOXKECTBO I3bIKOB, 00J/1a/1a101ee HeOOXOUMBIMU CBOMCTBA-
M 3aMKHYTOCTH. OJTHIM 13 HamboJIee «eCTECTBEHHBIX» ABJISIETCS KJIaCC aBTOMATHBIX
SI3BIKOB, KOTOPBIil 3aMKHYT OTHOCUTEJLHOTO 0YeHb MHOTUX JleiicTBuii [3]. B pabore [1]
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[TOKA3aHO, UTO €CJIU CUTHATYpa BKJOYAET B ce0ds 00beINHEHHe, a TaKKe eIé XOTs
OBl OJIHY U3 OlepaInil: KOHKATEHAIINIO UJIN UTEPAINI0, TO TeOPHUs MHOYKECTBa, aBTO-
MaTHBIX sI3bIKOB Oy/IeT Hepa3pelrmMoil jgaxe Jijisd 0JJHOOYKBeHHOrO ajidasuTa. Bosee
TOrO, MPOJAEMOHCTPUPOBAHO, UTO CTEIeHb HEPA3PEIIUMOCTH TaKOil TEeOPUU SKBUBA-
JIEHTHa, TIOJTHOW 3JIeMEHTapHOH apudmMeTuke.

MpI ycumBaeMm 3TOT Pe3yJibTaT, JIOKA3bIBasd, 9TO OJIHOM Oleparini KOHKATEHAITNN
SI3BIKOB JIOCTATOYHO, 9TOOBI TaKas TEOpHs KJacca PEery/IsipHBbIX SI3bIKOB ObLIa aJro-
PUTMUYECKN SKBUBAJIEHTHA TIOJIHON 9JIEMEHTAPHOI apudMeTuke.

Urak, mbl paccmarpuBaem anrebpy g = (A, &), cocrosmiyo n3 mHoKecTBa A
peryJisipHbIX A3bIKOB B ajdasure {a} ¢ onepanueil KOHKATEHAIUN, ¥ TEOPHIO JTOI
asireopsol. [lepBoHAYAILHO MBI JIOKA3bIBAEM OIPEICTUMOCTD B 9TON TEOPUN HEKOTOPHIX
OTHOIIICHUA X KOHCTAHT.

Teopema 1. B ayrebpe 20g, onpesemMbl ycTol si36lK & ; s13bIK E | conepzkanimii
OJIHO TOJIBKO ILYyCTOE€ CJIOBO €; MHOXKECTBO Aj OJHOJIEMEHTHDBIX SI3bIKOB; sI3bIK {a};
MHOXKeCTBO A, SI3BIKOB, CO/IEpKAIUX ITyCTOE CJIOBO.

N3 sToro BeITEKAET CTPYKTypa aareopnr 2As, .

Teopema 2. Asrebpa g, sIBIsIeTCsI JJeKapTOBBIM IIPOU3BEICHHEM OIPEIETUMbIX
nomaaredp Ay, u A., JOHOJTHEHHBIM HYJIEBBIM 3JIEMEHTOM & .

Aunrebpa (A1, &) nzomopdHa aIMTHBHOMY MOHOUJLY HATYPAJIBHBIX THUCE, TOITO-
My e€ Teopusd SKBHUBaJjieHTHa apudmernke [IpecOyprepa.

s Bropoit amrebpsr A, = (A., &) Mbl Jl0Ka3bBaeM JajibHeiiIme pesyibra-
ThI 00 onpejieiMMoCTu. [leHTpa/ibHbINl TeXHUYEeCKUl Pe3yJIbTaT MOYKHO C(OPMYJIU-
poBaTh TaK.

Teopema 3. B airebpe . onpenesmnmvo ornommenne R(x,y, z), o3Havaroree cie-
JIyIoIee: CyIIeCTBYIOT HATypaJbHbie n,m, n > 0, mpis kortoppix © = {g,a"}, y =
={e,a" a®,...,a™}, z = {e,a™}.

OTO oTHOIIEeHWe R OTKPBIBAET IyTh K HHTEPIPETAINH HATYPAJbHBIX YHCET W
apudmerndeckux onepamnuii B aiarebpe .. Jlas Hadama BbIOepeM IIPOU3BOJILHBIM
SI3BIK To Buga To = {&,a"}. Torga Kaxkgoe HATypaIbHOE YUCJO 1M WHTEPIIPETH-
pyercst si3bikoM £, = {e,a™}. B "acTHOCTH, HOJIb UHTEPIPETUPYETCH sI3bIKOM F |
a eJIMHUIA — CaMUM sA3bIKOM . CiieioBaTeibHO, 001aCTHI0 MHTEPIIPETAINN Oy/IyT
Takue g3bIKN {, 71 KOTOPbIX Bhimosaero (3y)R(xg,y, ). Vcnonw3ys orHomenne R,
MOKHO BBIPA3UThH CJIOXKEHUE: m + k = ¢ COOTBETCTBYET

Uy + s =Ly <= (FYm, Yi) (B(Z0, Ym, lm) A R(xo0, Yrs l) A R0, YeYm, £q))-
Tenepb Jierko UHTEPIPETUPYETCA OTHOIIEHUE TIOpsiJIKa m < k:

Hewmuoro ciioxkuee onpejiensercs ymuoxkenne. CHadasia Mbl BHIDA3UM €I'0 JIJIs B3ANMHO
npocThiXx wucesa m u k. Jljag 3Toro HyKHO yKa3aThb HauMeHbIIEe IMOJOKUTETHHOE
¢, KOoTopoe Oymer JeJuThcsd Ha m U k OJHOBPEMEHHO. 3aMETHUM, 9TO OTHOIIEHUE
(Fy)R(Ly,y,l,) dbakTHaeckn o3HAYACT JAEIUMOCTb v Ha u. [losTomy mpomssesienue ¢
B3aUMHO MPOCTBIX M U k MOXKHO OIIPEIETUTH TaK:

by X U, =Ly <= (FY)R(lpn,y,ly) N (By)R(lk,y,ly) Ny # EN
A (VO(By)R(ly, y, £) N (By)R(lk, y, ) N # E — £, < 0).

[Tockosbky uncia v u w + 1 Bcerjia B3aUMHO MPOCTBI, TO € IIOMOIIBIO UX IPOU3BeE-
JICHUSI BbIPpAYKaeTCsd WU YMHOXKEHUE MPOU3BOJILHLIX m u k, m X k = q onpejessiercs
CJIEJTYIOIUM 0Opa30M:

Uy X Uy =Ly <= (L + L) X (Ui + i+ 20) = iy X (U +0) + L X (U +20) + Ly + £y,



103

Takum obpazom, obe ormepaluy dJeMEeHTAPHON apuMETUKU: CJIOKEHHEe U yMHOXKe-
HIEe — MOTYT OBITh IpoMHTEpIpeTupoBanbl B ajaredpe 2A.. C apyroit cTopoHbl, B pa-
Gore |1] mokazaHa BO3ZMOXKHOCTH OGPATHOIO: OMEPAIUH HAJI PErYJISIPHBIME S3BIKAMU
MOXKHO ITPOMHTEPIIPETUPOBATDH B 3JIEMEHTapPHOI aprdMeTHKe, eCIu UCIOIH30BATD JIJIs
MPEJICTABICHIS KaXKI0T0 3bIKa YUC/IOBOM KO/ KOHETHOI'O aBTOMATA, PACIIO3HAIONIETO
9TOT A3bIK. KOMOMHUDYST 9TH pe3y/IbTaThl, MbI MTOJIydaeM TaKoe YTBEPIKIeHNE.

Teopema 4. Teopust anrebpsr A, (u, ciaegoparenbHo, aarebpol 2y ) HepasperMa
 aJrOpUTMHIECKH SKBUBAJICHTHA ITOJTHOH 9JIEMEHTapPHOH apupMeTHKe.

[Tosrygennblit pe3yabraT MOXKeT ObITh 000DIIEH, TaK KaK MCIIOJIb3yeMble HaMU JIeii-
CTBHS OYeHb orpaHndeHbl. PaKTUIECKN B JOKA3aTeIHCTBAX OT MHOMKECTBA SI3BIKOB A
Tpebyercsl 3aMKHYTOCTb OTHOCHTEILHO KOHKaTeHarmu, eé obpamienus (ecau al € A,
To ¢ € A), nobaBieHus: u yaajaeHus J060ro caoBa. B 9acTHOCTH, TaKUM yCIOBHSIM
VJIOBJIETBOPSIOT KJIACC BCEX A3BIKOB U KJIACC BCEX KOHEUHBIX sI3BIKOB.

S3BIK B OJIHOCHMBOJIBHOM aJjihaBUTE MOYKHO pacCMaTpPUBATH KaK MHOXKECTBO Ha-
TypaJIbHBIX YHCe/T — JJTHH cJIOB. Torjga KOHKATeHAInsl TAKUX SI3bIKOB COOTBETCTBYET
CJIOZKEHUIO TIOJIMHOXKECTB B aJIJINTUBHOM MOHOH/I€ HATypaJbHBIX unces1. [losromy B
Ka4decTBe CJIeJCTBUS MOYKHO MOJIYIUTh TaKue Pe3y/IbTaThbl.

Teopema 5. Ayrebpa KOHEUHBIX ITOJMHOXKECTB CO CJIOKEHHEM B aJJIATHBHOM MO-
HOHJIe HATYPaJbHBIX UHCEJT HMEET Hepa3PeITHMYy[0 TeOPHIO, KOTOpasi aJrOPHTMUOIe-
CKH 9KBHBAaJIEHTHA IMOJTHOH 3JIeMeHTapHoli apugmernke. Arebpa Bcex IMOJMHOYKECTB
CO CJIOXKEHHEM B aJJIHTHBHOM MOHOHUJI€ HATYPAJbHBIX UHCEJ HMEET HepPa3PeITuMyTo
TEOPHIO, KOTOPAasl aJrOPUTMUIECKH SKBUBAJIEHTHA ITOJHOH apu(pMeTHKe BTOPOIO I0-
DPsIJIKA.

DTOT pe3yabTaT KOHTPACTUPYET ¢ T€M, UTO, HAllpUMeP, OECKOHEUHAs IIPSIMast CyM-
Ma 9TOrO YK€ MOHOHJIa ¢ coDO0ii MMeeT pa3peluMyo TeOpuio (COBIAIAeT ¢ apudMeTn-
koit Ckosiema).
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O T'PVIIITIAX 2-PAHTA OJWH
Bb. E. /lypakoB
Cubupcruti gedeparvroit ynusepcumem, Kpacrosapck
durakov96@gmail.com

Kak nokazay Bepncaiii, B KOHEYHOI TpyIlIe C IUKJIAIECKON CHIOBCKON 2-
MOJNPYIIION BCE 3JIEMEHTHI HEYETHOI'O MTOPAIKA COCTABIAIOT HOPMAJIbHYIO OATPYIIITY.
J11s1 GECKOHEUHBIX MIEPUOAUIECKUX TPYIIT 9TO YTBEPXKICHHE HEBEPHO Jlake B CJIydae,
KOIJIa CHJIOBCKasI 2-TIOJATPYIIIa MMEET MOPAJIOK 2 U SIBJISETCS EHTPOM T'PYIIIIbL.

B 1973 r. B.II. Ulynkos B [1] mocrasmia Bompoc 4.75: nyems G — nepuoduue-
CKGA 2PYnna, co0epHCawan UHBOAOUUIO T, U NYCMB CUNOBCKUE 2 -N002PYNNvL 2DYNNbl
G asasromes aubo AOKAADHO UUKAUMECKUMU 2DYNNAMU, AUOO 0000UWEHHDLMU 2DYN-
namu keamepruonos. Bydem au unsomouyus 1Oy (G) 4eHmpasvHoM INEMEHMOM 6

G/0y(G)?
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Baecy Oy (G) = O(G) — makcnmasibHas HopMasbHas B G HOArpyIia, He COjep-
JKarmas uHBosonuit. Ipyrumu cioBamu, BepHa Jim Teopembl Beprcaiiia u Bpyspa-
Cy3yknu B KJ1acce MepuomIecKux Py’

OTBeT Ha HErO HEM3BECTEH JIa2Ke IPU YCJIOBUU KBA3UIIUKINIHOCTH IEHTPATU3ATO-
pa C¢ (1) (Bonpoc B.J1. Masyposa 15.54 [1]). OTser mostoxkuTesiex, koryga G efictyer
(TouHo) ABazk/Bl TpausuTHBHO Ha MHOXKecTBe (/Ch (i) [3], m xkorma Cg(i) — KBa3w-
[UKJIMYecKasl IpyIna, He MakcuMabias B G |2]. Bomnpoc 4.75 techo csizan ¢ BOIpo-
camu 10.62 un 11.13 u3 [1]|, npudem Ha Bompoc 11.13 yrKe mosrydeH OTpUIATETHHBII
orset B [4].

B nokJiajie npuBeieHbl HEKOTOPbIE PE3YILTATHI, OTHOCSAIINECS K PEIIeHNIO JIaHHbBIX
BOIIPOCOB B I'PYIIAX C JOMNOJHUTEIbHBIMUA YCJIOBUSIMU, B TOM YHUCJIE YCJIOBUIMU KO-
HeuHoCTH. Tak, MHBOJIONNUS ¢ TPpyHIbl (G HA3BIBAETCS KOHEYHOU, €CJIN OHA TTOPOXK TAET
¢ KayKJION COMPSI?KEHHOM ¢ Heil nHBOTIONMEN TpyHibl G KOHEYHYTO MTOJIMPYIIITY.

HokazarebeTBO cieyomnieil Teopembl omybnkoano B cratbe A. V. CosyroBa n
asTopa [5].

Teopema 1.I'pymma G ¢ obocobienHod, He MakcuMaabHOH B G 2-1I0ATpYyIIIoL
C' ¥ KOHEYHOI HHBOJIIOIHUEN JIOKAJIHLHO KOHEYHa U siBjsercs rpymmoi Ppobenuyca c
abesteBbIM siIpoM [i, G| 1 JIOKaJIbHO MUKITIECKIM, HJIH (0OOOIIEHHO) KBATEPHIOHHBIM
gonosaeauem C'.

Jlokazana cieiyiomas TeopeMa.

Teopema 2.11ycte G — rpyrmima ¢ obocobsiennoii B G 2-nojarpymnmoii T u kaxkigast
Tpoiika mHBOIIONMI 3 (G IopoXkaaer B Hell KoHedHyto moarpyiiry. Torna G 1oKapHO
KOHeYHa u siBjsiercss rpymmoii @pobennyca ¢ abesesbim sigpom O(G) u J10OKagIbHO
MUKJIHIeCKUM ui (0606IIEeHHO) KBATEPHHOHHBIM JforoiHeHneM 1 .

[To 6ostee obiemy Borpocy 4.75 HOJIyYeH CJIeIyIONuii pe3yabTar.

Teopema 3.IIycrs rpynma G ynoiersopsier ycaoBusiM Bonpoca 4.75 [1] u uaBo-
JIIOIAST 1 TIOPOXKJIAET C KaXKJIbIM 3JIeMEHTOM KOHEYHOIO IODsIKa, He JIEJISINerocss Ha
4, komneunyto noarpymy. Torga iO(G) € Z(G/O(G)).

B wactHocTu, Bompoc 4.75 [1] permaercst MOJOKUTENBHO B KJIACCE COIPSIZKEHHO
OduHapHO KOHEYHBIX Ipymir. OJIHAKO Jlake JIJIsd KJIACCA COMPSKEHHO OMITPUMUTUBHO
KOHEYHBIX I'PYIII BOIIPOC 4.75 MOKa OTKPBHIT.

UcciietoBanue BoimoHeHo npu puHancoBoil nojiepkke PODPU B pamkax Hayd-
noro mpoekTa Ne 19-01-00566 A.
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O IIOBUTUBHBIX ®OPMVJIAX C OTPAHUYEHHBIMU
KBAHTOPAMMU HA CBOBO/IHBIX ITOJIVIPVYIIITIAX
B. I. lypueB, O. B. 3erknna, A. 1. 3erkuna
Hpocarasckuti 2ocydapemeennoiti yrusepcumem um. I1L.1. Jlemudosa, Hpocrasav
durnev@uniyar.ac.ru, ovzetkina@yandez.ru

Ob6osznagum gepes S, — CBOOOIHYIO IOJIYTPYIIILY paHra 1m cO CBOOOIHBIME 0Opasy-
IOIUMHA A1 , ..., Ay, . LIpu m = 2 BMecTO a1 u ay OyaeMm nucarb a u b COOTBETCTBEHHO, &
pu m = 3 BMECTO a1, Ao U a3 — a, b u ¢. Bamernm, 910 S7 — MUKITIECKAT TOJTYTPYII-
na. B nanpHeiiem pedb O6yJeT UJTH TOJBKO O HENUKIMIECKUX (HEKOMMYTATHBHBIX )
HOJIyTpyHnax S,,, T.e. OyaeMm cunrarb, 910 m > 2. OcoOblit mHTEpEeC MO PAIY IpHU-
YUH MPEJCTABIAIOT “NOrPAHUYHbIE” cilydan — CBOOOJHBIE MOayrpynmsl Se = (a,b)
¢ aByMsi cBOOOHBIME obpasytomumu a u b u S3 = (a,b,¢) ¢ TpeMmsi CBOOGOIHBIMU
obpazyromumu a, b u c.

Nsyuenne snemeHTapHOIl TEOpUU CBOOOIHON HEKOMMYTATUBHON IOTYyTPYIIIHI Ha-
vasioch ¢ paborer B. Kyaitaa [1| 1946 roga, B KOTOPOii OH J0OKA3aJ A.A20pUMMUYE-
CKYI0 HEPA3PEWUMOCTVG INEMEHMAPHOT MEOPUL HEUUKAUYECKOT c80000H0T NOAY2PYN-
no. I3 pesynbrara B. Kyaiina Jerko clieyer aa20pummuveckas Hepaspeuiumocms
no3umMueHol meopuu c680600H0T Heyuksuweckol noayepynnse (3ror dakT B pabore
B. Kyaiina ne ormeuaercs).

B pa6ore [2] 6bL1 CyIIECTBEHHO YCUIIEH 9TOT PE3YJIbTAT — JOKA3aHa aJlOPUTMITIe-
CKasl HEPa3PEINIMMOCTD JIJI MO3UTUBHBIX (DOPMYJT BUIA

14

(Fy)(Vz)(Fz1)(Fzo) (3x3) (\/ w;(y, z, 1, T, x3,a,b) = u;(y, 2, 21, xe, x3,a,b)).

i=1

B psmne pabdor na nosyrpyitie S, pacCMaTPUBAIOTCS JIBA OTHOIICHUS YACTUIHOTO
nopsjika < u C | omnpe/ieisieMble €CTECTBEHHBIM 00Pa3oM

JIUTsT TIPOM3BOJIBHBIX 9J1eMEHTOB X U Y MOJIYTPYIIIBL Sy,
X <Y <= cymecrByer Takoil 3jileMeHT Z MOJYTPyHIbl S,,, uT0 Y = X Z;
X CY <= cymecTByOT Takue jieMenTol U u Z nojyrpymist S,,, aro Y = UXZ.

DTO IM03BOJIIET paccMarpuBaTh (POPMYJIbI € OrPAHUYEHHBIMU KBAHTOPAMHU BHUJIA
(Q2).<t m (Q2).ct, THe Q — 910 ¥V mum 3, a t — €JIOBO OT TEPEMEHHBIX U 06pa3y-
FOIUX TTOJIYTPYIIBL Sy, , HE cojieprKaliee MePpeMeHHON 2 .

[To mpon3BOIBLHOM KOHEYHO ONpeIeIeHHON TTOTyTPYIITe

S = <a,b]A1 = Blu---;An = Bn>
6e3 MyCTBIX onpejessomux ¢yioB nocrpouM dopmyny P (X,Y) Buga
(Elx)(vz>z§cch(Elxl):plchc:chc(Ele)xgchcchc(Elx?))xgchcchc
(cXcxcYe = zaxy V cXcxeYe = zbry V

n
V V (cXcxcYe = zexi Ajracey Bixgcxs V cXcxcY e = zexy Bixacxr Ajzacas)).

Jlemma. /s mpon3BoJIbHBIX HEIYCThIX cI0B A m B B ajicasure obpaszyrommux
mostyrpynibl S clIpaBeInBa SKBUBAJIEHTHOCTD

cioBa A n B 3a/1a10T OJIUH U TOT K€ 9JIEMEHT TOJIyTpyIibl S (paBHBI B

noyrpymme S) <> Ha nojayrpynie Sz uctunna gopmyina Oy(A, B).
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Jlns ynanerus w3 popMy/Ibl 3HAKA JIU3BIOHKIIUNA V BOCIOJIb3yeMCcst 0003HATEHUS-
Mu U pesyibratamu padotsl [3]. Crenyst sToit pabore mosaraeM i IPOU3BOJILHOTO
cioBa w (w) = wawb. B nurupyemoii pabore jg0Ka3aHa SKBUBAJEHTHOCTD JIJIsI TIPO-
U3BOJILHOM TIOJIyrpyibl Sy, (m > 2)

igl W =W <« 32)32)W =2vVZ,
e v =WW,..W,, V= @Ww? U= W (W v)?... v)2W,(v)>.

Jlerko Bugers, uro Z,7' C U. D10 maer Bo3MoxkHOCTH 10 dhopmymre P(X,Y) mo-
crpouth dopmyay Pg(X,Y) Buga

(32)(V2) o<t (1) 21ty (FT2)ancty (373) sty (3T4) 4ty (FT5) s, = 0,
rme t = cXcx, t; = cXcxcYe, to =U

TaKy, 9TO JIJIsT MPOM3BOJIBHBIX HEMyCThIX CoB A m B B andapure 00pa3yroImx
HMOJIYTPYIIBL S CIpaBe/InBa SKBUBAJIECHTHOCTH

cioBa A u B 3aa10T OJIMH U TOT 7Ke JIeMEHT MOIyrpyIbl S (paBHBI B

nosyrpytie S) < Ha noJyrpyiie Sy uctuaHa dhopmyria $gs(A, B).

Bass B KauecTBe MOJIyTpyIIIbL S HOIYIPYIILY C HEIlyCTBIMU OIPEIe/ISIONIME CJI0BAMU
U ¢ aIrOPUTMHUYCCKU HepaspenmMoii mpobIeMoii paBeHCTBa HEIlyCTOMY CJIOBY B, a B
kadecte dhopmysbl Pg(X) — dopmyny Pg(X, B), noxyunm

Teopema. Mo>kHO MOCTPOHUTH TaKOe OIHOIAPAMETPHYECKOE CEeMEHCTBO (hopMy.I
$5(X) ¢ mapamerpom X BmIa

(EII> (VZ)th(al’l)zlgtl (EIIQ)MQA (Elx?))ﬂﬂsgtl <3x4)$4§t2(3x5>r5§t2
U)(X, X,2,T1,T2,T3,T4,Ts5,Q, b7 C) = 'LL(X, X,2,T1,x2,T3,T4,T5,Q, b7 C)a

9TO HEBO3MOXKHO CO3/IATH AJIFOPUTM, ITO3BOJISIOIIHIL 110 IPOU3BOJILHOMY CJIOBY A, site-
MEHTY CBOOOHOI HOJIyTDYIITBI So , OIIPEJE/INTh, HCTHHHA JIH Ha CBOOOIHOIT IIOJIyTDYII-
me Sy nosurusHas Gopmyna Pg(X).

Bamernm, YTO B paccMaTpUBaeMBIX (OpPMYJIax TOJTHKO OJUH HEOrDAHMICHHBII
KBaHTOP 3, a BOIPOC 06 HCTHHHOCTH Ha IPOM3BOJILHON CBOOOIHON MOIyrpymme S,
dbopMyi1, B KBAHTOPHBIX IIPHCTABKAX KOTOPHIX BCe KBAHTOPBI OrPAHUYEHHBIE, W IIPO-
U3BOJIBHOM OECKBAHTOPHON YaCTHIO AJTOPUTMUTCCKU PA3PEIIINM.
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OB O/THOM CEMENCTBE AHAJIOI'OB ITPOTOKOJIA OBMEHA
KJIFOUAMU ANSHEL-ANSHEL-GOLDFELD HA IIJIAT®OPME
CTPOI'IX N-TPVYIIIIONI0B
K. 1. Emenbsanos, C. H. Tpouun
Kasancrut (lpusoasrceruti) dedeparvnod ynusepcumem, Kazano
kirillemelyanovl1041995@gmail.com, sntrnn@gmail.com

Teopus rpymi gBjsgeTcs TPAIUITUOHHBIM aIllIaPaTOM ajaredpanveckoir KpunTorpa-
dbunm [1], [2]. B nameit pabore mpeanpuHsTA MONBITKA MEPEHECTH HEKOTOPBIE HIEH
TEOPETHKO-TPYNIOBOil Kpunrorpadun (nam Kpunrorpaduu Ha IPyInoBoil miardop-
Me) Ha I1aTdOPMbI ACCONUATUBHBIX CTPYKTYpP 6GoJiee OOIEro BHJA — CTPOTUX 71—
kareropuii [3|, [4, riasa 2|.

Mpr Gyzem ncrosb30BaTh onpejeieHne cTporoit n-kareropun u3 (3| (¢.32-33), n
crpororo n-rpynnonsa ( [3], Oupenesenue 1.1. ua c. 33-34). Hamm o6o3nauenus Tax-
ke cooTBeTcTBYIOT [3|. OmnpejiesieHusi TOCTATOYHO I'POMO3JIKH, M BOCIIPOU3BECTH HX
3J1€Ch HET BO3MOYKHOCTH.

Panee 6bu10 mokazaHo [5], Kak MepeHeCTH M3BECTHDIH KPHUITOrpaduuecKuii mpo-
tokos1 Anshel-Anshel-Goldfeld (cm., nanpumep, [1], ¢.38-39) ma 2-rpymnmon/isr, T.e. Ha
2-kareropuu [6, rmaBa 12, 12.3, ¢.312]|, B KOTOpBIX O6GpaTHMbI BCe 1-MOpdusMbI, a
BCe 2-MOPGU3MBI 00PATUMBI KaK OTHOCUTEIHLHO BEPTUKAJIBHON, TaK U OTHOCUTEIHHO
POPU30HTAJILHON CYIIEPIIO3UIINIA.

B citygae crporux n-rpynmnouoB Tpedyercs 00paTUMOCTb BCeX MOP(MU3MOB OTHO-
CUTEJIbHO BCEX NMeroIuxcs cyrenosunuii. Hamomuamm, ato ra kazxkaoro ¢, 1 <1 < n,
u i Kaxkaoro j, 0 < j < i, B n- KaTeropuu cymecTsyer cylepnosunus *;. [pu
n = 1 310 cyneprio3uriuss MOPGU3IMOB B OOBIYHOM KaTErOPHOM CMBICJIE.

NsBectro, uTO juts 1106010 0 < 4 < n, m o0eix 0 > k # ¢t < i + 1, K1accs
MopduzmoB C;_1, C;, C;y1 BMecTe ¢ CyNEPHO3UIUIMU *i, *; 00Pa3yIOT CTPYKTY-
Py, AHAJIOTHYIHYIO 2-KATETOPUH. DTO MO3BOJISIET [IEPEHECTH PE3y/IbTar [5], i moayauTh
MIPOTOKOJI, KOTOPBIN 10 JIAHHBIM KOHEYHBIM OTKPBITBIM ceMeiicTBaM ¢-MOp(MU3MOB 1
(1 + 1)-mopduzmoB BeipabarbiBaeT cekperHblil (i + 1)-Mopdusm.

Ucnonb3yst 9TOT MPOTOKOJI, MOYXKHO, IpeJIoJaras JOIOJHATETLHO U3BECTHBIMU
HEKOTOpbIe KOHedHble cemeiicTBa mMopdusmoB u3 Ciio, Ciig, ..., C),, TOJIyIUTH
IIPOTOKOJI, KOTOPBI BBIYUC/ISIET OOIIUII CEKPETHBIN KJI0Y Kak m-Mopdusm u3z C,,
1<m<n.

KpunrocroiikocTh JaHHOTNO MPOTOKOJIA CYIIECTBEHHO 3aBUCUT OT KOHKPETHOT'O
N-TPYNIONJIa, BBIOPAHHOTO IS peaJu3aliii MPOoTOoKosa. [lomck moaxoadammx urs
3aJ1ad Kpunrorpaduu n-rpynmnonoB OyJieT cjepylonieil 1meabio HAIuX HCCIIeI0Ba-
HUI.
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MOD-PETPAKTABEJIBHBIE 11 CC-KOAJITEBPBI
M. C. Epsnikuxa
Kasancxut (Ilpusossiceruti) gedeparvronis yrusepcumem, Kazanw
mikhail. eryashkin@gmail. com

Bce paccmarpuBaembie KoasreOpbl, €CiM HE OTOBOPEHO MPOTUBHOE, OIpPee/IeHbI
naj mojgem k. Yepes A : C — C' ® C Oyaem 00603HaYaTh KOyYMHOXKEHHUE, a depes
e:(C — k — koenunuity Koasiredpor Xorda C'.

Komomyms M massiBaercs pemparmabenvioim, ecia Hom® (M, N) # 0 gns mo-
6oro menyseBoro mojakomonyias N kxomomuyias M. Koanrebpa (' naspiBaeTcs npa-
601 mod-pemparmabesvroti Koan2ebpoti, eciin KaxKJblii NpaBblii KoMoayib Hajg C
sBJIsieTcd perpakradeabHbiM. Komoayiab M Ha3bIBaeTCss KopempaxmabesbHvim, ec-
JI HomC(M /N, M) # 0 musa ao6oro HeHyseBoro mojakomoiyis N komomuyas M.
Koasnrebpa C' masbiBaercs npasoti C'C-koanzebpoti, €cam KaxKIblil ITPaBblii KOMOIYJ/Ib
a1 C' gBJIeTCsT KOpeTPaKTabeIbHBIM.

CC-kosbiia 1 mod-perpakTabebHble KOJIbIa U3YYaIuch B psijie paboT pas3imd-
HbIME aBTopamu. Hampumep, B [1] mokazano, 4ro kiaccel SV-KOJ€N U PeryssipHbIX
mod-peTpakTabe/IbHbIX KOJIEI, Y KOTOPBIX KaXKJbIil MPUMUTHBHBIA 0Opa3 apTUHOB,
conaaror. B [2] 6bLI0 mOKazaHO, YTO COBHAJAIOT KJIACCHI KOMMYTATHBHBIX mod-
peTpakTadeIbHbIX U KOMMYTATUBHBIX ITOJIYyapTUHOBBIX KoJjer. KoperpakrabesbHbie
Moyn u3ydaiuchk B [3]. Onncamme npasbix CC-koiter; 6110 mosydeno B [4] u [5].
Takzke B 5] 6bLIO TOJIyUeHO ONUCAHUE COBEPIIEHHBIX MOod-peTpakTabebHbIX KOJIell.
B obmewm ciyuae onmcanme mod-perpakTabebHBIX KOJIEIl elle He MOoJIydeHo. Tak
kak C* spBisieTcss agreOpoit s Kaxkjaoi koayureopol C', u A* sBisieTcss Koasred-
poit JITsT KarK0i KOHETHOMEPHO# ajredpsl A, TO MpeJCTaB/IseT WHTepeC n3ydeHne
mod-perpakTabesbubix 1 CC-koaredp.

Y1aa0ch MOJMyIUTh cjaedyiiee omnuncanue mod-perpakTadesbubix koaaredop u CC-
KoaJreop.

Teopewma. Ilycres C' — koasrebpa. Torma cienyromme cBOHCTBa S5KBUBAJIEHTHBI:

(1) koasrebpa C' siBisiercst npasoii CC-koaJrebpoii;

(2) xoasrebpa C siisiercss mpapoii mod-peTpakTabesbHOl Koareopoii;

(3) C = P C;, rue kaxknas koanrebpa C; sABasETCS KOAJIrebpOii KOMATPHUIL HAJ
max-Koaarebpoit, Koropasi HMEET €IMHCTBEHHBIH IIPaBBIi IPOCTOH MOJKOMOJYIb.

Kaxk BuiHO n3 TeopeMbl KJIacc IpaBbix mod-peTpakTabe/IbHbIX Koaaredp coBIaia-
et ¢ KiaccoM mpaBeix CC-koasredp.
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O IIPEJAEJIBHO MOHOTOHHOM CBOJINMOCTU MHOXKECTB
J. X. 3aliHeTAMHOB
Kasancxut (Illpusosstceruti) gedeparvronis yrusepcumem, Kazanw
damir.zh@mail.ru

Jloktal MOCBSIIEH U3YyYeHUIO IPeIebHO MOHOTOHHBIX MHOXKECTB, a TaK:Ke HC-
CJIeJOBaAHUIO OCHOBHBIX CTPYKTYPHBIX CBOICTB IIpeae/IbHO MOHOTOHHOM CBOJUMOCTHU
MeKJIy MHOKecTBaMHu. B paboTe TMOJIydeHO ONUCaHWe AJTOPUTMHUIECKON 3aBUCH-
MOCTH MEK/Ly MPeIebHO MOHOTOHHOI CBOIMMOCTBIO MHOXKECTB, OIPEJIEJIeHHON B
TepMHHaX E—CBO,[LI/IMOCTI/I ceMelCcTB HavaJIbHBIX CErMeHTOB HaTypaJIbHbIX YUCEJI, U
> -0IIpEeJIEIMMOCTBIO abeJIEBBIX I'PYIIIL.

Pa6ora Bbimosnena npu dpunancopoi nojepxkke PODPU B pamkax mpoexkTa Ne
18-31-00420.

O PA3PEIIINMOCTI KOHEYHO! I'PVIIIIBI C
OITrPAHNYEHUAMM HA TIOATPVYIIIIHBI HIIMW/ITA 13
MAKCHMAJIbHOM IIOATPVIIIIEBI
E. B. 3y06eii
I'TY um. @. Cropumw, Tomenn
ekaterina. zubey@Qyandex.ru

PaccmarpuBatorcst TOJIBKO KOHEUHBIE TPYIIIIHL.

['pynma ¢ HLIBIIOTEHTHOI MaKCHUMAJIBHON MOATNPYTIIION HEYETHOTO HOPSIKA SBJIIs-
ercs paspemumoii [1]. Dra Teopema Halia OTKJIMK BO MHOIMX paborax (CM., HAIPH-
mep, [2, 3|).

Ecmun makcumasbras mogarpymma M rpynnsl (G- HEHUJIBIIOTEHTHA, TO B M cytie-
creyer noarpynma [IImuara (HeHUIBIOTEHTHAS TPYIIA, BCe COOCTBEHHBIE TIO/IPY IIIIbI
KOTOPO#i HuiboTeHTHBI). OT1 cBoiicTB noarpymn [muara us M 3aBucuT crpoeHue
rpynmbl (G, B 9aCTHOCTH, SIBJISIETCSI JTH OHA PA3PEITIMON.

Hamomuum, aro nogrpytmma A rpymnbl G Ha3bIBaCTCA NOAYHOPMAAbHOT B G, ec-
Ju cymiectByer nogarpynna B B G takas, uro G = AB u AX — cobcrBennas B G
MOJITPYIINA JIJTs KaXK 101 cobcTBenHOM oarpymibl X u3 B. ['pynmbl, y KOTOPBIX HEKO-
Topble oArpynmnsl [IIMuaTa moayHOpMaIbHBI NN CyOHOPMAJIBHBI, UCCJIEI0OBAIICH B
[4]- 17].

JlokazaHna cieyromnast

Teopema. [Iyctb M — makcummasibHasT moArpyiinna KoHedHoi rpymmabl G u P —
cuoBckasi 2-nogrpynna uz M . Ipegmonoxnm, aro PP < Z(P) u M A4-cBobosHa.
Ecnn kaxxknast noarpynna Ilvmgra w3 M moayHOpMaJsbHa uan cybHOpMasibHa B (G,
to rpymma G paspernuma.

CnenctBue. Ilycte M — makcumasbHas nogrpynna rpynmnbsl G u nopsiiok M
wederer. Ecin kaxxnast nogrpyiia IlImuara uz M mosiyHOpMa/ibHa HIH CyOHOPMAJIb-
Ha B GG, to G paspermnMa.

Brecy X', Z(X) — xommyTaHT u 1eHTp rpynmbl X, a A; — 3HaKOmepeMeHHast
rpymmna crernesu 4.
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O HEBBIYNCJINMBIX ITIO3UTUBHLBIX ITPEJICTABJIEHUNAX

OBJIACTEM IIEJIOCTHOCTU
®. H. U6parumon
Havuonarvrod ynusepcumem Ysobexucmana um. Mupso Yayebexa, Tawxenm
farkh-1@yandex.com

Baszosbie nonsitus, ncnosnbsyemsle B pabore, comepxkarcs B [1-3].

DyHjaMeHTaIbHbIE aJredpandeckue MOHATUS 110/ U ero obobieHus — obJia-
CTH IEJIOCTHOCTHU, ABJIAIOTCA KJIaCCHUYCCKUMU O6'beKTaMI/I nccjaea10BaHnd B MaTeMa-
THYECKOH JIOTUKe, KOTOpasi, B YaCTHOCTHU, 3aHMMAETCs ONUCAHUEM aJIlOPUTMUIECKUX
CBOMCTB KOJIEIl, 3a/IaHHbIX TeMU UJIM UHBIMU IpejcraBieausmu [1]. Baxueiimmmu cpe-
AU aJITOPUTMHUYIECCKUX Hpe,ZLCTaBJIeHI/Iﬁ ITUX O6'beKTOB ABJIAIOTCA BbIMUCJIMMbBIE, Ha3bl-
BABIIHECS TIPEK/IC KOHCTPYKTUBHBIMH |2, 3|, T. €. Takue, KOTOPbIe H30MOPQHBI KOJIb-
I[aM, HOCHTEJISIMU KOTOPBIX SIBJISIIOTCS BBIYUCTUMBIE (QJINOPUTMUYECKU PA3PEITMbIe)
IIOAMHOZKECTBa MHO2KECTBa HATYPaJIbHBIX 9UCEJI, & OIICpalliul CJIO0KEeHUA 1 YMHO2KCHU A
npeacTaBJ/ICHbI ITOAXOAAIITMMNY BbIMUC/JIUMBIMU OIl€paliusAMM.

Bosiee Touno, ecim (R;+, X) — Ipou3BoJbHOE He (oJiee UeM CUeTHOe KOJIbIO U
v — orobpaxKenue u3 w Ha R, JjIs KOTOPOro CYIIECTBYIOT TAKUE BBIMUC/IUMbIE OMHAD-
Hble onepanyn @, ® (IpeCTABIAOIIE COOTBETCTBYOIIE OEPAIMI KOJIbIa Ha HO-
Mepax /KoJIaX ero 3JIeMeHTOB B IPEeJICTaBJIeHnn V), u4To VI, y € w [vr+vy = v(xDy)]
uVe,y €w [vexvy =v(z®y)] (1. e. v gaBisercs 3pdeKTUBHBIM TOMOMOPMU3MOM ),
TO V Ha3bIBAETCH HyMepaleil (aIropuTMIUCKIM IpeICTaBIeHneM) Koibliia 1.

Zlnpom mpejcraBienns v Kosblia R Ha3bIBaeTCs 9KBUBAJICHTHOCTL {(z,y)|ve =
=vy}.

Onpenesienne. Koybro R HaspiBaeTcs BBIYHCIHMO (IIO3UTHBHO, HEIaTHBHO)
[PEICTABUMBIM, €CJIH CYIIECTBYET €ro INPeJCTABJCHHE C BBITUCHMBIM (II€DETUC/IH-
MbIM, KOINEPEIUCIUMBIH) SIIPOM.
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HeTpyano 3aMeTuTh, 9TO BRIYUCIMMOCTD IIPEICTABICHU KOJIbIIa PABHOCUIBHA, OJ1-
HOBPEMEHHOI MO3UTUBHOCTH W HEraTUBHOCTU STOrO IipejicTaBienus. Hanbosee uzy-
YEeHHBIMU OObEKTaAMH B TEOpHH abCTPAKTHON BBIUYUCIMMOCTHU ABJIAOTCH 1moss. T. K.
71060€ T10J1e ABJIFETCS IPOCTON aaredpoit (T. e. B HeM OTCYTCTBYIOT COOCTBEHHbBIE U/Ie-
aJIbl ), TO BCAKOE MO3UTHBHOE TIPEJICTABJICHIE OIS ABJSETCs BhlaucauMbiM. C 1pyroit
CTOPOHBI, BCSAKOE OECKOHEYHOE BBLIYMC/IMMO IIPEJICTAaBUMOE TI0JIe 00JIa/IaeT HeraTHB-
HBIMH HEBBIYUCIUMbBIMU TpejicTaBienusivu [4]. TakoBbl ke un GeckoHedHble 00IaCTH
IIeJIOCTHOCTH. 'TeM He MeHee, NPUHIMIINAJIbHBINA BOIPOC O CYIIECTBOBAHUU OOJIACTH
1IeJIOCTHOCTH, 00JIa IatoIeil HeBBITUCINMBIM ITO3UTUBHBIM IIPE/ICTAaB/IEHIEM OCTaBaJI-
€ OTKPBITBIM.

Crenytomas TeopeMa IOKA3bIBAET, YTO B OTJIWYHME OT II0JIel, BCe IO3UTUBHBIE
IpeICTaBIeHNs] KOTOPBIX BBIUUCIUMBbI, IIO3UTUBHBIE 00JIACTH 1IEJIOCTHOCTH HE O0S3aHbI
OBITH BBIYUCTUMBIMU

Teopema. CyiecTByer HeBbIIHCIUMAST IIO3UTHBHAs 00JIACTD I[EJIOCTHOCTH.

CaencrBue. CyigecTByeT MO3UTHBHAsSI 00JIACTH II€JIOCTHOCTH, 3(D(heKTHBHO He
BJIOKHMAasI HI B KaKoe 3(h(DEeKTHBHO HEBBIPOXKJICHHOE IIOJIC.

JImteparypa
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O PABJIOZKNMOCTU MATPUIL HA/I TTOJIVIIOJIAMMU B
IMPOU3BEAEHUE ITEPECTAHOBOYHBIX U ITOYTU
EAVMHUYHBIX MATPUIL
C. H. Nnbun, A. C. XaiicanoBa
K®Y, Kazanv
Sergey. llyin@Qkpfu.ru; alena.hajsanova@gmail.com

XOpoIIo U3BECTHO, YTO JII0Das KBajpaTHas MaTPHUIA HaJ| IIPOU3BOJILHBIM I0JIEM
9JIEMEHTAPHBIMU IIPE0OPA30BAHUSIME CTPOK U CTOJIONOB IPUBOIUTCA K JHANOHATIBHO
0-1-marpurie. I3 3Toro daxra JiIerko BhITEKaeT, 9TO Jtobast KBaJpaTHas MaTPUIla Ha
[oJIeM TIPEJICTABUMA B BHUJIE ITPOM3BEJIECHUST HEKOTOPOTO YHC/IAa MATPUIL, KaxKJas W3
KOTOPBIX SIBJIIETCs JTUOO MEPEeCTaHOBOYHONW MATpHUIIEH, JTUOO OTJIMIAeTCst OT €IUHUY-
HOI MaTPHIGI POBHO OJHUM 3JIeMeHTOM. MaTpHIlbl moc/Ie Hero Tuia OyaeM Ha3bIBATh
nowmu eQUHUYHBLMU, & MATPHUITLI, PA3JIOKIMbIE B IIPON3BEIEHNE TT€PECTAHOBOTHBIX W
MOYTH €JUHUYIHBIX MaTpuIl, — I -padsootcumvimu. Takum obpa3zoMm, BesdKas KBaJpaT-
Hasl MaTPHUIA HAJ IPOU3BOJIBHBIM IOJIEM [ -pas3yioyKuMa.

[IycTs Temeps S — moJrymiosie ¢ UIeMIIOTEHTHBIM CJIOYKEHHeM, IPUYIeM OTHOIIeHHe
€CTEeCTBEHHOIO Topsijika < Ha S, 1ye a < b < a+ b = b, aBiadgercd JuHEHHBIM
nopsaakoM. [IpumepamMu TakuxX IMOJIYIOJIEH MOI'YT CIYKHTHh 9acTO BCTPEYAIoNIeecs B
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OPUKJIAJHBIX 3aja4dax nosynose (R, max, ) HeoTpUIATEbHBIX BEIECTBEHHBIX Y-
cesl, a TakXkKe €ro MOAIOJYIOoJsl, B TOM dqucie, nouaymnone (Qi,max,-) u aByxd7e-
MeHTHast OyseBa ajrebpa Bo. Ciemyroriue pe3ysbTaTbl JIAI0OT OTBET HA BOIPOC 00
1 -pa3yIoKMMOCTH MaTPUIL TIOPSIJIKOB 2 U 3 HaJT TMOJIYIOIAMEI YKA3AHHOI'O THUIIA.
Teopema 1. Besikast maTpuiia nopsizika 2 Hajr S siBsiercst I -pasiosKuMoii.
Teopema 2. Marpuria A nopsiika 3 Hag S He siBiasiercs I -pa3ioKuMoi B TOTHO-
CTH TOIJIa, KOIJla B KaXKJIOH ee CTPOKE H KaKJIOM CTOJIOIe HMeeTCsT POBHO OJJHH HYyJIe-
BOIT 9JIEMEHT UJIU JIJTsT TIOAXO/SIIINX KBA3UIIePeCTAHOBOIHBIX MaTputl P u () marpura

PAQ wnmeer Bux
b 1
c 1],
1 d

ITOBUTUBHBLIE HYMEPAIINN B TUITEPAPUO®METUKE
n. II1. Kanumysius, B. I'. Ily3apeako, M. X. ®aii3zpaxMaHOB
Kasancrut (pusoasrcerui) gedeparvronii ynusepcumem, Kazanw
marat. faizrahmanov@gmail.com

)

e a,c<b<1lwmd<l1.

JlokJ1a/1 TIOCBSIIIEH BOIIPOCAM CYIIECTBOBAaHUS IO3UTUBHBIX U PA3PEIIUMBIX BbI-
YUCANMBIX HyMepaInuii ceMeiicTB BcexX H%— ( 2%—)HO;[‘MHO}K6CTB 33 JaHHBIX ITAJIUHIPOB.
Bribop cemeiicTB yKazaHHOrO TUIIA 0OOCHOBBIBAETCS UX COBIAQJIEHHEM C CeMeiCTBaMM
BCEX X -TIOJIMHOXKECTB HACJIEICTBEHHO KOHETHBIX HAICTPOEK rpadOB 3TUX IIUJINHIPOB.

XAPAKTEPU3AIINS OBOBIIIEHHOM IIOATrPYIIIIbLI ®PATTUHUI

KOHEYHOW PA3PEIIIMOM I'PVIIIIbI
C. ®. KaMmopHUKOB
Tomenvekuti 2ocydapemeennoiti yrusepcumem um. P. Crxopunw, Tomean
sfkamornikov@mail.ru

B pabore paccMaTpuBarOTCs TOJBKO KOHETHBIE PA3PEITUMbIe TPYIIIBI U PA3PeNIn-
MbI€e [TOJIIPYIIIOBBIE M -(PYHKTOPHI, T. €. M -(pYHKTOPHI, OlIpeIe/IEHHbIE HA KJIACCe BCEX
Pa3pEINMbIX KOHEYHBIX TPYIIIL.

Corunacuo |[1|, moarpynmosbiM m-dyHKTOPOM HasbiBaeTcst GyHKIms @, KoTopast
corocTaB/isieT Kaxkjioit rpymmne G Hekoropoe MHOkKecTBO 0((G) ee MaKCHMaJIbHBIX
noxrpynn u camy rpymiy G. Ilpu stom npeanonaraercs, aro ecin 0(G) = {M, ...

. M, G}, 0o O(G*) = {My, ..., M* G} s moboro uzomopdusma o : G — G°.

[ToarpymmoBoit m-byHKTOp 6 Ha3BIBAETCST PETYIAPHBIM, €CJIH BBIOIHSIIOTCS CJle-
JLyIOIIHE YCJIOBUS:

1)usa NIG u M € §(G) cnenyer MN/N € (G/N);

2) us M/N € §(G/N) caenyer M € 0(G).

Eciin 0 — noarpymumosoii m-dynkrop, 1o uepe3 Py(G) obo3nauaercsi 0600IeHHAST
noarpynna @parruan (0-noarpynma @partunn) rpynnsl G, KOTOpas ONPeIeJISTeTCsT
Kak [epecevenne Beex MOArpyiil, npuHajyexamux 0(G). Orverum, 910 eciau Jyist
J060it Tpynel G MHOXKeCTBO O((G) COMEPXKUT BCe MaKCHUMAJIbHBIE TOArPYIIbI u3 G,
t0 $y(G) = ®(G) — noarpynmna Pparruau rpymisr G.

3 ocHoBHOrO pesysbrara paboThl [2| ciemyer, 9To JIs TMOJIyYeHUs TIO/rPY b
®(G) paspentumoii rpymibl G MOXKHO ONPAHUIUTHCS [IEPECETEHIEM JIUIITb HEKOTOPBIX
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3n ee MaKCUMAJIBHBIX TOJTPYIIIL, T/ 1 — YUCJIO0 JOMOJHIEMBIX (haKTOPOB HEKOTOPOT'O
[JIABHOTO psijia rpynmsl G .

JIpyroit 1o/1xo/1, HAIIPABIECHHBIN HA COKPAIEHUE TNCIa MAKCUMAIBHBIX TOIPYII,
nepecevdenne KOTopbix gaet nogarpymny @parrunn, npempioxern B. C. MoraxoBbiM B
[3], re ycranoBseno, uro jis soboit paspentumoit rpymmbl Goee moarpymma Opar-
tuan O(G) coBmagaer ¢ mmepecedeHreM BCEX TeX MAKCHMAJIBHLIX moarpymm Mo u3
G, g KoTopbIxX BbINOMHSETCsH paBeHcTBo M F(G) = G (3necs F(G) — noarpynmna
@urrunara rpynmst G ).

B [4] ormedennble momxompl oObeuHEHbE: I pynibl (G J0Ka3aHO, YTO €C/in
n — jmuaa G-rnasHoro psja rpynusl F(G)/®(G), a k — uncio meHTpasibHBIX
G-rinaBHBIX (HaKTOPOB 9TOTO psja, To B G cymecTByoT 4n — 3k MaKCHMAaJibHBIE
HOJIIPYIIIBI, Tiepecederre KOTopbix pasHo P(G).

B crenytormeit Teopeme 3TOT pe3ysbTaT pacipocTpaHseTcsd Ha BCe O-TIOATPYIIIbI
Oparrunau rpymnsl G.

Teopewma. Ilycte 0 — perymaspubrii moarpynmnoBoit m-pyaxrop u G — KOHeIHast
pasperumast rpymna, s kotopoit $o(G) # G. Eciu n — mimna G -riiaBHOTO psijia
rpymisr Soc(G/®y(G)), a k — uucio nenrpaibapix G-riaBHbIX (PAKTOPOB ITOIO psi-
Jga, To B G cymiectByfor 4n— 3k MakcuMaJibHbIE 0 -ITOJTDYIIIBI, TIEPECETEHHE KOTOPHIX
pasno $y(G).

st HEKOTOPBIX PeryJIsipHbIX HOArpynnoBbix GyHKTOpoB # ycioue Pp(G) # G
BBIIIOJIHSIETCSI JIJIsl JTF0001 Hee MHUIHON Ipynnbl (G (310 UMeeT MecTo, HAlpuMep, [
HOJI'PYIIIIOBOTrO (byHKTOPa 6, BBIIEISIONIErO B KayK 10 TPYIIIe BCe ee MaKCUMAJIbHBIE
noarpymisl). Oaaako Jyist 6osbmuacTBa GyHKTOpoB 6 yenosue $o(G) # G orpanu-
quBaer rpyuny G. B gactHocTH, eciiu @ — perysisipHbIN TTOJrPYIIIIOBO M -(DYHKTOP,
BBIJICJIATONTII B KayK 1011 I'PYIIIEe Bce ee aOHOPMAaJIbHbIE MAKCUMaTbHbIE TIOTPYIIIBL, TO
yesoBue $p(G) # G paBHOCHIBLHO TOMY, 9To Ipynia (G He sIBJIseTCs HUJIBIIOTEHTHOM.

Kak ormedeno B [4], B obiiem ciiyuae OreHKa 9UC/Ia MAKCHMAJILHBIX MOJIPYIIIL,
[pUBEJIEHHAS B TeopeMe, sIBJISeTCs TOYHO. B To ke Bpems s psijia KOHKPETHBIX
noArpynnoBsix byHkTopoB 6 u rpynn G co crnenuajgbHBIMU CBOWiCTBaME (HAIPUMED,
1t Sy -CBOBOIHBIX I'PYII) OHA MOXKET OBbIThH YJIyUIleHA.
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O TEOPUU PEI'VJIAPHBIX A3bIKOB C OITEPATOPOM
NTEPAIINN
b. H. KapJjos
Tesepckoti 2ocydapcmeenmnviti ynusepcumem, 2. Teepo
bnkarlov@gmail.com

PeryssipHble S3bIKN ABJISIIOTCS OJIHAM U3 OCHOBHBIX OO'bEKTOB U3YUYEHUs] B TEOPUU
dopMabHBIX A3bIKOB. Tak:Ke OHU UMEIOT MHOIOYUC/IEHHbIE TTPAKTUIECKIE TTPUTOKE-
Hug B pa3paboTKe TPAHCIATOPOB, 00pabOTKe TEKCTOBBIX JIAHHBIX U 1p. s perysp-
HBIX A3BIKOB Pa3peIMbl MHOTHE €CTECTBEHHbBIE aJlOPUTMUYECKHE TTPOOJIEMbI, TaK1e
KakK MpobjieMa SKBUBAJIEHTHOCTH, TPUHAJIEKHOCTH, IIyCTOTHI, OECKOHETHOCTH U JIp.
(em. [1]). Omnako mepedncaeHHble BOIPOCHl OTHOCATCS K KOHKDETHBIM sI3bIKaM, & He
K MX ceMeficTBY B 1iejioM. MBI M3ydaeM KJIacC pery/sipHBIX SI3bIKOB Kak ajarebpande-
ckyto cucremy curaatypbr = (@© *)) B KoTOPO#l OCHOBHBIM MHOXKECTBOM SABJIA-
eTCsl MHOXKECTBO BCEX PErYJISIDHBIX A3BIKOB B HEKOTOPOM (DUKCHPOBAHHOM aJjipaBuTe
Y={ay,...,an}, a cuMBOIBI & U * MHTEPIPETHPYIOTCH KAK IIYCTOE MHOXKECTBO W
orepaTop UTepaIni COOTBETCTBEHHO. TeopHs epBOro Mopsijika 3Toi cucTeMbr (cM. [2])
oboznavaercs Ty . B pabore [3| mokazano, uro sra Teopust JomyckaeT 3(bheKTUBHYIO
9IMMUHAIIMIO KBAHTOPOB, a 3HAYWT, OHa paspeniuma. Mbl nucciiegyemM BO3MOKHOCTH
«eCTECTBEHHOI» aKCHOMATH3AIMK Teopun Ty, a TakXKe eé EMKOCTHYIO CJIOKHOCT.

Harmmn ocHOBHBIE PE3YJIBTATHI COCTOST B CJIELYFOIIEM.

Teopema 1. Teopust Ty omnpenessieTcst ceyomuM MHOXKECTBOM aKCHOM:

S1. (Vx)(z™)" = a7
S2. @* # &;
S3. (Va)(z* = 2o — (xz@\/ng*));

S4,. (3x1)...(3z,) </\x =x; A /\ /\ x; # x])

i=1j5=1+1

S5, (Vx)<(x*:x/\:r7é®*)—>(f|x1) (3z,) (/\x —x/\/\ /\ %#%))

=1 j=1i+1

WcruarOCTD 3THX (GOPMYJT HA MHOYKECTBE PETYJISPHBIX S3bIKOB IIPOBEPSIETCS HETIO-
cpescTBerno. Jlist toka3aTebeTBa MOJTHOTHL MBI paccMaTpuBaeM Teopuio 1y, , ornpejie-
jsiemyto akcuomamu S1-S55. [lanee Mbl paccMarpuBaeM CeMeHCTBO aJredpaniecKmx
cucteM S, 5, TIe o U 3 — IPOU3BOIBbHBIE KapAWHAIBL. OCHOBHBIM MHOYKECTBOM CH-
crembl &, 3 dABideTCA

{@,2"}U{aj ica,jeflU{b:ica}l,

*

a omepalys * OIpeJIe/IAeTCs CIeyIONUM 00pa30M:

* E . .
a; ; = b; = b st Beex i, .

Mpbr jokasbiBaeM, aro Teopust 17, siBisieTcst CIETHO KaTeropudHoil. PakTuaecKu, Mbl

IpOBepsieM, 9ITO Bee eé cuéruble Mogesu usomopdust S, . Torga Ty, mosma 1o Teo-
peme Jlocs-Boora. Tak kak Teopust Ty, Takrke MoJHA W MMeeT OONLYIO0 MOJesb ¢ 17,
TO 3TU TEOPUU COBITAJIAIOT.

MuoxkectBo akcuoMm S1-S5 sapisercsa OeckoneunbiM. Vcnosb3ysa Teopemy KoM-
MAKTHOCTH ¥ KPUTEPUIl KOHEYHON aKCUOMATU3UPYEMOCTH TEOPUHU YePe3 aKCUOMATU3HU-
PYEMOCTH JIOTIOJIHEHUS €€ KJIacca, Mbl JIOKa3bIBAEM, UTO OOONTUCH KOHEUHBIM YHCJIOM

aKCHOM HEJIb3:
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Teopema 2. Teopust Ty He siB/IsTeTCS KOHEIHO aKCHOMATU3UDYEMOI].

B mo6oit mecuérnoit MomntHOCTH (v Teopusd Ty yKe He dBJIFAETCH KATErOPUYHOI,
HocKoIbKY Mozen S, , 1 S, , He n30MOPMHBL. DTO YTBEPXK/EHUE YCUIEHO B TEOPE-
me 3. Eciin o« — GeckoHeuHbIl KapanHasl, TO Yepe3 [ () Mbl 0603HAYAEM MOIIHOCTH
MHOKECTBA BCEX KapPJMHAJOB MEHBIINX (v, & depe3 fig() MBI 0003HATAEM MOIITHOCTD
MHOXKECTBa BCeX DECKOHETHBIX KAp/INHAJIOB MEHBIINX (.

Teopema 3. Ecim o — OeckoHedHBIH Kap/JuHaJ, TO Teopusl 1y wnMeeT DPOBHO
p1 (@)#2(®) HemsoMopgHBIX Moge el MOIHOCTH « .

Pesynbrar 0 éMKOCTHOI CJI0YKHOCTH Teopuu Ty OCHOBAH Ha CJIEIYIONIEH TeopeMe:

Teopema 4. Ecir «, 3,7,0 = n, 70 B n-urpe 9pergoiixra Ha cucremax S, 3 I
S, Iosropurep nMeeT BHIUIPHIIHYIO CTPATETHIO.

Bomrpeiimnas crparerus: [loBropuresis cocTouT B Cie/lyIoneM: OH BIOMPAET UTe-
paIio TOTJa W TOJILKO TOrjia, Korga Paspyiurenb Boibupaer ureparuio. Obe cu-
CTEMBI COJICPZKAT T UTEpalvil, a KaxkKJaad U3 HUX ABJAAETCA UTepaleil 1o MEHbIICH
Mepe M Pa3IMIHBIX 371eMeHTOB. [locKo/bKy wrpa maiuTcs TOJBKO n X0moB, To Ilo-
BTOPUTEIb [IPU BBIOOPE OYEPETHOrO 3JIEMEHTA BCErJ/ia MOXKET COXPAHUTH YaCTUIHDIIN
U30MOPPU3M.

Teopema 4 1103BOJISIET CBECTH MTPOBEPKY NCTUHHOCTU (DOPMYJIBI JIUTUHBI 12 HA CUCTe-
Me &, K IpOBepKe e¢ ICTUHHOCTHU Ha KoHedHol cucreMe G,, ,,. [lockosbKy ocHOBHOE
MHOZKECTBO TIoc/iejiHedt cucrembl cojepkut O(n?) s1eMeHToB, TO MPOBEPKY UCTUHHO-
¢t (pOPMYJIBI MOXKHO BBITIOJIHUTE B IIOJIMHOMHUAJILHON maMsiTu. Tak Kak Jirodas MoJIesnb
Teopun Ty COJMEPKUT J[BA PA3TUIHBIX IJIEMEHTA, TO ITO MO3BOJISIET CBECTU K TEOPUU
Ty PSPACE-tiosinyto mpobsieMy UCTHHHOCTH Oy/1eBBIX (DOPMYJI ¢ KBAHTOPAMU, €CJIN
UHTEPIPETHPOBATH OJIMH W3 3JEMEHTOB KaK WCTUHY, a JPYroil — Kak JoxKb. VTak,
CIIPABEJIJIMBO CJICIYIONIee YTBEPK ICHUE:

Teopema 5. Teopust Ty, siBisiercst PSPACE-mosHOId.

Emgé onno ciencrsue TeopeMbl 4 — 3jleMeHTapHad SKBUBAJIEHTHOCTD cucteM &, g
u &, i GECKOHEYHBIX KapAMHAJIOB «, [3,7,0. B uacTHOCTH, 37I€MEHTapHO SKBH-
BaJICHTHBI aJiredpandecKkne CUCTEMbI CO CJISIYIOMUMI OCHOBHBIMUA MHOXKECTBaAMU: Pe-
TYJSIpHBIE S3BbIKN, KOHTEKCTHO-CBOOOIHBIE S3BIKH, PEKYPCUBHBIE SI3BIKH, PEKYPCHBHO
[EPEYUCIIUMbIE sI3BIKU, BCE A3bIKU (B HEKOTOPOM (bUKCUPOBAHHOM ajicbasure). B cuiry
JKe CUYCTHOW KATErOPUYIHOCTH TePBBbIE YeThIpe ajredpandeckue CHUCTEMBbI JTaxKe H30-

MOPGHBI.
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O ITIOPOXKJAKOITINX COBOKVYIIHOCTAX JJIA
KBA3SNMHOTI'OOBPA3UI KOMMYTATUBHBIX YHAPHBIX
AJITEBP 1N X IMTPUNJIO2KEHUMNAX
B. K. Kapramion
Boszoepadckuii 2ocydapcmeennvili couuaibHo-nedazo2udeckuli YHusepcumen,
Boszozpad
kartashovvk@yandex.ru

B paborax [1, 2| mius uccienoBanusi 6a3ucoB KBA3UTOXKJIECTB U PEIIETOK KBA3UM-
HOroOOpasuil yHapoB (T. e. ajrebp ¢ OJJHON yHAPHOU oleparyeii) 10cTaToqHo 3¢ dek-
TUBHO HCIOJIb30BAJIOCH MOHATHE (Q-KPUTUIECKOI aJIreOphI.

Koneuno-niopozx iennas anaredbpa Ha3biBaeTcsd (Q-KPpUTHIECKO, €CJIN OHA HE pa3Jia-
raercs B HOJIPSIMOE IPOU3BeIeHne COOCTBEHHBIX TOAAIre6p (T. e. mojaaredp, Hems3o-
MopdHBIX camoit asre6pe). C moMoIbio TeXHUKN (Q-KPUTHIECKUX Aaredp ObLIn pere-
HbI MHOTHE€ BOTIPOCHI, CBI3aHHBIE CO CBOICTBAMU 06a3MCOB KBA3UTOXK/IECTB U PEIIETOK
KBa3UMHOI000pa3uii yHapOB.

st cnydast yHapHBIX aaredp, CUTHATYPa KOTOPBIX COJEPKUT OoJiee OHON orepa-
1nu, B HacTosIee BpeMs (Q-KpUTHUecKrne ajredpbl He onucaHbl. [losToMy monbiTkn
peIleHns YIIOMSIHY ThIX BBIIIE BOIIPOCOB MPEIPUHUMAIOTCS, KAK IIPABUJIO, /ISl JIOCTa-
TOYHO y3KHX KJIaccos [3-5.

B nacTosiiiem coo0IeHnn B MPON3BOJILHOM KBA3UMHOTI0O00PA3NN KOMMYTaTHBHBIX
YHAPHBIX aJIre0p BBIJIEISIETCA MOAKIACC TaK Ha3biBaeMbiX NQ-KPUTHIECKHX aJireop.
DTOT KJIACC BKJIIOYAET B ceds Kitace BeeX Q-KpUTUIecKux ajaredp u, Mo3TOMY, B HEKO-
TOPBIX CITy9asix MIPEeJICTABIIET COOOI TOPOK/TAIONIYI0 COBOKYITHOCTD JJIST JIAHHOTO KBa-
3UMHOT000pa3us. DTO O3HAYAET, YTO UHPOopMaIusd o cBoiicTBaxX NQ-KpUTHIECKUX aJl-
rebp MOKeT ObITh MCIIOIL30BAHA JIJIsl UCCJIE/IOBAHNS CBOMICTB KBA3MMHOI0OOpa3Hil.

B nanrOM coobIeHnn 3Ta uaest JeMOHCTPUPYETCS JJIT KOMMYTATHBHBIX YHAPHBIX
ayiredp KOHEYHOrO THUNA, KarKjasl CBA3HAT KOMIIOHEHTa KOTODPBIX SABJIAETCH CHJIHHO
CBSABHOII (T. €. MOPOXKIAETCs JTFOOBIM CBOMM 3JIEMEHTOM ).

Takue arebpbl Ha3bIBAIOTCS SSc-aarebpamvu (sums of strongly connected algebras).
WNuTepec K HIM BO MHOTOM OOBSICHSIETCA TEM, UTO KarKJ/asi KOHeUHas ajredbpa coiep-
JKUT HEKOTOPYIO SSC-ajiredpy B KadecTBe IMOJIAJIre0PhI.

CpoiicTBa KOHTDYSHIHI SSc-ajrebp u3ydasanch paree [6].

Hanee gepes * obosHauyaeTcss CBOOOIHBIN MOHOW, CJIOB HaJ ajipaBuToM ).

Teopema 1. Cpsizaast komMmyTaTuBHast yHapHas ajireopa (A, Q) koredHoro tuia
SIBJISIETCST SSC-aJIredpoit Torjga U TOJIBKO TOIJa, KOIJ[a OHA ITPHHAJICXKHT MHOI00Dpa-
3110, OIIPENe/SIEeMOMY TOXKJIECTBOM BHJ[a WX = X JJII HEKOTOPOTo cjoBa w € 0*
coJleprKallero Bce CUrHATyPHbBIE CHMBOJIBI U3 §).

HamomunuM 7], 9ro Kitacc aaredp Ha3bIBACTCS 0000ULeHHbIM MHO2000PA3UEM, €CITH
OH 3aMKHYT OTHOCHTEHHO TOMOMOP(HBIX 00pa30B, 1oj1aaredp, KOHEUYHBIX JeKapTO-
BBIX IIPOU3BEJIEHUI U JIIOOBIX JIEKAPTOBBIX CTeleHeil ajarebp, BXOJAAIINX B HETO.

Teopema 2. Kiracc Bcex ssc-ajiredp KOHEIHOI'O THIIA SIBJISTETCST 0O0DIIEeHHBIM MHO-
roobpasuem.

CaencrBue. KoHedHbie KOMMYTATHBHBIC SSC-aJIr€OPbl KOHEIHOTO THIIA 00PAa3yIOT
1ICEBJIOMHOIr00bpasue.

Teopema 3. /s Jmoboro kBazmmuOroobpasust M ssc-ajrebp KOHEIHOTO THIIA
pemerka L,(9M) mogksasmMuoroobpasmii KBasuMHoroobpasmst N KoHedHa TOIja U
TOJILKO TOIJIa, Korja I 1MopoxKjjaeTcss KOHEIHBIM MHOXKECTBOM KOHEYHBIX ajreop.

Orcrona BBITEKAET

Teopema 4. Bcskast KoHedHAasT KOMMYTaTHBHAsI SSC-ajredpa nMeeT KOHeIHBII Oa-
3UC KBA3UTOXKJIECTB.
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MOAVJIAPHBIE NI IJVNCTPUBYTUBHBIE PEIITETKN
TOIIOJIOTU KOMMYTATUBHBIX VHAPHBIX AJITEBP
A. B. Kapramosa
Bonzoepadckuti 2ocydapecmeennviti coyuasvro-nedazo2useckut yHusepcumen,
Bonzoepad
kartashovaan@Qyandex.ru

B nanHOM cOOOITIEHNN OXapaKTEPU30BaH KJIACC BCEX KOMMYTATUBHBIX yHAPHBIX AJl-
reOp KOHEYHOTO THUIIA, PEMIETKA TOIMOJOTUl KOTOPBIX MOJIY/ISIPHA, TUCTPUOYTUBHA UIN
oynera. Onmcanbl KJIacChl BCEX MOJYJIAPHBIX W JUCTPUOYTHUBHBIX PEIIETOK, KarKast
13 KOTOPBIX M30MOp(HA peIeTKe TOIOJOTHIl HEKOTOPOW KOMMYTATHUBHON YHapHOIT
aJiredpbl KOHEYHOI'O THIIA.

AHajlorugHbIe BOIIPOCHI /I KJIacca ajredp ¢ OJHON YHAPHOI oreparueil perreHb
pamee B [1].

Pererku tomosoruii ajnrebp Apyrux curHaTyp (TPYIIbL, KOJIbIA, MOJLYJIH) Pac-
CMaTpHUBAJINCh, HAIpUMeD, B [2|-[4].

[Tox mononoezueti na anzebpe A MOHUMAETCA TOIOJIOTHSA HA €€ HOCUTEJE, OTHOCHU-
TeJIbHO KOTOPOI KaxK iast CHTHATYPHasI ollepalinsi HelpepbiBHa. Tomosioruu Ha ajrebpe
20 06pa3yIoT MOJHYIO PEIIeTKY 0 BKIoUeHH0. Byem o60o3HaqaTh ee depes ().

Yuapnas anrebpa A = (A, Q) nasbBaercs xommymamuerot, eciu fg(a) = gf(a)
Jtst ioobix f,g € 2, a € A.

Ecnu cBsaznas kommyTaTuBHas yHapHas ajaredpa 2 nMeer HAUMEHBINYIO 10 BKJIIO-
YEHUIO oA/ redpy, TO OyIeM Ha3bIBATh ee AJPoM ITOH aaredphl 1 0003HAYATDH Yepes
Kerdl.

O6o3naunM vepe3 I KIacc BCeX CBA3HBIX KOMMYTATUBHBIX YHAPHBIX ajiredop 2A =
= (A,Q) ¢ aapom, Kaxast U3 KOTOPBIX YIOBIETBOPSIET CJEIYIONIUM YCIOBUIM:

1) ana kaxgoro snementa a € A\ Ker2l muoxectso (a) \ Ker2l ognoseMeHTHO,
rie (a) — nomasrebpa aaredpsl A, HOPOXKIEHHAS JIEMEHTOM @
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2) j1st JIIOOBIX JIBYX PA3/IMYHBIX 371eMeHTOB a,b € A\ Ker2l cymecTByer orneparist
fap € Q Taxas, aro fyp(a) € Ker u f,,(b) =b.

Teopema 1. Ilycte A = (A,Q)) — npousBo/ibHAST KOMMYTATHBHASI YHADHAS AJI-
rebpa koneugnoro tumna. Torma pemerka $(21) Tormosoruii 3Toi aaredbpbl MOIy/ISIpHA B
TOM H TOJIBKO B TOM CJIydae, Korja jmbo |A| < 2, jmubo A € M.

Mg moboit yaaproit anrebpbr 2 = (A, Q) dwepes * obosHauaeTcss cBOOOTHBII
MOHOU/T CJIOB C IMOPOYKJIAIONIUM MHOXKECTBOM () OTHOCHTEIHHO KOMIIO3UITUN.

Teopema 2. Ilycrs A = (A, Q) — nponsBoJibHAsST KOMMYTATHBHASI YHADHAS AJIr€0-
pa xoreanoro tuna. Torga permerka () Tomosornii 910it aaredprl AHCTpHOY THBHA B
TOM U TOJIBKO B TOM CJIy4dae, Korja oo |A| < 2, mbo A € MM u Haiigercs: cioBo u €
€ O rakoe qro, st mobeix f € 2, b € Ker2l cupasemmmso pasercrso f(b) = u™(b)
rpu Hekotopom n € N.

Teopema 3. [Iycrp L — npousBo/ibHasT MOJIy/IsipHast pererka. Torma L mzomopg-
Ha perrerke ToroJoruii () HEKOTOpoH KOMMYTATHBHOI yHapHOI ajrebpbl A Ko-
HEeJHOI'O THIIA B TOM U TOJILKO B TOM CJIydae, Korjia L. m3oMopghHa perreTke morpyIiin
HEKOTOPOI KOHEYHOI abe/IeBOi TDYIIIIHI.

CaencrBue 1. Ilycts L — npowusBosibHast jguctpubyrtusasi pemietka. Torga L
m3omopcpra pererke rornosoruii () HEKOTOPOH KOMMYTaATHBHOH YHAPHOI ajrebpbl
2l KomedHoro Twiia B TOM H TOJBKO B TOM cJydae, Korjia L wm3zomopgra pererke
HOAI'PYHII HEKOTOPOH KOHEYHOH IIMKJINYECKOH I'DYIIIBI.

CrnencrBue 2. Ilycrty L — npowusBosibHasi jguctpubytuBHasi perierka. Torma L
nzoMopgHa perrerke rornosoruii () HEKOTOPoi KOMMYTATHBHON yHAPHOIT aareopbl
2l KoHeYHOro THIA B TOM H TOJBKO B TOM CJIydae, Korjia L m3omopgHa perrmeTke
IOJIPYIIIT HEKOTOPOH KOHEYHOH ITMKJIMIECKOH T'DYIIIbI, HOPSJIOK KOTOPOH CBODOJEH
OT KBaJIPaTOB.
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O T1-OTAEJINMMBIX HYMEPAIINAX AJITEBP C APTUHOBBIMI
PEIIIETKAMUI KOHT'PYSHIINI
H. X. KacwsimoB, A. C. Mopo3zos
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CO BCeMU HeolIpeae/IdeMbIMU IIOHATUAMNI MO2KHO O3HAKOMUTLCA B pa6OTaX P. CO—
apa [1], }O.JI. Epmosa u C. C. T'ornuaposa |2, 3|, A. 1. Manbresa [4].

Kak 06bI1HO, BCIOJLY Onpe/iejeHHast hyHKIMs, JIeHCTBYOIAs U3 MHOYKECTBA HATY-
PaJIbHBIX 9YHCEJI W B W HaA3BIBACTCA BBILH/IC.HI/HVIOI';I, €CJi CymecTByeT BbILH/IC.HHIOH_H/Iﬁ ee
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asroput™ [1]. TlogmuoxkectBo o C W HA3BIBAETCS] BBIYUCUMBIM (BBITUCIUMO TIE€PE-
YUCIIUMBIM, KOIEPEIHCIUMBIM ), €CJIH €10 XapaKTepUCTHIecKas (OyHKIMS BbIIACIIMA,
(v ecTb 06J1ACTH 3HAYEHUIN OIXOJAIIEH BHIYUCIUMON (DYHKIUI, (v SABJISETCS JIOMOJ-
HEHHEM BBIYHCIMMO TIEPEUUCTUMOTO MHOYKECTBA).

[Iycrs (A; X)) — yauBepcasbhas anrebpa sddekTuBroi curaaTypsl Y. OTobparke-
HIEe U W3 MHOXKECTBa HATYPAJIbHBIX ducesl w Ha A HasbiBaeTcs HyMmeparmeil ajrebpb
A, ecqm cymiecTByeT BBITHCIUMOE CeMeHCTBO F' BBIYMCIUMBIX (DYHKIUN, TPEICTaB-
JISTIOIIUX  Yj-orepanun ajredbpel A B Hymeparuu v, T.e. Jjisg BCSIKOI'O CHMBOJIA -
orteparuu g € ¥ aaredbpbl A paBHOMEPHO 3P HEKTUBHO HANIETCST TaKas BHITUCTIMAsT
dbyuknua f € F, aro ovx = vfT.

Hywmepanus v anrebpel A HasbiBaeTcss BHIYUCIUMON (IIO3UTUBHOl, HEraATUBHOIM),
ecm ee sapo (T.e. orHomenne skBuBasentHocT Ker v = {(z,y)|ve = vy}) Borauc-
JUMO (BBIYUCIMMO TEPEUUCTUMO, KOEPETUCIIUMO).

[Iycts 7 — sxBuBajenTHocth Ha w. l[lomvmuokectBo v C w Ha3bIBaeTcd 1)-
3aMKHYTBIM, eciii £ € o Az =y (mod ) — y € «, T.e. eciu o ABJISETCH 00bE/ -
HEHUEM TIOJXOMANINX 1)-KJIACCOB; 1)-3aMKHYTO€ MHOYKECTBO HA3BIBAETCS 1)-KOHETHBIM
(n-6eckoHEUHBIM, 7)-KOOECKOHEUHBIM ), €CJIH OHO SIBJISIETCH OObLEeJINHEHUEM KOHEYHO-
ro 4uc/Ia 1)-KJaaccoB (6€CKOHETHOTO, COOTBETCTBEHHO KOOECKOHETHOIO MHOYKECTBA, 1)-
KJIACCOB).

Hywmeparust v anre6pel A HasbiBaeTCst OTAEJIUMOl (BBIYUCIUMO OTIEJUMOI ), eciin
JUIS BCSIKOM TIAPBI YUCEST, PA3/IMYHBIX 110 Moay/aio Ker v, naiinerca Ker v-3aMKHyTOe
BBIYUCIMMO [IEPEINCINMOe (BBIYUCIUMOE) MHOXKECTBO, COJIepZKAIee B TOTHOCTH OJTHO
U3 3TUX YUCE.

OdeBUIHO, YTO COBOKYITHOCTH BBIUUCIAMO [IEPEUUCIUMBIX (BbraucjuMbix) Ker v-
3aMHYTBIX MHOYKECTB 00pa3yer 6a3y eCTeCTBEHHOI MepedIncanMoil (BBIYUCINMOI) TO-
MIOJIOT .

B pabore [5| mana ciejyromias cTpyKTypHAas XapaKTepU3alusl BbIYUCIUMO OTJIe-
JINMO HYMEPOBAHHBIX aJIre0p, MOIIePKUBAIONIAS NCKIIOUYUTETLHYIO PO HETATUBHBIX
aJIiredp ¢ TOYKU 3PEHUs BBIYUCIUMO OTJICIMMbIX: HYMEPOBaHHAs aJredpa BHIYUCIIMO
OT/IeJINMAa TOTJa U TOJIHLKO TOTJIA, KOTJIa OHAa AIIIPOKCHMUPYETCS HETaTUBHLIMU aJIreod-
pamu (IO AIIPOKCUMUPYEMOCTBIO MOHUMAETCS HAaJIMINe CeMEHCTBA Pa3 e IsiIONIInX
mopdusmos, cum. FO.JI.Eprmmos [2]. 113 sroit xapakTepusaiun BoITEKaeT (hakT HeraTuB-
HOCTHU BCSKON BBIYUCIMMO OTJACIUMO HYMEPOBAHHOM a/redphbl ¢ apTHHOBOM PEIIeTKO
KOHI'pY3HImii (jastee, jist kparkoctu, — APK-anre6psr).

Usgecrno [6], aro mymepoBaHHast agrebpa OTIeINMa TOTJA U TOJHKO TOIMA, KO-
rJa OHA AIIPOKCUMHUPYeTCst 3DMEKTUBHO OTaeuMbiMu ajirebpamu (3¢ deKTuBHY 0
orzesuMocTb cM. Takke B FO.JL.Epmios [2].

Orcrona ciemyer, 9To Beakast oTaeanMast Hymepariust APK-aarebpor sBistercst a¢-
dEKTUBHO OTIETUMOIL, T.€. AJITOPUTMUYIECKAS CJIOXKHOCTD sJIpa TaKoi HyMepaluu 3a-
BEJIOMO He BBIXOJUT 3a paMKu Kiaacca 119-muoxects. C pyToit CTOPOHBI, CyHMIECTBYIOT
oTJie/IUMbIe (J1azKe BBIYUCIUMO OTJEIUMbIe) HyMEPOBAHHbBIE AJreOpbl ¢ HETEPOBBIMU
pereTKaMu KOHIPYSHINNA, aJITOPUTMUAIECKUE CJIOKHOCTU SJIeP KOTOPBIX ITPEBOCXOJIAT
JIIOOYI0 Halepe 1 3aJaHHYO.

Takum 06pa3oM, aJIrOPUTMUYECKUE CJIOXKHOCTU SJIEP OTIETUMbIX, HO HE HEIaTHB-
ubix HyMeparmit APK-anre6p (ecsm oHE cyIiecTBYOT) MOTYT HAXOIUTHCSA TOJBKO B
OTHOCHTEILHO Y3KOM Jiuanazone Mexk ity Heratusubivu (119-) u I19-mymeparmsamu.

[Ipu sTOM, XOTS MOCTPOUTDH MPUMED OTAEJUMOI, HO HE HEraTUBHOI ajreOpbl He
[peJICTaBIIsieT Tpya (TPUBHAIBHBIN pUMep — ajrebpa IyCToi CUIHATYPBI, aJrOPHUT-
MUY€eCKHU pean3yeMas CBI3HBIM JIBOETOYNEM, B KOTOPOM OJIMH 3JIEMEHT IIPeICTaBJIeH
BBIMUC/IUMO TIEPEYHCIUMBIM HEBBIYUCIUMBIM MHOXKECTBOM, & BTOPOI — €ro JIOMOJTHEe-
HEEM), Bce m3BecTHble mpuMepbl T7-orgesmuMmbix Hymeparuit APK-anre6p okasbiBa-
JINCHh HETATUBHBIMU, YTO IPUBEJIO K BOSHUKHOBEHUIO TIPEJIITOIOKEHNST O HETATUBHOCTH
Ti-ornenumvbix mymepanuii APK-anre6p [6]. Hanpumep, npocreiiieii 6eckoHeqHOI
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T, -orpemamoit APK-asre6poit siisiercst asrebpa npemecrsoBanust P = (w;p), e
p(n+ 1) = n,p(0) = 0 (3amernm, uTo Besikast 1) -0TemMasi HyMeparysi KOHETHON
asreOpbl BBIYKUCINMA, T.e, B YACTHOCTH, HeraTHBHA). HeraTMBHBIMEU TakK:Ke sIBIAIOTCS
JII0ObIe OTJIe/IMMbIe HyMepalu noJeit [7].

Jlerko mokazaThb, 4TO BCcAKadg 1h-oTaemMas HyMmeparus aaredbpbl P dapigercsd
HeraTUuBHOM.

Teopema 1. Cywecmeyem Ty -omdesumo nymeposannas APK-anzebpa e aAcas-
rowaaca ne2amuenod.

Boutee Toro, naxe anarebpa P mMeer Takylo HyMeparuio.

OrmernM, 9o s JI000# Takoit Hymepalun v aaredpbl P umeercs BecbMa 60-
raToe CeMeiiCTBO BBIYHCIMMO MEPEIUCIUMBIX K er 1/-3aMKHYTBIX MHOXKECTB (B 4acT-
HOCTU, B COOTBETCTBYIOIILYIO TOIIOJIOTHIO BXOJUT HE TOJIBKO CEeMeHcTBO Bcex Ker v-
KOKOHEYHBIX MHOXKECTB, UTO OUYEBHUIHO, HO U IIeJIOe ceMeiicTBO K er 1V-KOOeCKOHETHBIX
MHOKeCTB). TeM He MeHee, HE CYIIECTBYET Mapbl HETPUBUAJBHBIX HEIEPECEKAIOINXCS
BBIMUC/INMO TIEPEUNCIUMBIX K er V-3aMKHYTHIX MHOYKECTB.
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O HACJIEACTBEHHO YN CTbhIX MOHOT'EHHBIX ITOJIYIPVYIIITAX
B KJIACCE ITOJIVI'PVIIII C HEHTPAJIbBHBIM NJIEMIIOTEHTOM
O. B. Kusizen
Omcxuti 20cydapemeennoiii nedazozuveckuts yrusepcumem, Omck
knyazev50@rambler.ru

B [1] nenaercst 0630p pe3yabTaToB M mpobsieM, CBA3AHHBIX C TAKUMU TTOHSTUSI-
MU JIJIsT YHUBEPCAJBHBIX ajredp Kak IIOJIHOTa, PEIyIHPOBAHHOCTD, IMPUMAPHOCTL U
gucroTa. B 9Toit pabore, B 4acTHOCTH, cTaBUTCs 3adada (mpobsema 3.17): onucamo
HACACOCMBEHHO HUCTBIE AA2e0Pbl JaHH020 MH02000pa3us aszebp. Mbl m3ydaem Ha-
CJIeJICTBEHHO YHCTBIE ITOJIYTPYIIIbI B KJIACCE MOJIYIPYII C IEeHTPAJIbHBIM HIEMIIOTEH-
toM (cm., manpumep, (2], [3]).
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Hamomuum HekoTOpbIe omnpejesreHus. [[oayrpymibl ¢ MeHTPAJIbHBIM UJIEMIIOTEH-
TOM PaCCMATPUBAIOTCS 371eCh KAaK aJiredpbl ¢ OMHAPHON acCOMaTUBHON oneparmeii —
YMHOYKEHUEM U HYJIbapHOI omeparueil — BbIJIEJICHUEM HJIEMIIOTeHTa, KOMMYTUDYTO-
IIEr0 CO BCEMU JIEMEHTAMU AJreOPhI.

I[Iycts V — wmmuoroobpasme BceX MOJYTPYIIl C MEHTPATbHBIM HIEMHOTEHTOM;
L(V) — pemerka mojmuoroodbpasuit Maoroobpasust V, X € L(V), A € V. Bamernwm,
gTo Kiacc N — BcexX MOJIyTPYII ¢ BBIJAECJIEHHBIM HysleM u Kjiacc M — Bcex MOHOU-
JIOB SIBJISIIOTCs TIOJIMHOrOOOpasusaMu MHOTooOpasust V. B masbHeileM 1o c1oBoM
"moyrpymnmna" moHnMaercs ajiredbpa m3 MHOTOOOpaszus V. EInHCTBEHHBIM KJIACCOM
X —sepbasbroit kourpysuimu p(X, A) wa noayrpynne A (p(X, A) — nanmenbinas
u3 KOHrpyHIuit Ha A, HhaKTOP-TIOJIyTPYIIIEL 10 KOTOPBIM TPUHAIEXRAT X ), SBJIsI-
FOIUMCS TIOIIOTYTPYIIION motyrpymibl A, Oymer Kjace, coaep:Kaiinii BbIIeJIeHHbBIIT
miemmnorent. O6osnavaror ero depes X(A) u HasbBaloT X— 6€p6a.AoM TIOSYIPYTI-
el A. [ogmosyrpymmy B mosyrpymnibl A Ha3bIBAIOT “wucmot B A, ecii paBeHCTBO
X(B) = X(A) N B Bbmoasiercs s aroboro aroma X u3 perrerku L(V). Eciam Bee
HO/IIIOJTY TPYIIIBI TIOJIYTPYIIIBl A ABIAIOTCH IUCTBIME, TO A HA3BIBAIOT Hacaedcmeeh-
HO YUCMOU NoAY2pYNNOU.

Yepes (a),,, 0603HAUNM MOHOTEHHYIO HOJIYTPYIILY, KOTOPbIE B KJlacce OJyTPyl
C TIEHTPAJIbHBIM MJIEMIIOTEHTOM MOYKHO 33J1aTh CJIETYIOIIIMHI KOTIPEICTAB/IEHUEM:

(@)ym = {a ] a® = a®™)

)

Y

rje m — IPOU3BEICHUE PA3JINIHBIX POCTHIX YuCes Wil m = 1.

Teopema. MonorenHast noJiyrpyiia A sIBISI€TCs HACJIEACTBEHHO YHCTOH IOJLy-
rpyIoi B Kjacce BceX MOJIYTPYII € MEHTPAJIbHBIM HIEMIIOTEHTOM TOIJia U TOJIHKO
Toryia, Korja nojayrpymina A =(a),,, -
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ABEJIEBHI TI-I'PVYIIIIBI
E. 1. Kommnannena, T. K. Y. Hryen
MIIT'Y, @Qunancoswiti ynusepcumem npu Ipasumesvcmee PO, Mockea;
Mocxoscruii 2ocydapemeennviti nedazozuveckuts yrusepcumem, Mockea
kompantseva@yandex.ru, trangnguyen.ru@gmail.com

Cornacuo [1], mogkosbiio A accoruaruBHOTO KoJblia R Ha3bBaeTCsi MeTanea-
JIOM WHJIEKCA M, €C/IU CylecTByer Takoil psag A = Ag C A} C --- C A, = R, 4ro
A; aBnsiercsa uneanom A; 1 js Beex ¢ = 0,--+ ,n — 1. AcconmaTuBHOe KOJIBIO Ha-
3BIBACTCA (PUIMAJILHBIM, €CJIM JII000H ero Meramjgean KOHEUYHOIO MHJICKCA SBJISCTCH
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nyeasioM. OunaibHble KOJIbIA U3ydaauch, Hanpumep, B [2-4] u ap. AbGesnesa rpyn-
na (G HasweBaercs 1'1-rpymmoii, eciam Jg0060e acCOMUATUBHOE KOJIBIIO C A IUTHBHOI
rpynnoit G dummanbho. [oustue T'I-rpynmb 66110 BBejIeHO B [5], Tam Ke omucaHbl
riepuoimaeckue 7' [ -rpymimbl.

Hacrosimast pabora mocBsieHa H3YyYEHUIO aJjrebpandecKu KOMITAKTHBIX 1'1-
rpymi. Abesera rpymma (G Ha3BIBAETCS AJreOpanTIecKu KOMITAKTHOMN, €C/In OHa STBJIs-
eTCs MPsIMBIM CJIAraeMbIM IPYIIIBL, JOMYCKAOIel KOMIAKTHYO Tonojoruto. B [6] mo-
Ka3aHO, 9TO KOJIbIIO Ha IIPOU3BOJILHON abeieBoil rpytiie G BKJIAJIbIBAETCS B HEKOTOPOE
aredpamvIecKn KOMITAKTHOE KOJIbII0, & UMEHHO B KOJIBIIO HA CEPBAHTHO-NHbHEKTUBHOMN
obosouke rpymibl G . [TosTomy u3ydenne Kosierl Ha ajaredpandecku KOMIIAKTHBIX IPYII-
Imax MOKeT JIaTh IOJIE3HYI0 NH(MOPMAIIIIO O CBOMCTBAX KOJIEIl ¢ IPOU3BOJILHON a/Iu-
TUBHOH I'PYNIION.

[TockoJIbKY, KakK OTMeYaJioCh BBIIIE, B KJacce MEePUOJUIECKUX abeeBbIX TPYIIII
TI-rpynisl onucanbl B [5], B maHeiiiieM Mbl pacCMaTpUBAEM TOJLKO TPYIIIIbI, HE B

ngomuecd nepuogmdeckumu. Kax ooerano, Q, Z, — rpymms! pallioHAJIbHBIX U IIEJIBIX
P-aJIMIeCKUX YUCeJI COOTBETCTBEHHO, P — MHOXKECTBO BCeX MPOCThIX uuces, Z(n) —
[UKJIMYeCKas TPYIIA MOPAIKa 7.

Crenyromast TeopeMa CBOJUT MpobJieMy onucanusi 1'[-rpymi K caydaio peryIu-
POBAHHBIX abeJIeBBIX TPYIIIL.

Teopema 1. Hepenyrnuposannasi Heriepuogndeckasi abejeBa rpyiia G sIBJIsieTCs
T -rpynmoii toryja n toapko Torga, korjga G = Q mm G = Q & [ Z(p)| npu

p€EPo

HekorpoMm Py C IP.

Teopema 2. Ilycte G — pegynupoBanHasi ajreOpamdecKu KOMIAKTHAS I'DYIIIa,
He siJIsTIOIasics: nepuogudeckoi. I'pynma G siistercss T'1 -rpynmoii Torga u TOJIBKO
Torjia, Korja GG yJIOBJIETBOpSIET OJTHOMY H3 CJICJVIOIHX YCJIOBHIL:

1) G=7,, tme p e P,

2) G=2Z,®Z(n), tze p € P, (p,n) =1, n — HarypasbHoe 4ucI0, CBOOOJHOE OT
KBa/IPATOB,
3) G =[] Z(p), rme Py — 6eckoneunoe moaMHOKeCTBO MHOXKeCTBa .
pEPo

OTMeTHM, 9TO IPU TOKA3ATETbCTBE TEOPEMBI 2 CYIIECTBEHHO MCIIOJIb3YeTCsT OInca-
HIE BCEX YMHOXKCHHI Ha PEJIYIIMPOBAHHBIX aareOpamiecKn KOMIAKTHBIX rpyiax [7],
KOTOPOE BBIABJIAET TECHYIO CBS3b MEXKIY KOJIBIEBBIMHA CTPYKTYPaMU U Oa3UCHBIMU
HOIMOJYJISIME  P-aTHIECKUX KOMIIOHEHT U MO3BOJISIET CTPOUTDH aIreOPAnvecKu KOM-
[AKTHBIE KOJIBIIA.
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HEAJIBTEPHUPYIOIIINE TAMNJIBTOHOBHI
JANOPEPEHIIMAJIBHBIE ®OPMbI XAPAKTEPUCTUKU 2
A. B. KouaparbeBa
HHI'Y um. H.U. Jlobawesckozo, Huocruii Hoszopod
alisakondr@mail.ru

CHMMeTpPHYIHBIE TaMHIBTOHOBEL (DOPMBI B Pa3JIeJIEHHBIX CTEIEHAX OBLIN BBeJie-
uol B [1]. Ho paccmarpuBaimcs To/bKO Kiaccmdeckue (OPMBI, aHAJOIHYHbBIE TEM,
KOTOPBIE COOTBETCTBYIOT IaMIJIBTOHOBBIM cylepasrebpam Jlu [2]-[3]. B pabore [4]
JIAHO MHBAPUAHTHOE OIIPeJieJieHne KOMILIEKCa CUMMeTpuieckux JuddepeHnnaabHbIX

dopm SQ. B joknajge paccMaTpuBaOTC HEAJTbTEPHUPYIONIIX MAMUIBTOHOBBIX (hOp-

Mbel w = w(0) + dp + Zbijﬂfgzmi_l)ib(?mj_l)dxidxj7 rie ¢ € m@SQ! — 1-dopua ¢

J
i<j
ko3 durmenramu B Buje MuorowneHos uz O, (F) (cm. [5|) cremenu 2 u Bbime, b;; —
9JIEMEHTBI OCHOBHOI'O TI0JIsI, M; — BBICOTA 3JIeMeHTa T;, a w(0) mpuBejcHa K KAHOHH-
JeckoMy BHy. [IpuBoIuTCSA yCioBre Ha BBICOTHI IIEPEMEHHBIX, TP KOTOPOM (opma
cBoguTes K By w = w(0). JJokasbiBaercs, 94TO €C/ii yCIOBUE HE BBIIOJIHIACTCS, TO
_ (mi-1) (2"i-1)
dopma mpuBoauTest K By w = w(0) + Z bij; T dx;dz ;. Bosee Toro, my-
1<J
TeM JAJbHEHNX yiporeHuit ¢hopma IPUBOIUTCS K BHILY:

w = dr1dza+.. .+dx2r_1dx27n—l—51d;v§2)+. . .—1—52,,_10[3:5 )+dx2,,+1+dx$)+2+. . .+dx,(12)+
(2r—1)’
+ Z (1— Ei)(aimgzml b xtd:vlda:t + 62 bix Eillﬂ_l)xtdxidxt)—l—
i=1
(2r— 1
+ Z gibix lilzﬂ_l)xtdxidxt + Zcixi:ptdmidmt.

el

3rech 1 — mesoe 9ucIIo, yaosierBopsiomniee HepaseHcTBy 0 < 7 < n/2, £, =0 wm 1,
(2r—-1)’
cymMMa Y. mieT 1o mewerTHbM mijexcam, t = min{i [i € I} u I = {i | w(0),, # 0},

riae w(0) — obparnas marpura dopmsl w(0).
Pa6ora Beinosirena nipu dpunancoBoii nopaepxkke POOU, rpant 18-01-00900/ a.
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KITACCUDPUKAIINA HEAJIBTEPHUPYIOIINX
IFTAMMNJIBTOHOBBIX AJITEBP JIN XAPAKTEPUCTUKU 2
A. B. KouaparbeBa, M. 1. Ky3HnerioB
Huotcezopodexuii 2ocydapemesernviti ynusepcumem um. H. U. Jlobavescroezo,
Huotcnuti Hoszopod
alisakondr@mail.ru, kuznets-1349Qyandex.ru

Jloka 1 mocB4IeH pa3paboTaHHON aBTOpaMH ODINEl TeOPUN HeaTbTePHUPYIONTNX
raMIJIBTOHOBBIX ajreop JIu maj mosiem xapakrepuctukn 2. Cepus raMUJIbTOHOBBIX aJl-
re6p JIu xapakrepuctuku 2 ¢ mpocTeiieit cuMMmeTpudeckoit ckookoit [lyaccona, 6bLta
nocrpoena Lei Lin [1]. Hekoropblie anre6psr sroit cepun m3omopdubl anredbpam Ka-
mianckoro Kapl [2]. OrmeruM, uro nocrpoenne puiibTpoBaHHbIX JedopManiuii rpa-
JIYUPOBAHHBIX ajredp JIu m ux peanuzaiiuii SBISETCS COCTABHON YaCTbIO TTPOOJIEMBI
KJIACCU(pUKAIIUN TPOCTHIX MOJYIAPHBIX ajredp JIu.

Heanbrepaupyionue raMu/IbTOHOBBI ajreOpbl JIu mHTECMBHO HccienoBainch D.
Leites, U. Yier, S. Bouarrouj, M. Messaoudene, P. Grozman, A. Lebedev, I.
Schepochkina B Hampasienun pacupocTpaHeHUs Wjell U METOJ0B TEOPUU Cylepali-
re6p JIu na ciayqait anredop JIu geTHON XapaKTepUCTUKU. DBBIT MOCTPOEH KOMILIEKC
cuMMeTpriecKux JnddepeHIaibHbIX (hOPM B Pa3JI€JIEHHBIX CTENEHIX, YTO IIPUBEJIO
K 0oJiee eCTeCTBEHHOMY OIIPEJIC/IEHUI0 HEeAJTHTEPHUPYIONINX TaMUJIBTOHOBBIX aJredp
JIu, mpoBejieH aHa M3 Ipa[ynpOBAHHBIX aJredp ¢ TOYKHU 3peHus mpojtosnkennit Kap-
TaHa, PACCMOTPEHbI HEKOTOpbIe ajredpel Bosmaenko (em. [3]-[5]).

ABTOpBI TIOJTyUMJIN KJIACCH(DUKAINIO I'PAJYUPOBAHHBIX HEAJIBTEPHUPYIOMNUX T'a-
MUJIBTOHOBBIX aJiredp JIu, OCHOBaHHYIO Ha MMOCTPOEHHOI TeOPUH MHBAPUAHTOB HEA b-
TEPHUPYIONUX CUMMETPUIECCKAX OMIUHENHHDBIX (POPM XapaKTEPUCTUKNA 2 OTHOCUTETh-
HO TpyIIbl aBToMopdusmoB diara. [lokazano, uro duabrpoBanubie jgedopmaliuu
IPaJIyUPOBAHHBIX HEAJbTEPHUPYIONINX TaMUJIBTOHOBBIX ayredp JIu coorBeTcTBYIOT
HeaJIbTEePHUPYIONIUM TaMUJIbTOHOBBIM (hOpMaM € IOJUHOMHUAILHBIMU KOIMDDUIINEH-
tamu. OTMeTHM, YTO KJIACCHUECKHE I'DaJIyHPOBAHHBIE TAMUJILTOHOBBI aJredpbl JIn
UMeIoT (bUILTPOBAHHBIE JedopMaIum, KOTOPbIe COOTBETCTBYIOT qud hepeHuaTbHbIM
dbopmam ¢ memosmHOMHIANBHBIME KOdbdurmentamu [6]. Bosee Toro, mokasbiBaercs,
9TO HPU JOCTATOYHO OOIIKUX YCJIOBUSIX, HAIIPUMED, KOT/1a BHICOTHI IIEPEMEHHBIX 0OJIBITIEe
1, rpaJiynpoBaHHbBIE HEAJTHLTEPHUPYIOIIIE TAMUIBTOHOBBI AJIN€OPbI ABJISIOTCS YKECTKU-
MU OTHOCHTEJIBHO (DUIHBTPOBAHHBIX JlepOpMAIliii, B OTJIMINE OT KJIACCUIECKUX Ta-
MUJIBTOHOBBIX aJiredp. /lokasbiBaeTcss MHBAPUAHTHOCTD CTAHIAPTHON MaKCUMAJILHOM
noyaareopel. Jlaercs onucanne juddeperiupoBannit 1 aBTroMopdu3MOB (HUILTPO-
BaHHBIX HeaJbTEPHUPYIOMNX IaMUJIbTOHOBBIX ajredp JIu. Bee pesynbrarsr ciipaBei-
JINBBI 3a HUCKJIOYEHHEM HEKOTOPBIX CJIyYaeB, KOIJIa YUCIO TepeMEHHBIX n = 2, 3,
win 4. B nokjaje JlaeTcsd UHBApUAHTHOE ONpejesieHrne KOMILIEKCAa CUMMETPUIECKIX
juddepeHmaababIX (OPM U OITUCAHUE €0 KOTOMOJIOTHIA.

Pabora Beinosnena mpu nogepkke PODU, rpant 18-01-00900/ a.
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Huotcnuti Hoszopod
alisakondr@mail.ru, kuznets-1349Qyandex.ru, rabiannovgorod91@gmail.com

B nacrosiee BpeMs M3BECTHO MHOYKECTBO CEPHUil MPOCTHIX ajaredp JIu maj mosiem
XapaKTePUCTUKH 2, OTJIMIHBIX OT KJIacCUIecKuX ajredop JIu u anredp Jlu kapranos-
CcKOro Turma. Tem He MeHee, MHOTME M3 HUX HUMEIOT CXOJICTBO C yYKA3aHHBIMU BBIIIE
OCHOBHBIMU KJjiaccamu aJireop JIu. Ilpu mcciienoBanum HeaabTePHUPYIOMINX T'aMUIb-
TOHOBBIX ajrebp JIu aBTopbl OOHAPYKUIU NTPOCTHIE 15-MepHbIe aJreOps! JIu, 6/u3Kue
K KJIaccmieckuM ajirebpam. B nokinaje maercs ux omnumcanwme. [lycrs P(n) — neasnb-
TEPHUPYIOIIAs TAMUJIBTOHOBA ajredpa JIu Ha/l mojileM XapaKTepUCTUKN 2, COCTOSIIAs
u3 pyuknit [aMuIpToOHa, KOTOPBIE SBIISIIOTCS MOJMHOMAME B PA3/I€/IEHHBIX CTEIIeHIX
OT TIEPEMEHHBIX I7,...,T, [0 MOJYJI0 KOHCTAaHT, co ckobkoil Ilyaccona {f, g} =
= Z?zl 0:f0:g.

B ciyuae n = 4 cymiecTByeT nmapaMeTpudecKoe ceMeifcTBO MPOCTHIX ajredp Jlu,
aHAJIOMMIHOE U3BeCTHOMY ceMeiicTBy anrebp Kana-Kocrpukuna L(e) xapakrepucru-
ku 3. Honoxxum w; = 425, 2 = x?) + ..+ xf). [ycrs (a, b) € P' — Touxa
IPOEKTUBHOI Tpsimoii. Asrebpa Jlu P(4) comepKuT HOBOe MapaMeTpudecKoe ceMeii-
CTBO MPOCTBIX TPAJyHpPOBAHHBIX 15-MepHbIX momaaredp L(a, b) = L_y + Lo + Ly,
L1 =< L1yeoo, Ty >, Ly =< TiZj, 1 7é 7>+ <z >, L, =< azxi+bwi, 1=
=1, 2, 3, 4 > . D1u anreOpbl dABJIAIOTCA HOBBIME, 10 KpaiiHeil Mepe, B KJiacce
MPOCTHIX T'PAJLYUPOBAHHBIX ajreop JIu.

Pa6ora Beinosiaena nipu nojyiep:kke PODU, rpant 18-01-00900/ a.
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Kasancruti ([pusonsiceruii) gedepanvrondi yrusepcumem, Kazanw
Natalia. Korneeva@kpfu.ru

B [1] 6b11a pacemorpena 3aada mpedUKCHO peasn3yeMOCTH JJIs CBEPXCJI0Ba U
BBEJIEHO MOHATHE MPe(UKCHON Pa3permMoCT CBEPXCIOBa OTHOCUTEILHO KIacca pe-
I'YJISIPHBIX SI3BIKOB. B gaHHoil paboTe aHAJIOrHYHOE IMOHATHE BBOIUTCS U MCCJIELyeTCs
JUUTsT KJTacCca KOHTEKCTHO-CBOOOJIHBIX SI3BIKOB M HEKOTOPBIX €r'0 IOJIKJIACCOB.

KoHTeKCTHO-CBODOIHBIE SA3BIKKM — 9TO A3BIKH, 3a/laBaeMble KOHTEKCTHO-CBOOOIHOM
IPAMMATHKON, WM, 9TO SKBHUBAJEHTHO, I3bIKH, PACIIO3HaBaeMble HeJIeTePMUHUPO-
BaHHBIMU aBTOMaTaMu ¢ MarasuaHoil mamsaTeio (MIl-aBromaramu). B cayaae MII-
aBTOMAaTOB KJIACChl PACIIO3HABAEMBIX SI3BIKOB PA3JINYHbBI I HEJIeTEPMUHIPOBAHHOIO
U JIeTePMUHIPOBAHHOTO CjIydasi. B JeTepMUHUPOBAHHOM CJIydae TaKzKe Pa3IndatoTcs
KJIACCHI PaCIO3HABAEMBIX SI3BIKOB II0 JIOIYCKAIOIEMY COCTOSHUIO M IIyCTOMY Mara-
suny. Obo3HaunM 1depe3 Ler — KIaCC KOHTEKCTHO-CBOOOIHBIX SI3BIKOB, Lag 1 Lyg —
KJIACCHI SI3BIKOB, PaCliO3HaBaeMbIX JerepMuHIpoBaHHbIMU MII-aBToOMaTamu 1o jgormyc-
KaIOIIEMYy COCTOSHHIO M IIyCTOMY Mara3uHy COOTBETCTBEHHO, L — KJIACC PEryJIsspHbIX
s13b1K0B. U3BectHO, ut0 L C Las C Ler u Lys C Ler [2].

CeepxciioBo HasbiBaercss L-npepurcro paspewumvim (tne L=Ler, Las, Lns
wim Lg), eciu jijist Jo60ro si3bika u3 £ MOXKHO OIPEJIEIUTh, CYIIeCTBYeT Jin peduKe
CBEPXCJIOBA, MMPUHAJIEXKAIINN 3TOMY sI3bIKYy. B ciiydae L = Lr — 3TO onpejiesieHne
npeduKCHOi paspermumoct u3 [1].

[TockoIbKYy KasKJIOMy M3 YKa3aHHBIX KJIACCOB SI3BIKOB COOTBETCTBYET HEKOTOPBIN
KJIACC aBTOMATOB, TO MOYKHO C(HOPMYJIMPOBATH OIPE/IEICHIE CJIEIYIOINUM 00pa30M:
cBepxcyioBo L-npedukcHo paspermmo (tae L=Ler, Las win Lyg), €cin 1o Jxo-
6omy MIl-aBromary (HeaeTepMUHUPOBAHHOMY,/ JIE€TEPMUHUPOBAHHOMY, PACIIO3HAIO-
MIEMY SI3bIK [0 JIOIYCKAIOIIEMY COCTOSIHUIO/ JeTePMUHUPOBAHHOMY, PACIO3HAIOIIE-
My sI3BIK TI0 IIYCTOMY Mara3uHy) MOYKHO OIPEJIEIUTh, MPOXOJUT JIU OH IPU UTEHUN
CBEPXCJIOBA 1Yepe3 JIOIYCKAloIee COCTOsIHIE (B TPeTheM CJIydae — OIyCTOIIAeT JIU OH
Marasu). AHAJIOruIHO s ciaydast Lr.

B nannoit paboTe Moy deHbl COOTHOIIEHUST MEXK/ 1y BOSHUKAIOIIMMI KJIACCAMHU ITPe-
(PUKCHO paspermMbIX CBEPXCJIOB JJIs YKA3aHHBIX BBIIIE KJIACCOB S3bIKOB:

Teopema 1. /151 cBepxcioBa T cjemyroue yCJa0BHS SKBUBAJICHTHDI:

1) x — LerF-1pecpuKCcHO pas3perumo,

2) x — L ag-IpehuKCHO pa3pemmmo,

3) © — Lng-IPehUKCHO paspermmo.

Teopema 2. CymecrByer L g-1IpepuKCHO pa3pernnMoe CBEPXCI0BO X, KOTOPOe He
sBiisiercst Ler -IMIPEPUKCHO PA3PEITHMO.

Takxke JoKa3aHa 3aMKHYTOCTh YKa3aHHBIX KJIACCOB CBEPXCJIOB OTHOCUTETHHO aB-
TOMATHBIX IIPeOOpPa30BaHUil, OIpee/geMbIX IIPU IIOMOIINM KOHEYHBIX aCHHXPOHHBIX
aBTOMATOB, 3HAYUT, B YACTHOCTH, W OTHOCHTEJHLHO aBTOMATHBIX PeoOpa3oBaHMUii,
OTIpe Ie/IsTeMbIX KOHEIHBIMI aBToMaTaMu Mun.

Teopema 3. Ilycrs (S,%,Y,0,w,Sy) — KOHEUHBII HHUIIHATBHBIH ACHHXPOHHBII
apromar, ¥ € 1° — L-npecpukcuo paspeninmoe cBepxciioBo (riae L=Ler, Las, Lys,
Lr). Torma w(sg,z) € (X)*° — L-npedpurcHO paspentnmoe cBepXCIOBO.

Pa6ora Beimosaena npu dunancosoii nopaepkke PODU (mpoext Ne 18-31-00420
MOJI_a).
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IMTPOEKTUPOBAHUA ITOJIYVJIOKAJIBHBIX KOJIEIL
C. C. KopobkoB
Ypanrvckuil 2ocydapemeennoiti nedazozuveckut yrusepcumem, Erxamepunbype
ser1948Q@gmail.com

Paccmarpusatotest acconpaTupible Kosiblia. [lyers M, (GF(pF)) — kombio Beex
KBa/IPATHBIX MATPHIL OPsIIKa 1. Ha| KoHeuHbiM nosiem G F(p*), tae n, k — narypais-
Hble dncia, p — npocroe unciao. Cuenys [1, crp. 82|, HazoBeM KoHeYHOE KOJIBIO R ¢
eJTMHUATICH NOAYAOKAALHOLM (NpUMapHvim) Kombiom, ecma R/Rad R = M, (GF(p*)). B
YaCTHOCTH, JIF0O0e KOHEYHOE JIOKAJIBHOE KOJIBIIO ABJIAETCA MOJIyIOKaJIbHbIM. [losryto-
KaJIbHbIE KOJIbIa UTPAIOT BaXKHYIO POJIb B T€OPUU KOHEUHBIX KoJiet. CoryiacHo |2, .
IV, Teopema 3| KoHedHOE KOJIBIIO R € eJIUMHHIEH TOTJa W TOJBKO TOTJA SBJISETCS
HOJTYJIOKATBHBIM KOJIbIIOM, Koria R = M, (K), rue K — J0KaabHOE KOJIBIIO.

O6o3HaIMM PEIméTKY Beex mojKoJer kosbia R depes L(R). /IBa kosnbia R u R’
HA30BEM PEWEMOUHO USOMOPPHHOIMU, eci H30MOPGhHBI uX permérku mojaxoser L(R)
u L(R'). Pemérounsiit msomopbusm L(R) = L(R') obosnaunm OykBoil ¢ n Oymem
HA3LIBATH IIPOEKTUPOBAHKEM KOJbla R Ha Koablo R, a xosubno R nepeobosnadnm
Kak R?.

[Iycts R — moJIyJIOKaIbHOE KOJIBIO U (0 — PEIIETOIHBIN m30MOphu3M KoJiblia R
Ha KoJIbIo R7. Boigcugercs ciepyromnuii

Bonpoc: Ilpu kakux ycj0BHSIX KOJIBIO, PEMETOYHO H30MOPDHOE MTOJIYI0KAIBHO-
MY KOJIBILY, TaK>Ke SIBJISIETCS IOJIYI0KAIBHBIM KOJIBIIOM !

Kobiia, pemérouno n3oMopdHbIe JTOKAJIbHBIM KOJIbIIaM, He BCErJIa SIBJISAIOTCS JIO-
KaJIbHBIME. [[POEKTUPOBAHUS JIOKAJILHBIX KOJIEI, PACCMATPUBAINCH B paborax [3|- [6].
B Hux mpuBemeHbl HOCTATOUYHBIE YCJIOBHSI JJIsI TOrO, 9TOOBI CBOMCTBO KOJIBIA OBITH
JIOKAJIbHBIM, COXPAHSIOCh IIPU IPOEKTUPOBaHUAX. B dacTHOCTH, JOKA3aHO, YTO €CJII
JIOKAJIbHOE KOJIbIIO R He sBJIsieTcs 110JIeM U UMeeT HerpocToe noJie BerderoB R/Rad R,
TO KOJIbIIO R¥ Oymer JoKaabHBIM KOJIBIIOM. Kpome Toro, omnmcaHbl KOJIbIA, HE SBJIs-
FOIUECsT JIOKAJTBHBIMHI, HO PEMETOTHO N30MOPQHBIE JIOKATBHBIM KOJbIaM. [lomyden-
HbI€ PE3YJIbTaThI ITO3BOJISIOT IIEPEHTH K U3YYEHUIO TPOCKTUPOBAHUI 10Ty IOKAIHHBIX
KOJIEIl, He SIBJIAIOIINXCS JOKAJIbHBIMU KOJIbIIAMU. Pemérodnbie n30MOPGU3MbI MaT-
PUYHBIX KOJIEIl, pACCMaTpPUBAEMbIX HaJ PA3HBIMU TUIIAME KoJier ['arya, nu3ydaanch B
paborax [7| u [8]. U3 pe3yabraToB 3TuxX paboT BHITEKAET PENIETOYHAS OIPEIE/ISIEMOCTD
kombiia Matputi, M, (GR(p*,m)) mpu n>1, k>1, m>1.

B citenyrornieit TeopemMe nepevuncisiioTes CBOMCTBA KOJIEIT, COXPaHIONINECs ITPHU ITPO-
EeKTHPOBAHUSIX ITOJIYJIOKAJIBHBIX KOJIEIl U JAaETCsl OTBET Ha IIOCTABJIEHHBIN BOIIPOC.

Teopema. I[lyctb R = M, (K), rme n > 1, K — KoHEYHOE JIOKAJTBHOE KOJIBIIO.
Ilycts ¢ — mpoekTupoBanne Kobita R #Ha xosabrio RY. Torna konbrno RY saBisercs
IIOJTYJIOKAIBHBIM KOJIBIIOM U IPH 3TOM CIPABEIIHBBI CJCAYIOIINE Y TBEPIKICHHS:

1) (e)? = (€¢/), nae e u € — equnuannie sementsl Kouer; R n R? coorBercTBeHHO;

2) char R? = char R;

3) R* = M, (K"), rne K' — KoHedHOe JIOKAJIbHOE KOJIBIIO;
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4) |K'| = |K|;

5) (Rad R)® = Rad R¥;

6) R¥/Rad R = R/Rad R;

7) |R?| = |R];

8) R? = R, ecim K — kosbro Tagya.
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CEMAHTUYECKOE OIIMCAHME ITOJIHBIX IIO II.C. HOBUKOBY
PACIHIIMPEHUUN CYIIEPUHTYUIIMOHNCTCKOUM JIOTUKHN L3 B
A3BIKE C HECKOJIBKNMUM JOITOJIHUTEJIbHBIMUA
KOHCTAHTAMMUA
A. K. KorireeBa
Yomypmexuti 2ocydapemeennviti yrusepcumem, Hocesck
kannakst@mail.ru

[Iycte F'm — MHOXKeCTBO (pOPMYJI CTAHIAPTHOIO MIPOMO3UITNOHAIBLHOTO ST3bIKA.

Cynepunmyuyuorucmckot (c.u.) 102ukol Ha3bIBAeTCs MPOU3BOJLHOE MOJIMHO-
xkectBo L C F'm, BKIIOYamoIee WHTYUITUOHUCTCKYIO MPOIO3UIINOHAIBHYIO JIOTHKY
Int w 3aMKHYTOE OTHOCUTEIBHO MpaBuyi modus ponens u MOJICTAHOBKN.

JlobaBuM K 43bIKYy HaOOp JOMOJHUTEIbHBIX JIOTUIECKUX KOHCTAHT P =
={@1,92, ..., Pn}, HOIyIUM MHOKECTBO F'm(P) HopMysT paciMpenHoro si3bika; mpu
3roM (HOpMYJIbI U3 F'm HA30BEM “UCTOLMU.
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Henvim coommowenuem s KOHCmManmoL p; HazsoBeM (GOPMYILY BUIa @; <> B, rje
noadopmMyna B He comepKuT ; (HO MOXKET COJepkKaTh KOHCTAHTBI, OTIMIHBIE OT
i)

ITodcmanosxot na F'm(p) naspiBaercs orobpaxkenue s: Fm(p) — Fm(p), co-
XPAHSIONIee KOHCTAHTHI U COTJIACOBAHHOE CO CTAHIAPTHBIMU JIOTHICCKUMU CBSI3KAMUI.

Crnenys JI.I1. Ckeoprioy [1], HazoBeM @ -sao02ukoli MHOKeCTBO L HOpPMYJT paciim-
PEHHOTO S3bIKa, BKJIIOYaoIee Int 1 3aMKHYTOe OTHOCUTETHLHO MTPaBI modus ponens
U TIOJICTAHOBKH.

©-Jlozuka L Ha3BIBACTCI KOHCEPBAMUBHBIM PACWUPEHUEM C.U. JOTUKKN L, ecin
L C L u jpns Bestkoii uncroii popmysibl A u3 toro, uro A € L cienyer A € L.

[TpobGiema HOBBIX OJIHOMECTHBIX CBSI30K B C.U. JlorukKax Oblia mocrasiena 11.C. Ho-
BUKOBBIM 1 BriepBble cchopmysmposana B ctarbe f1.C. Cmerannya [2].

[Moaxos I1.C. HoBukoBa ajiantupoBaHt K Sg3bIKY C JIOTIOJTHATEIHHBIMA KOHCTAHTAMM
B pabore A 1. dmuna [3]: P-yoruka L onpedeasiem Hovie He3a8UCUMBLE LO2UMECKUE
Koncmanwmor 6 L, eciiu L KoHcepBaTUBHA HaJT L ¥ 115t JIFOOOTO STBHOTO COOTHOIICHUST
pi<>B  p-noruka L+p;<> B sBiseTcst HEKOHCePBATUBHOMN Has L (ApyruMu cioBaMu,
L ne donycraem npucoedunHenus HIKAKUX BHBIX COOTHOIIEHUIH).

©-Jloeuxa L nazwiBaercs noanvm no 11.C. Hosukosy pacwupenuem c.u. JOTUKA
L, ecim L xoncepsarusra Hajx L u s moboit popmynst A € F'm(p)\ L @-nornka
L + A nexkoncepsarusHa HaJ L (To ectb L He JIONYCKAeT MPUCOEMHEHUS HUKAKOIL
HOBOI (hOpMYJIBI).

[Tox npobaemoti 11.C. Hosukosa das L OHMMAETCS OIMUCAHIE KJIACCA BCEX MOJTHBIX
1o HoBUKOBY KOHCEpBATUBHBIX pACIHIUpeHuit joruku L.

B nannoit pabore npobsiema HoBukoBa paccmaTpuBaercsi IPUMEHUTETHHO K C.H.
noruke L3, Koropast cormacHo 4] xapakrepusyercs kiraccom D = {D,, | n € w}, rue
D,, — konednas KOpHeBas IMKaJIa BHICOTHI 3 ¢ HAUOOJIBINUM 3JIEMEHTOM U 7. TOYKAMHI
B «cpejHeM cyioe» — datimond (B pabore [5]| TepMuHY «IaifiMOH/I» COOTBETCTBYET
TepMUH «0J1ay ). B jtoruky L3 BKjtoUeHbI (POPMYJIB JIOTUKH [Nt , a Takzke (hOpMYJIbl
bds = p1V (p1— (p2V (p2 = (p3V =p3)))) m ke = —pV ==p.

B pabore [6] paccmorpena npobiema I1.C. HoBukoBa mpuMEHUTETHHO K HOBBIM
KOHCTaHTaM B IPEATa0JIMIHBIX CYHEPUHTYUIMOHUCTCKUX Jiorukax LC (joruka Ko-
HEYHBIX Tereit, joruka Jammera), L2 (ormka KOPHEBBIX ITKAJI TIyOUHbI 2 (BeepoB),
sKkBUBaJeHTHA Joruke LP; [7]), L3 (7ormka KOPHEBBIX MIKaJ TIyOHHBI 3 ¢ HAKOOJIb-
UM 3JIEMEHTOM (JaiiMOH/IOB), sKBUBajieHTHA Joruke LQ3 [7]). Tomyueno ucuepiibi-
BaloIllee ONUCAHME ceMeiicTBa BceX TOHBIX 110 HoBUKOBY pacmmpeHuit KaxkKjaoir u3
npeTab/JnIHbIX C. WM. JIOTUK B A3bIKE ¢ HECKOJbKUMHU JIOMOJTHUTEIHHBIMUA KOHCTAHTA-
mu: it LC u L2 cemaHTHYecKOe OnucaHue Beex MoJHbIX 110 HoBUKOBY paciimpenuit
JIAHO B TEPMUHAX KJIACCOB KOHEUHBIX Tiereil ¢ packpackoil ( LC') n KOHEYHBIX BEEPOB
¢ packpackoii (L2); miasg L3 nomobHoe omucanue TaHO JJIst CIydasi OJHON KOHCTAHTHI.

B [8] mana kimaccudukanus cemeiictsa nosHbix no HosukoBy pacimpenuii L3 B
sI3bIKE C JIByMsI KOHCTAHTAMM U HAMETKH JIOKA3aTE/ILCTBA JIJId CAydas N KOHCTAHT.

JlanHoit paboToit MBI 3aBepIaeM KIacCH(pUKAIIIO ceMeiicTBa MOoHBIX 110 HoBrKO-
BY PACIIUPEHUI KaxKJI0# U3 MPeATabInIHbIX JIOTHK B A3bIKE C N JOMOJHUTETbHBIMI
KOHCTaHTaMu. Pe3ysibrarsl, mosyuennbie B [6], [8] mepenecensr Ha cirydaii n KOHCTAHT
B c.u. jioruke L3.
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ITOJIVIIOJIEBBIE IIJIOCKOCTU, JOITYCKAKIIUE ITOATPVYIIITY
ABTOTOIIN3MOB, NTSOMOP®HVYHRO Qg
O. B. KpasBriioBa
Cubupcruti gedeparvroili yrusepcumem, Kpacroapcrk

ol71@bk.ru

[TostymiosieBast MpoeKTUBHAS IJIOCKOCTD SBJISETC TJIOCKOCTbIO TPAHC/IATUN U J1y-
aJIbHA TJIOCKOCTH TpaHc/siuit. OHa KOOPAUHATH3UPYETCS MOJIYIIOEM, T. €. aaredpa-
UYECKOHN CUCTEeMOM, yIOBJIETBOPAIONIECH aKCUOMaM TeJla, 38 UCKJIIYeHueM, BO3MOXKHO,
aCcCOIMAaTUBHOCTH YMHOXKeHUs. VI3BecTHas TUnoresa o pa3penrmMOCTH TOTHOM I'PYIIIIBI
aBTOMOP(U3MOB BCSIKOl ITOJIYIIOIEBO# HeJ1e3aproBOii IIJIOCKOCTH KOHEYHOI'O IOPSIIKA
( [1], em. Takzxke [2], Borrpoc 11.76, 1990 1.) He mMeeT OMPOBEPraOIINX KOHTPIPUMEDOB,
HO JIO CHX IIOP He TOJIydmjIa OOIIEero mojaxo/a K JoKa3aTeabcTBy. [Ipobiema peyu-
pyeTcst K JIOKa3aTeIbCTBY Pa3pEelIuMOCTH TPYIIILl aBTOTONU3MOB (aBTOMOPQU3MOB,
(bUKCHPYIOMUX TPEYTOJBHUK) B CIydae, KOIJA 9Ta IPYIIa UMeET YeTHBIH MOPSIOK.
O6cy:k1as TUIOTE3y Pa3pelrMOCTH, IpejiaraeM PacCMOTPeTh OJIYIIOJIEBbIe TII0C-
KOCTH, T'PYIIIa aBTOTOIM3MOB KOTOPBIX UMEET IOATPYIIILY, N30MOPMQHYIO IpyIie KBa-
TEPHUOHOB (Jg, MCIIOJIL3YsT METO/I, OIMCAHHBIN B [3].

Teopema. IlycTs T — oJIyTIOIEBas IJIOCKOCTE T ITOpsiKa ' , JOIyCcKaloImast moJ-
rpynmy aBrotonu3MoB H |, m3oMopHYO rpymme KBaTepHHOHOB (g, p > 2 — mpocToe
yncio, p — 1 aemnrcs na 4. Torna N = 2n > 2, uaposrornust B H sBjseTcss roMoJto-
rueii ¢ oceio [oo] u gerrpom (0,0). Basuc JiHHEHHOro0 IPOCTPAHCTBA HaL L, MOMXKET
OBITH BBIODAH TaK, 9TO PEryJISIPHOE MHOXKECTBO IIJIOCKOCTH T COCTOHUT U3 MaTPHI] BHA

o(V,U) = m‘(/U) f(&/)) ,me Ve Q, U € K, Q u K aBiasiorcss peryaspHbIMI
muokecrBamu B G L, (p) U{0}. Amanrusabie 6nexmun m : K — K u f: Q — Q He
TOXKJIECTBEHHBI U MHBOJIIOTUBHBIL. II710CKOCTH T J0IyCKaeT 63POBCKYI0 HHBOJIIOIHIO,
KOOPAHHATH3UPYIOIIEE MOIYII0 Ie JA0IYCKACT aBTOMOP(HU3M MOpsIKa 2.
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[Toay4yeno MaTpuIHOE IPEJCTABICHNAE PErYIAPHOrO MHOKECTBA U IIOAIPYIbl H .
[TocTpoens! Bece Hem3oMopdhHBIE TIOYIIOIeBbIe IJIOCKOCTH TTopsaakos 5 u 13* onmcan-
Horo Busia. [lokazano, 4To MmoJryroJiesas II0CcKocThb nopsaka pt, 4|p—1, ne jomnyckaer
SL(2,5) B rpyIie aBTOTONN3MOB.

UccnenoBanue BuimoHeHo npu dpunancoBoii nojepxkke PODU B pamkax nayd-
Horo mpoekTa Ne 19-01-0056 A.
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OB SPEH®OMNXTOBOCTU P-KOMBUHAIINU

VIIOPAIOYEHHBIX TEOPUI
B. I1I. Kynanemos, C. B. CymomiaToB
Meotcdynapodnoiti yrusepcumem uHGopMayuoHHuT mexnonoeut, Unemumym
MAMEMAMUKY, U MAMEMAMUYECK020 Modeauposanus Aamamos (Kazaxcman);
Hremumym mamemamuxyu um. C.JI. Coboresa CO PAH, Hosocubupckudi
2ocydapcmeennoili mernuveckut yHusepcumem, Hosocubupckuil zocydapemeermiil
yrusepcumem, Hosocubupcek (Poccus)
b.kulpeshov@iitu.kz, sudoplat@math.nsc.ru

B cepun pabor [1]- [8] usywanucs cBoiictBa KoMOuHanuit Teopuit. B Hacrosiem
JIOKJIaJIe Mbl HcCJejlyeM [P -KOMOMHAIMU YIIOPSIIOYUEHHBIX TEOpHil U HAaXOIUM HeoO-
XOJIUMbIE ¥ JIOCTATOYHBIE YCJIOBUsT IPEH(MONXTOBOCTH i P -KOMOUHAIME CYETHOTO
YHUCJIa JTMHEHHO YIIOPSIIOYEHHBIX CTPYKTYP.

Ecmm (My, < 1) u (M, < 9) — JuHEHHbIE TIOPSIKIE, TO UX AUHETHO YNopAadowenHas
HENEPECEKAOULAACA KoMOUNaUuA (TN Konkamenayus), obosHadaeMas depe3 M +
+ My, ectb smHeitnbiit opsiiok (M U Ms, <), tiae a < b < ([a,b € My Aa < 1b] nim
[a,be Mz/\a,<2b] nia [a e My NbE MQ])

[Iycrs M; := (M;; < ap,, %) — JUHEHHO yIIOpsIOYeHHAsT CTPYKTYPa, JJTsT KazKJI0r0
i € w. byznem obosnadars yepes M’ JMHEHHO YIOPSIOUYEHHYIO HEePeCceKatoIyocs
P-xombunanmio crpyktyp M;, i € w, B a3pike {<, %, Pl}ic,, ne X = Ui, X, u
yHuBepcyMoM Kombuuanun apigerca |J,o, M;; Pi(M') = M; ana xaxjoro i € w;
mmbo P,(M') < P, (M'), mb6o P,,(M') < Py(M') nasa mobsix k,m € w ¢ ycaoBueMm
k # m. s onpeieieHHOCTH MbI OyJIeM CYUTaTh YTO KaxKasi CTpykTypa M; BMecTe
€O CBOEli CUrHATYpOH BXOJUT B P-KOMOUHAIMIO €MHCTBEHHBIM 00pa30M, a MMEHHO,
KasKJIblit cuMBOsI S (KpOMe CHMBOJIA OTHOIIEHNUST TIOPSIJIKA) CUTHATYPBI Y; CTPYKTYPHbI
M; tosydaeT BEpXHUN MHJIEKC ¢ B CUTHATYpPE X Jijisd P-KoMOMHAIINM, 1 UMEeT MECTO
cieIyonee:

(a) U1 KazKI0r0 MPEJINKATHOTO M-apHOTO CHMBOJIA S CHTHATYDBI Y;

M' Vo . Vo, [S' (21, ... xa) = Ny Pi(x;)];
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(b) mist KaxK0r0 (byHKIMOHAIBHOIO 1M -apPHOTO CUMBOJIA [ CHUIHATYDPbI i,
M' Vo . Ve[ 3eme [ (21, ) = T — AT Pi(a)];

(¢) 11 Kazk10ro KOHCTAHTHOTO CUMBOJIA ¢ CHTHATYPBI X; Mbl umeem M’ = P;(c?).

Takum 0OpasoM, He CyIIECTBYET COBIAJAONINX OTHOIIEHUH (KpOMe OTHOIIEHWsT
nopsijika) u QyHKIui, JeficTBYIONNX B PasHBIX [-IpejuKaTax.

st m06bIX 4, j € w P -unmepeaaom Ha3bIBACTCS CIIELYIOIIee MHOXKECTBO

(P, Pj) = { P | P(M') < Pe(M") < P;(M")}.

Amnajormaao MbI MOXeM oupenesnuts P-unrepsanst (P, P, [P, P;), [P, P;]. Ec-
au M’ He uMmeer HauMeHbIIEro P-mipenKaTa, TO Mbl MOYKEM OIPEJIEIUTEL P -HTepBa
(00, Fj), rae

(00, Pj) == { Py | Pu(M") < P;(M")}.

PaccmarpuBas npeaukarsl P; BMecTo 371eMeHTOB B M| 3aMedaeM, 9TO ceueHus B
M’ zamensiiorcs P -cevwenusmu, cocroamumu u3 pasbuennit (P, P') MHOKeCTBa Beex
peuKaToB P ¢ ycjaoBusMu P, 5(M') < Po(M') nna P; € P u P, € P'. Mbr Takxe
JIOIyCKaeM BO3MOZKHOCTB [1jist P =0 wm P = (), 3amenss unrepsasst (Pj, Py)
nocpeIcTBOM (—00, Py) nmn (P, 00) COOTBETCTBEHHO.

Bynewm rosoputh, uto P-cevenusi C; u Co SABIAIOTCA 0PMO20HAAOHLMU, €CJIA OHU
peaM3yroTes He3aBUCUMO JIPYT OT JAPYTa.

Hnst P-ceuennss C = (P, P’) 4ucjio monapHo Hen30MOP(MHBIX CUETHBIX MOjesied
reopun Th(M'), B koropeix peanusyercs C, a Bce P-cedeHust, sBJISIONMECS] OPTOrO-
HaJIbHBIMU cedennto C, He peaausyroTcs, Has3biBaeTcs C -cnexmpom.

HanomuuM, 9TO 110JIHAst CUETHAasd T€OPHsl Ha3bIBAETCS IPeHPolirmoesoti, ecim oHa
He ABJISETCA CUeTHO-KATErOPUIHON U MMEET JIMIIb KOHEUYHOE YHCJIO IIONAPHO HEn30-
MOP(MHBIX CYETHBIX MOJIEJIEH.

Criestyrolnast Teopema siBJIeTCst KpurepueM 3peH(OoixToBoCTH Jisa P -KoMOuHAIN
CYETHOTO YMCJIa CUETHO-KATETOPUIHLIX JUHEHHO YIOPAI0YEHHBIX CTPYKTYP.

Teopema 1. Ilycte M; — cyerHO-KaTErOpHIHAas JTUHEHHO YIOPSIOYEHHAS CTPYK-
Typa JUIS Kaxkaoro i € w, M' — jmmeiino ynopsiodennasi Herepecekaromasicss P -
kombunanust srux crpykryp. Torga Th(M') spendoiixroBa Torjga u TOJIbBKO TOIJA,
KoOIJla He CyIecTByeT 6ecKoHedHoro pasbmenuss M' na 6eckoneunble P-mHTEpBAaJIbI,
n C-crleKTp KoHedeH Jist Kaxkaoro P-ceuenns C.

BemoMuuM, 9TO TIOIAMHOXKECTBO A JIMHEHHO yHOPSIIOUeHHON CTPYKTYphl M sABJIst-
ercst GuNYKAbLM, €CIH s JTo0bIX a,b € A u ¢ € M Beakuii pas xorga a < ¢ < b
Mbl uMeeM ¢ € A. Caabo o-munumarorotlc cmpykmypoti Ha3bIBAETCs JIMHEHHO YIIOPS-
novennasi crpykrypa M = (M,=,<,...) Takasg, 4rto Jroboe onpejeanMoe (¢ napa-
MeTpaMu) TOJMHOKECTBO CTPYKTYPbl M dABJISI€TCsS 00bEMHEHINEM KOHETHOIO IHCIIA
BBIIYKJIBIX MHOKeCTB M .

B cienytomux onpenenennax M — nuHeRHO yropsgodeHHas crpykrypa, A C M,
M — |A|"-nacbienna, p,q € S1(A) — neasrebpandeckue. Mbl TOBOPUM, 4TO THUIL P
caabo opmozonanen tutty q (p LY q), eciu p(x) U g(y) nMeeT eIMHCTBEHHOE PACIITH-
penue 10 mosiHOTO 2-Tuta Hajg A. Mer roopum [9], aTo THI p 6noane opmozonanen
tuity g (p L9 q), ecm me cymecrsyer A-onpenenumoit 6uekiun f 2 p(M) — q(M).
MpbI rOBOpHM, 9TO €J1a00 O-MUHUMAJIbHAS TEOPUS ABJIACTCA 6NOAHE O-MUHUMANLHOT,
€CJIN TTOHATHUS CabON ¥ BIIOJHE OPTOMOHAJIBHOCTH 1-THUIIOB COBIAIAIOT.

Teopema 2. [Iycts M; — cuerHO-KaTeropuIHasi BIIOJIHE O-MHUHHMAJIbHAS CTPYKTY-
pa, He HMeIoIIast IePBOro (IIOCIEJHEr0) 3JIeMeHTa, JJIsT KaxK[0ro i € w, M’ — juHeiino
YVIHopsiToUeHHasI HerlepeceKarorasicst P -koMOunarmss 3rux CTPYKTYP. Torma Th(M’)
BITOJIHE O-MUHUMAJIbHA <> M SIBISIeTCs MJIOTHOM JIJIsT MOYTH BCeX | € w (T. e. KpoMe
KOHEYHOro 4ncjia ctpykryp B M’ ).
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Teopema 3. Ilyctb M — cderHO-KaTeropudHasl BIOJIHE O-MHHUMAJbHAS CTPYK-
typa, M' — jmHeiiHO yropsitodeHHas1 Hellepecekarornasics P -KOMOUHAIIHST CYeTHOrO
anciia Koruii crpykrypbl M . Torga sm6o Th(M') nmeer 2 cuerHbix Mojesneii, 6o
Th(M') sBistercss spergoixToBoii.

UccrenoBanns gactuano mojepzxkanel rpanrom KH MOH PK (AP05132546),
npoekrom POOIT (Ne 17-01-00531-a), a Takxke mporpamMMoil (byHIaMEeHTaIbHBIX Ha-
yuanbix uccaemoaruiit CO PAH Ne 1.1.1, mpoexT Ne(314-2019-0002.
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KOMMYTATUBHBIE TNITEPKOMIIJIEKCHBIE YNCJIA B
TEOMETPUN IBYX MHOXKECTB
B. A. Ksipos
Topro-Aamatickuti 2ocydapemeernnviti ynusepcumem, Iopro-Aamaitick
kyrovVA @Qyandex.ru

B paborax [1] u [2| maercsi onpeeserne oHOMETPUIECKOHT (DEHOMEHOJOIMIECKU
cuMmMeTpudHoit reomerpun JaByx MuOokecTB (OC I'JIM) panra (n+1,m+ 1), koropas
3aJtaercs uddepeHImpyeMoil HeBBIPOKJIEHHON (DYHKIUEH 1apbl TOYEK ¢ OTKPBITO
u wioTHoit B R™ X R™ 006JiacThIo OIpee/IeHus:

f:R™x R" > R,
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a TaKKe BBINOJHAETCA aKcuoMa (heHOMEHOJIOTMYECKOW CUMMETPHUH: CIIPaBe/JINBa
dyHKIIMOHAIbHAS CBA3D

(I)(f(lulv V1)7f<:u17 VQ)’ 7f(:u’n+h Vm-f—l)) = 07

JIsl OTKPBITOTO ¥ IJIOTHOTO TIOJMHOMKECTBA KOPTEXKEN (fi1, flo, - - 5 fhny fnt1; V1s Vay - - -
e s Vmy V1) JUIEHBL 1+ m + 2 u3 okpecTHOCTH V ({1, fh2y -+ 5 flny g 15 V1 Vo - - -
e Uy Uma1)) © R™OFD 5 N D Dyixmua & — muddepenmmpyemas n rang® =
= 1. Touku U3 MEepBOro MHOXKECTBA OOO3HAYAIOTCH (4, i1, [l ..., & TOYKH U3 BTOPOIO

MHOYXKECTBA, — V, Vi, Vy...
B koopaunarax dyskius napet touek PC IJIM panra (n+ 1,m + 1) 3amaercsa B

e P ) = F@ () 2™ (1), E ), .. £ (),

rie zt(p), ..., 2™ (1) — KoopamHaTel ToukM 4 € R™, a Y(v),...,E"(v)) — koopmu-
HaTBI TOYKN UV € R".

Hokazano, uro cymecrsytor @C I'ZIM rosbko parros (n+1,n+1), (n+2,n+1)
u (4,2), npugem n > 1 [1]:

®C I'/IM panra (n+1,n+1):

Fluv) =2 (@) (v) + - + 2" (w)E€" (v);

flu,v) =2t (W& W) + - + 2" ()& (V) + 2" (1) + £ (v);
®C I'/IM panra (n+2,n+1):

fpv) = 2" ()€ (v) + -+ 2"(w)&" (v) + & (v);
@®C I'IM panra (4,2):

r(p)é(v) + W)
z(p) + W)

PaccMoTpuM BeIeCTBEHHYI0 KOMMYTATHBHYIO aCcCONMATHBHYIO ajirebpy (s + 1)-
MEpPHBIX THIEPKOMILUIEKCHbIX unces L. ITpumepom Takmx anrebp ciyzkar aaredpa
KOMILJIEKCHBIX 9UCeI, aarebpa KBaTepHUOHOB.

[Ipou3Bo/IbHOE TMIIEPKOMILIEKCHOE YHCJIO UMEET BUJ T = X + X121 + -+ + Tsls,
rae To,xi,...,Ts € R, ig = 1, iq1,...,iy, — MHUMBIe eauHaunbl. CioxkeHne, yMHO-
JKEeHHMEe Ha JIefICTBUTEIBHOE YHCJIO OIPEJIEIAIOTC TIOKOMIIOHEHTHO, a IPOU3BE/IeHne
3ammchIBaeTCs ceyiomum obpasom: Va,y € L xy = Y o Txyiixi. Ilponssese-
HUe MHUMBIX €JUHUIL ixi; € L olpejensercs CrelnuajbHOl MaTpUIel YMHOXKEHUS,
KOTOpast B 001eM cirydae HemssectHa [1], [3].

Teopema. Kowmiiekcuukarusi KoMMyTaTuBHbIME (S + 1)-MeDHBIMU I'HIIEDKOM-
miekcupivu drcaavu ogaomerpudeckux OC I'/IM parros (n+1,n+1), (n+2,n+1)
u (4,2), npuaem n > 1, gaer (s+1)-merpuaeckne @C I'/IM rex e panros. PyHkimm
mapel Todek srux OC T JIM umeror Bu:

@OC I'JIM panra (n+ 1,n+1):

Felpv) =y (wn' () + -+ y" (0" (v);

Sl v) =y (' () + -+ 5" ()™ v) + " (1) + 0" (v);
@OC I'JIM panra (n+2,n+1):

Felpv) =y (wn' () + -+ y" (0" (v) + 0" (v);

f(ﬂ? V) =
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@OC I'JIM panra (4,2):

y(u)n' (v) +n*(v)

fulitsv) = y(p) +n*(v)

Y

1 nopl nt1
quey7y7"'7y 7/]77"'777 GL'

[IpuBeieHHBIE 3/1€Ch PE3YJIBTATHI SBJISAOTCS TIPOJIOJIKEHUEM UCC/Ie0BaHMUiT, OIyo-
JIMKOBAaHHBIX B pabore [2].
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OIIPEAEJJIAEMOCTD BIIOJIHE PA3JIO2ZKNMBIX ®PAKTOPHO
AEJINMMBIX ABEJIEBBIX I'PVIIII CBOUMMMU IIOJIVI'PVYIIIIAMU
9HIOMOP®N3MOB
O. B. JIiobumiieB
Huotcezopodcxuti 2ocydapemeernniti ynusepcumem um. H.U. Jlobavescrozo,

2. Huowcrnuti Hoszopod
oleg_ lyubimcev@mail.ru

[Iycts A — HekoTOpBIi K1acc abeseBbix rpymi. [oBopsar, uro rpymma A € A ompe-
nesisiercst cBoeil ostyrpynmoit E*(A) supomopdusMoB B Kiacce A, eciu BCAKUiA pas
u3 msomopdusma E*(A) = E*(B), tne B € A, cneayer uzomopdusm A = B. B
pabote HaififeHbl abeseBbl IPyHbl U3 Kiaacca OD.; BIOIHE PA3IOKUMBIX (PaKTOP-
HO JIeJIMMbIX abeJIeBbIX TPYIII, KOTopble npuHajiexkar nojkiaccy QD.q(E*) rpymnm,
OIIPEIEJISIONTUXCS CBOMME TOJIYIPyIIaMy SHI0MOPdu3MoB B Kiaacce QD.,. ['pynna
A HaspIBaeTcsa gaxmopro desumoti, ecau OHa He COMEPKHUT HMEPUOJINIECKUX JIeJIH-
MBIX TOJINPYIII, HO COJIEP’KUT TaKy CBOOOIHYIO MOATPYITy F' KOHEYHOrO paHra, 9To
A/F — uepuopudeckas jemuMast rpynna [1]. @akropHo jenMasi rpynna Ha3blBa-
eTCS BNOAHE PA3NOHCUMOT, €CJIN OHA PACKJIABIBACTCI B MPIMYIO CyMMY (haKTOPHO
JIEJTUMBIX TPYII paHra 1.

IIpensioxkenune 1 |2, reopema 2| Ilycrb A — ¢paxropHo gesmmmast rpyia panra 1
koxapakrepuctun X(A) = (m,). Torma A € QD 4(E*) B TOM H TOJBKO TOM CJIy1ae,
korja Py(A)={pe P|m,=0} =0 mwm P(A)={pe P|m,=0x}=2a.

[lyctrb A = AP AP ... A, — durcupoBanHoe pasziokenue rpynibl A €
€ QDuy, T(A) > 1, r(A;) =1, i = 1,2,...,n. llpsamoe ciaraemoe A; HazoBem
UBONUPOBAHHBLM, €CJIA B JIOTIOJTHUTE/IHHOM MPSIMOM CJIAraeMOM He HafiIeTcs MpsSMOro
cJaraeMoro paHra 1, KOTHIT KOTOPOr0 CPaBHUM C KOTHIIOM T'PYIIBl A; .

IIpensioxkenune 2 |3, reopema 1| ITycts A € QD.y u A He COAEPKUT H30JHPO-
BaHHBIX NPSAMbIX caaraembix. Torma A € QD 4(E*).

Beuty npejgioxkennii 1 u 2 npesmnosnoxum, uro rpynna A € QD4 uMeer u30J1po-
BaHHbIe pgMble caaraemble A; (i € J C {1,2,...,n}) ¢ Py(A;) # 0 u Py(A;) # 0.

Ilyers x(A4;) = (my) u PL(Ai) = Poo(Ai) Nsuppt(A;), P/ (A:) = P(A;) Nsuppt(4;),
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Pt (A) = U Po(A;)NP(4;), tae A, — JIOLOJHUTEIbHOE TIPsIMOe ciaraeMoe K A; B
J#

rpyme A, Pi(A;) ={p € P |0 < m, < oo}. Jokazano, uro ecim E*(A) ~ E*(B)
st A, B € QD,y, n xota 661 ono w3 MuoKecTs Pl (A;), PHA;), Pl (A;) 6eckoneu-
HO, TO A; = B; Ui cOOTBETCTBYIOMIEH MOArPYIIIbl B; rpymisl B

[Tycts X — MHOXKECTBO BCEX KOXAPAKTEPUCTUK, AX — daKTOPHO JeuMast rpyIna
panra 1 koxapaktepuctuku X = (mX) € X, n = it pFs € NU{0} u P,(AX) = supp
t(AX) U {p1,...,ps}. Begem ciemyrorme MHOKECTBA MPOCTHIX THCET:

Pyn = {p € P\P,(AY) | p = q(mod n) m mX # mY nna mekoroporo q €
€ P\P,(AY)};

P;(),n ={p € Pyn | mX =0}.

[Iycts p,q € Py Homoxum p ~ ¢ < p = g(mod n). Knace skBuBasenTaocTn
sseMenTa p € P, , obosnaunm wepes P, ,[p]. OupesennmM oTHOIIEHIE SKBUBAJICHTHO-
cru Ha MHoxkectBe X s uxcuposannoro n € NU {0}:

X~ X € Poulpl = Poulp) u| PLopl =] Py o] |, ecmn p € Py

/
X — X
mX =mX, eciup ¢ Py p.

[Iycte A € QD,y4,

A= éAi = P 4w, (1)
=1

x€X(4)

e AT = @ A;, I(x) = {i € {1,2,...,n} | xoxapakrepucruxu x(A;) npunae-
i€1(x)

xkar onHomy koruny 7(x)}, X(A) — MHO)KeCTBO KoXapakTepucTuk passoxkerust (1),

IPUHAJICKAIIX PasInIibiM KoTuinaMm. CKaskeM, 9T0 KOXapaKTePUCTUKa X U30JIUPO-

Bana B X', X' C X, eciiu jyist ' € X' ymbo y =}/, b0 KoxapakTepucTuku X u Y’

npUHAJIeXKaT HecpaBHUMBbIM KoTuiiaM. MuoxkectBo X’ C X Ha30BeM M30IMPOBAHBIM

B X' C X, ecsin jobast Koxapakrepuctuka n3 X’ uzosmposana B X' . [Tosioxkum

X'(A) = {x € X(A) | x uzomuposana B X(A), | I(x) |=1 1 Py, # @, r1e
n = exp(Hom(AX t(A)))}.

Hokazano, uro eciin X'(A) = &, to A € QD.(E*). Cuenysa repmunosoruu [4],
muOKecTBO X' (A) HazoBeM ceeprusosuposarnvim B X(A), ecim s maoxkectBa X' C
C X KOXapaKTepUCTHUK, IPUHA/IEKAIIAX PA3JINIHbIM KOTHIIAM, U3 TOTO, YTO

(a) X’ mzosmmposano B X' U (X(A) \ X'(4));

(b) X' (X(A)\ X'(4)) = &;

(¢) cyIecTByeT B3aMMHO OJJHO3HATHOE COOTBETCTBUE X > X' MEXKIy KoXapaKTepu-
crukavu muoKects X' (A) u X/, mpu kotopom x ~ X' s n = exp(Hom(AX t(A)));

crenyer X' = X'(A).

Teopema. Ilyctb A € QD.y, 1(A) > 1, X'(A) # @. I'pynna A onpenessiercs
cBoeli mostyrpynnoii sugomMopdu3MoB B Kiaacce QD.y Torga m TOJBKO TOIJA, KOIJA
muoxkecrBo X'(A) cepxuzosmposaro B X(A).

[TpuMEP 1. Ilyctb A = AP AR, e x1 = (00,0,1,1,1,...), x2 =
=(0,00,2,2,2,...). Torma A € QD(E*), tak Kax | P}(AXY) |=| Pf(AX?) |= oo.

[TpuMEP 2. Ilycte A = AP A tie x1 = (1,00,00,0,00,00,00,...), X2 =
= (00,0,1,0,0,0,0,...). Umeem: P, 5 = {7,17,...}, P>?1,5 = {7}, P,,2 = @. Takum
obpazom, X'(A) = {x1}. Homoxum X' = {x}}, tme x| = (1, 00, 00, 00, 00, 00,0,...).
Torma Py s = Py, s = {7,17,.. .}, P;?’l,s = {17}. HerpynHo BuieTh, IT0 MHOKECTBO
X" ynosrersopsier yeaosusim (a) — (c¢), no X' # X'(A). CieroBaresbno, MHOKECTBO
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X'(A) ne cBepxuzompoBano B X(A), u mo reopeme rpyiina A He olpeJieisieTcs: CBOei
HOJTyTPYTIIoi SH10MOopdu3MoB B Kjiacce QD 4.

[TPUMEP 3. Pacemorpum rpymny A = A @ A2 P A%, x; = (0,1, 00,00,...),
x2 = (0,00,1,1,...), x3 = (00,0,1,0,0,...). Tak xax |P. (A;)| = |PL(A42)] = oo,
TO CJIeJlyeT pacCMaTpUBATh TOJBKO M30mpoBanHoe ciaraemoe AX3 . Vmeem: X/'(A) =
={x3}, Pxss =1{2,7,...}. IIpennomnozxnum, aro naiigercs muoxkecrso X' = {x4}, Ko-
Topoe yjoBierBopsier yeaosuaM (a) — (c), oqaako X' # X'(A). ITockosibKy X3 7# X5,

0 my? = 0, my® = oo aa Hekoroporo ¢ = 2(mod 5). Kpome Toro, my? = mx3

st p # 2,q. Ho torma x4 < x1, 910 nporusopeunt ycsosuio (a). CiemoBaresbHo,
X' =X'(A4), X'(A) ceepxuzommposaro B X(A) u A € QD 4(E™).

JInteparypa

1. Fomin A. A., Wickless W. Quotient divisible abelian groups // Proc. Amer. Math.
Soc. — 1998. — V. 126. — no. 1. — P. 45-52.

2. Buapmanos B. K., Jliooumies O. B., Yucrakos . C. 06 onpedeasemocmu cme-

WAHHDOIT ADENEBHIT 2PYNN, CEOUMYU NOAY2PYNNaMU dHndomopdusmos |/ Marema-
Ttrnueckme 3aMeTku. — 2018. — T. 103. — Ne 3. — C. 364-371.

3. Jlooummes O.B. 06 onpedessemocmu 6nosme pasioncumve @paxmopro desu-
MO AOEALBHLT 2PYNN CEOUMU NOAYPYNNAMU dHdomopPusmos |/ VsBecTus BYy-
30B. Maremaruka. — 2017. — Ne 10. — C. 75-82.

4. Cebenpaua A. M. O6 onpejiengeMocTn abeeBbIX IPYIIT CBOUME TOJIYTDYIIIIaMI
sugomopduaMos // Abesesnl rpynmbl 1 Mojyiu, Tomek: M3n-Bo Tomck. yH-Ta.
1991. C. 125-134.

HNEHTPAJIBHO CYIIECTBEHHBIE KOJIBITA U ITPOITECC
K3JIN-IJNKCOHA
B. T. Mapkos, A. A. Tyranbaesn
Mocxosckuii 2ocydapcmeenrniii yrnusepcumem umenwu M. B./lomonocosa,
Havuonarvrmii uccaedosamenveruts ynusepcumem MO
vtmarkov@yandez.ru, tuganbaev@gmail.com

Bee paccmarpuBaemble B JIOKJIJe KOJIbIA IIPEJIOJIAIAIOTCsT YHUTAIBHBIME, HO He
00s13aTeJIbHO aCCOIUATHBHBIMU.

Acconmarusroe Kosbiio R ¢ neatpoM C' Ha3BIBACTCS UEHMPAALHO CYULECTEEH-
noim, ecn Re — cymecrsennoe pacmupenue moaynst Ceo, T. e. Jyis J000ro HeHy-
JIEBOTO 3JIeMeHTa a € R CcylecTByIOT Takue HeHyseBble 3jeMeHThl z,y € C', uro
ar = y. AcconmaTuBHBIE MEHTPAJBHO CYIIECTBEHHBIE KOJIbIA U3y YaJNCh, HAIIPUMED,
B [1] u [2]. U3yuenne HeaccoMaTUBHBIX MEHTPAILHO CYIIECTBEHHBIX KOJIEIl HAYATO B
[3]. B HeaccormaTBHOM cilydae HUMeEeT CMBICJ PACCMATPUBATH HECKOJIBKO BAPUAHTOB
OIIPE/ICJICHNS] TIEHTPAIBHO CYIIECTBEHHOIO KOJIBIIA.

Accoyuamusnvim 4enmpom, KOMMYMAMUCHOIM UEHMPOM U UEHMPOM KOIbIa R
Ha3bIBAIOTCS, COOTBETCTBEHHO, TIOJIMHOYKECTBA

N(R)={x € R:Va,b€ R, (x,a,b)
K(R)={x € R:Ya€R, [r,a] =0
Z(R) = N(R)Nn K(R),

= (a,z,b) = (a,b,z) = 0},
H
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rie (a,b,c¢) = a(bc) — (ab)c — acconmarop smemeHToB a,b, ¢ € R u [a,b] = ab — ba —
KOMMYTATOp 3JIeMeHTOB a,b € R (cm. §7.1 u3 [4]).

fcuo, uro N(R) nu Z(R) — nonkosblia B Koblie R, npudeM R SBISeTCA YHH-
TApPHBIM JIEBBIM U yHUTApHBIM mpaBbiM N (R)-Momysem u Z(R)-momysiem.

Yepes [A, A] mbl 0603HaYMAEM njeas KOablia A, TOPOXKIEHHBIT KOMMYTATOPAMU
BCEX €r0 3JIEMEHTOB.

Kombito R HasbpiBaeTcs yenmpasvho cyuecmeenmovim, ecan Z(R)r0NZ(R) # 0 ais
JIEOOOTO HEHYJIEBOTO djieMeHTa 7 € R, 1. e. Z = Z(R) — CyIIeCTBEHHBIN TOIMOJLYJIb
Moy zR.

Kosbrio R nasweiBaerca N -cywecmeennvim caesa, ecin N(R)r N N(R) # 0 s
JIEO0OT0 HeHysieBoro sjementa r € R, 1. e. N = N(R) — cymiecTBeHHBbIIi TOIMOJIYJIb
Moyt nR.

Crenyroree ompejiesieHne HECKOJIBKO 0000Iaer ompejesienne mporecca Koam-
Hukcona, nannoe B [4].

[Iycth A — KOJIBIIO ¢ MHBOJIIOIMEH *, (v — OOPATUMBINH CUMMETPUIHBIN 3JIEMEHT
nenTpa Kosbila A. Ha abesneroit rpynme A & A ompemenmm omeparuo yMHOKEHUST
CJIEJTYIOIIM 0DOpPa30M:

(al, ag)(ag, CL4) = ((1,1(13 + Oé&4(l; s CLTQ4 + (13&2). (1)
JUTSL JOOBIX g, ..., a4 € A. Iomyduennoe kosbio obosnaunm (A, «).
Teopema 1. IIycts A — kosbno ¢ gearpom C = Z(A), I = Anng([A, 4]), R =

(A ).

N(R)={(z,y): x € C, ye I}.

Koubrio R siBisiercst N -cyIecTBeHHBIM CJIeBa (CIpaBa) B TOYHOCTH TOIJIA, KOTJA
— IIeHTPAJIbHO CYIECTBEHHOE KOoJIbllo u 1 — cyiectBennbii uieasr koJbia C'.
Teopema 2. IIycrb A — kosbio ¢ nearpom C' = Z(A), I = Anng([A, A]), B =
{aeC:a=0a"}, J=Amg({a—a* : a€ A}), R=(4,a).

Z(R)={(z,y): ze BNC,yeInJ}.

Kosbrio R sBjsieTcst mieHTpaJbHO CYIIECTBEHHBIM B TOYHOCTH TOIJa, Korja B —
cymiecTBeHHbIH B -riogamonysb Koibila R u J — cymecrBennbiii uieaa B B.

Teopema 3.

1. CymecTByeT KOHEIHOE HEACCOIIHATHBHOE H HEKOMMY TATHBHOE a/IbT€PHATUBHOE I[€H-
TpaJIbHO CYIIIECTBEHHOE KOJIBIIO.

2. CymecTByer KOHEIHOE HEKOMMYTATHBHOE H HEAJIFTEPHATHBHOE IIEHTPAJIBLHO CYIIe-
CTBEHHOE KOJIBIIO.

OTKpBITHIE BOITPOCHI

1. CymecrBytor Ju N -CyniecTBEHHBIE CJeBa KOJbla, He spisionmecs N -
CYIIECTBEHHBIMU CIIPABA?!

2. CyrmecTByoT Ji KOMMyTaTHBHBIE N -CyIIeCTBEHHbIE (IKBUBAJEHTHO: IEHTPAb-
HO CYIIECTBEHHBIE) HEACCOIMATUBHbBIE KOJIbIIA?

3. CymiecTByIOT Jin NpaBOAJbTepPHATUBHBIE IEHTPAJIbLHO CyIlecTBeHHble min N -
CYIIECTBEHHbIE HeaIbTePHATUBHBIE KOJIbITA?

4. Kak MOXKHO 0OOOIIUTH IMOJyYEHHbIE PE3y/IbTAThbl Ha CJydail KoJjelr 0e3 eju-
HUIIBI U Ha CJIydYail, KOrja 3JeMeHT « B olpejeneHun mnporecca Kamn-/lukcona ne
[IpeJIoIaracTcss 00paTuMbIM ?

B.T. Mapkos nojiiepkan Poccuiickum dhoniom dpyH1aMeHTaIbHBIX HCCIIeI0BAHMIT,
npoekT 17-01-00895-A. Uccnenopanne A.A. TyranbaeBa BBIIIOJIHEHO 3a CUET TPAHTA
Poccniickoro nayanoro donja, mpoekt 16-11-10013.
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Ob HEPAPXM‘{PCKHX MOAEJIAX CUCTEM 1 3AJAYE X
YCTONYNBOT'O ®YHKIIMOHNPOBAHUNA
B. 0. MuxaiiioB

Kasanckuti pedeparvrnoiti ynusepcumem, Kasano

mih@Qkpfu.ru

B pacmpocrpanernom nogaxone Model Checking [1] k 3amaqe Bepudukarmm GyHK-
[IUOHUPOBAHKS CJIOXKHBIX CHCTEM MOjieb M KOHKPETHOW CHCTEMBI MPEICTABIISIETCSI
KOHCTPYKIIMSIMEU THUIIa KOHEYHBIX aBTOMATOB Wjm Mojeseil Kpunke, a TpeboBanusi K
IpaBUILHOMY (DYHKIIMOHUPOBAHUIO CHCTEMBI OIIMCHLIBAIOTCA B BUIE (DOPMYJIBI () HEKO-
Toporo s#3bIka creruduranmit L. HYacto B KavecTBe a3bika L ncnosb3yores hopMysrst
remnopaibibix Joruk LTL win CTL [2]|. Banaua Bepudukanuym cBoAUTCs K IPOBEPKE
uctuHHOCTH hopMy/bl ¢ Ha Mojgeaun M. Ho npu sepudukanuu GyHKIMOHUPOBAHUS
KOHKPETHOMN CHUCTEMBI S sIBHOE MOCTPOEHUE ee MOJIEN B BUJIE aJ€KBATHOIO KOHEUHO-
ro aBromMara WM Mojenn Kpuiike siBjasiercss odeHb TPYJIOEMKUM U I'POMO3JKHM. B
JIAHHOM paboTe IpejijiaraeTcst si3bIK OIMUCAHUS MOJIE/Iel CUCTEM B BUJIe MEPAPXUU Tak
Ha3bIBaeMbIX OJIOKOB ylpaBienust. Kaxkawiit BY xapakrepusyercs: Habopom X BXOJI-
HBIX ¥ HAOOpOM P BHYTpeHHUX HapaMeTpoB; HAOOPOM JI0UEPHUX OJIOKOB YIIpaBJICHUS
By, ..., B,; dyuknueii ynpasiaenus F(i,X(t),P(t-1)), koropast 110 HOMEpPY J0Ye€pHETO
6J10Ka, BXOJIHBIM ITapaMeTpaM 0JI0Ka B MOMEHT BDEMEHHU t U BHYTPEHHUM [apaMeTpaM
B MOMEHT BpeMeHU t-1 ompejie/isier 3HaUEHUs BXOJHBIX [apaMeTPOB J0YepHero 6710~
Kka B; B MoMmeHT Bpemenu t; dyukiueit nepecuera H (X (t), P(t — 1), P(t), ..., P.(1)),
KOTOpasl 110 3HAYEHUsIM BHYTPEHHUX IIaPAMETPOB JOYePHUX OJOKOB B MOMEHT BpeMe-
HU t OIpejiesisieT 3HAYEHUsI BHYTPEHHUX MapaMeTpoB Osioka P(t) B MOMeHT BpemeHH
t. BaykHBbIM IPEerMYIIeCTBOM TAKOI'O CHOCODA OMUCAHUST MOJIEJIA CUCTEMBI S SBJISAETCS
BO3MOYKHOCTH JIJI KasKJI0ro 6Ji0Ka yupasieHnst A 3a JuHeHOe BpeMs MOCTPOUTH B
ssBHOM BHJIe JiorndecKyto dopmyny Wu(Xa(t), Pa(t — 1), Pa(t)), uctuanyto . u T.1.
Koryia Pa(t) BJISIOTCSI 3HAYEHUSIMU BHYTPEHHHX MapameTpoB 0ji0Kka A B MOMEHT t,
ecn X A(t) — 3HavYeHHs BXOJHBIX IapaMeTpoB 6joka A B MomenT t, a Ps(t — 1) —
3HAYEHUs BHYTPEHHUX napaMeTpos Ojioka A B momenT t-1. B ciayuae, korya BXojI-
HbIe ¥ BHYTPEHHHUE MapaMeTphbl OJIOKa 3a/al0TCst OyJIeBCKUME 3HAYEeHUsSIMA, (hopMyIia
Wa(Xa(t), Pa(t—1), Pa(t)) moxer 6biTh mocTpoena B Buge BDD [3], uro 3nauunreabHo
YIIPOIIAET aJIrOPUTMbI BepuuKaluu (pyHKINOHUPOBAHUS CHCTEMBI S.

PaccmorpuM 3aj1a4y 1oucka TpaeKTOPHA yCTORINBOro (DyHKIMOHUPOBAHUST CHCTE-
MBI

[Iycts qyist cucrembr S 3ajan HaObop napamerpoB P =< pi,...,pp > , 3HAYECHUSA
KOTOPBIX OIIPEJIEJIAIOT COCTOSTHIE CucTeMbl. HauabHOe COCTOsSIHIE CHCTEMBI OIUChIBA~
erca Habopom P(0) =< p1(0), ..., pr(0) >. Tpaekropueii GyHKINOHUPOBAHUST CUCTE-
MBI HA30BEM MOCJIE/[OBATEILHOCTD cocTosgumit cuctembr P(0), P(1),
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P(j),P(j+1),..., takyto, uro: P(0) — gBisieTcsi HaIATbHBIM COCTOSIHHEM CHCTE-
MBI, U JJIst KaxKJoro j cocrosinue P(j + 1) ompegensiercss no cocrosauio P(j) 1o
npaBuaM QYHKIIMOHUPOBAHUS CUCTEMbI. MBI XOTHM ONPeIe/INTh, UMEIOTC JI Y CH-
creMbl S TpaekTOpuu (QPyHKIIMOHUPOBAHUS, TAKUE UTO B Pe3y/IbTaTe UX peanu3alliu
cUCTeMa TepeiIeT B COCTOSIHUE, YIOBJIETBOPLAIONIEE HEKOTOPOMY IIEJIEBOMY YCJIOBUIO
G . Kpome Toro, nmpu nepexojie u3 Ha9aabHOT'O COCTOSTHUS B IEJIEBOE, CUCTEMA JTOJIKHA
HAXOJIUTHCA TOJIBKO B COCTOSIHHUSAX, Y/IOBJIETBOPSIONINX OIPE/IeIEHHBIM TPeOOBaAHUIM
npomnyctumoctu C'

st perieHunst TaHHON 3aJ1a9M TOCTPOUM HMEPAPXUIECKYIO MOJETh CHCTeMBI S,
IJIABHOMY THUITY KOTOPOU Oy/IeT COOTBETCTBOBATH HAOOD BHYTPEHHUX IMapaMeTpos P =
=< p1,...,pr >. Terepb Hama 3a/ada CBOJUTCH K HAXOXKJCHUIO TPACKTOPHUil (PyHK-
mronuposanus mogean P(0), P(1),..., P(N), takux aro P(0) siBiisleTcst HAYaIbHBIM
cocrostuueM riaBHoro BY mopenn, cocrostune P(N) ynosiersopsier yciosuio G u
st Kaxkaoro 7,0 < j < N, cocrosuue P(j) ynosierBopsier TpeboBanusm C'. 3ame-
THM, 9TO (DYHKIUHU YIIPABJIEHUs B PA3IUIHBIX BY U3 MOJIe/IN CUCTEMBI S KaK ITPABUIIO
SIBJISIIOTCA HEJIETEPMUHIPOBAHHBIMU. 3a/a9a 3aKJII0UAeTCS B HAXOXKICHUN BAPUAHTOB
VX BBIYUCJEHUS B KAXKJIbIiI MOMEHT BpeMeHH t Tak, YTOObI BXOJIHbIE U BHYTPEHHIUE I1a-
paMeTphbI Olpe/IeJIeHHBIX BY MoJien yJI0BJAETBOPSIIN OIIPE/IeJICHHBIM TPEOOBaHUSIM.

Ecnu yenoBust G u C' 3anmmcbIiBaloTCs B BUJIE MPOMIO3UITUOHATBHBIX (DOPMYJT MK
dopmyn jgoruku CTL, To 3ajada 1moucKa TpaeKTOPUl YCTONIUBOrO (PYyHKITHOHUPO-
BaHUs CUCTEMbI S CBOJUTCS K IOUCKY BCEX BBIOIHSAIONMNUX HAOOPOB I HEKOTOPOI
[IPOIIO3UITMOHAJILHOM (hopMyJIbl, 3ajanHoil B Bujge BDD . Ecim napamerpsr BY mo-
JIEJTH CHCTEMBI S MOTYT NMPUHUMATH POU3BOJIHHBIE UUCIOBBIC 3HAYEHUS, TO MOJIC/Ib,
[IOCTPOEHHAs Ha IIPeJjIaraeMoM s3biKe, 3(PHEKTUBHO TPAHCIUPYETCS B IPOrpaMMy Ha
sa3bike Promela, u anropuTMbl BepuduKaluu peaan3yoTcs CPeJICTBAMU TPOIPAMMHOTT
CUCTEMBI Spin.

Ha mnpejnaraemMom s3blke HaAMH TOCTPOEHBI MOJIEJN PA3IUYHBIX CHCTEM YIIPAB-
JICHUSI CJIOXKHBIMU OObEKTaMH Pa3HOOOpPa3HON IMPUPOIbI, JIJIsi KOTOPBIX ObLIU -
(PEKTUBHO peIleHbl 3aJIa9K TTOUCKA TPACKTOPUN YCTONYUBOrO (hyHKITMOHUPOBAHUS
U YCTOMYUBOTO Pa3BUTHS.

JIureparypa

1. Kapnos IO.I'. Bepuduranus napajuie/bHbIX U PACIPEIETEHHBIX TIPOTPAMMHBIX
cucrem. — CII6.:BXB-Iletepbypr, 2010.-560 c.

2. Caferra R. Logic for Computer Science and Artificial Intelligence.— John Wiley
Sons, 2013.-537 p.— ISBN 978-1-118-60426-7.

3. Wegener I. Branching Programs and Binary Decision Diagrams.—Springer.—2010.



141

OB OTHOCUTEJIBHO SJIEMEHTAPHOM OIIPEAEJINMOCTUA
KJIACCA YHUBEPCAJIBHBIX T PAONYECKNX ABTOMATOB B
KJIACCE ITIOJIYI'PVYIIII
B. A. Moauyanos
Capamosckuti 2ocydapemeennoiti yrusepcumem, Capamos, Poccus
v.molchanov@inboz.ru

O tHUM W3 TJIaBHBIX pa3JiesioB COBPEMEHHON ajreOphl ABjsseTcs 0O00IeHHasT Teo-
pus lanmya, HaYam0 KOTOPOI OBLIO MOJIOXKEHO B ucciefoBaHugx J.[amya u kKoropas
MOCBSIIAETCS U3y ICHUIO MATEMATHIECKIX OOBEKTOB IIyTEM UCCJIeI0BAHUS HEKOTOPHIX
MTPOM3BOIHBIX AJTeOPANIECKIX CHCTEM, CIEeIUATbHBIM 00Pa30M CBA3AHHBIX C MCXOJI-
HBIME O0beKTaMu. B KadecTBe MCXOJHBIX MATEMaTHICCKUX OOBEKTOB pacCMaTpUBa-
JIACH Pa3HOOOpa3Hble ajredbpanyeckue cucreMbl (0T rpadoB u runeprpadoB JIo KoJell
U BEKTOPHBIX MPOCTPAHCTB), OPMAJIbHBIE sI3BIKM M MHOTHE JpPYTHe, a B KadeCcTBe
[IPOUBBOJIHBIX AJIT€OPANIECKIX CUCTEM PacCMATPUBAJIACH, COOTBETCTBEHHO, I'PYIIIIHI
aBTOMOP(U3MOB, MOJIYTPYIIIBI SHIOMOPGU3MOB U PEIIETKH TOJICUCTEM ajredbpande-
CKUX CHCTEM, CHHTAKCUIECKIEe MOHOU/IbI (DOPMAJIbHBIX S3BIKOB U MHOTHE JIPYTHE.

B o630pnoii craree FO. M. Baxkenuna n A.T. [Tunyca [1] ormegaercs, aro oguoit
u3 BaKHeHImx mpobem 006obmeHHoil Teopun [ajya sBisiercs: mpobjiema SJ1eMeH-
TapHON KJIaCCUMUKAIINYA UCXOTHBIX OOBEKTOB C IOMOIIBIO TEOPHUil TEePBOrO MOPSIKA
MIPOUBBOJIHBIX AIreOPanvIecKux CUCTEM U MPoOJeMa Pa3pEIIMMOCTH TeOPUil IepBOTro
HOPsIJIKa MPOU3BOIHBIX ajirebpandeckux cucrem. Kak uzsectHo [2], addexTusabiM
MHCTPYMEHTOM PeIIeHUs] TAaKOr0 POJa MPOOJIEM SIBJISIETCS METOJ[ OTHOCUTEIHLHO IJIe-
MEHTaPHOI OIpeIe TMMOCTH OJIHOTO KJtacca Mojieseit K B npyrom kitacce mojeneit Ky,
CYTh KOTOPOTO 3aKTI0YACTCs B IIOCTPOCHUH N30MOPMHO# KOITUU UCXOTHOM Mojen A €
€ K B ee npoussomnoit mogesm S(A) € Ky ¢ OMOIIBIO CpeicTB y3KOro NCUUCICHUST
npeaukaros (YUII) curnaryper kimacca Ky u HEKOTOPBIX (DUKCHPOBAHHBIX JIEMEH-
toB Mozenun S(A). Tak, B padore [3] FO.M. BakenunbiM j1oKa3ana OTHOCHTEIHHO
SJIeMeHTapHast onpeiemMocTh Kiacca Gry pediiekcuBHBIX TpadoB ¢ JIyroii, He Ipu-
HaJJIeKaleil OpIuKIaM, B KJaacce Moayrpynn Sem: s ucxoanoro rpada G € Gry
OCTPOeHa M30MOp(HasT KOMHA B €ro mojyrpyime sagomopdusmos EndG € Sem ¢
nomotbio cpejictB YUII curnarypbl Kjacca MoJIyrpyIiin U HEKOTOPBIX (DUKCHPOBAH-
HBIX 3j1eMeHTOB noytyrpymibl EndG. C Toukn 3peHus: ajaredpantieckoil TeOpun aBTo-
maToB 4] moayrpynmna sagomopdusmos EndG rpada G sBisiercss yHUBEPCATLHBIM
rpaduuecKuM aBTOMATOM 0€3 BBIXOJIHBIX CHUTHAJIOB. Y HUBEPCAJIbHBIM IPaOUIECKUM
aBTOMAaTOM C BBIXOJHBIME curHajamu HaJ rpadamvu Gx, Gy siBisercs ajaredpamde-
ckag cucrema Atm(Gx,Gy) = (Gx,S(Gx,Gy),Gy,6°,X°), tne Gx = (X,px) u
Gy = (Y, py) — coorBercTBeHHO, Ipadbl COCTOSTHUIT U BBIXOJHBIX CUTHAJIOB aBTOMATA,
S(Gx,Gy) = EndGx x Hom(Gx,Gy) — nosyrpyImna BXOJHBIX CHTHAJIOB aBTOMATA,
°: X x S(Gx,Gy) = X u X°): X x S(Gx,Gy) — Y — coorBercTBeHHO, DyHKIUS
[ePEXOJIOB M BbIXO/HAs (DYHKIUSA aBroMara, KOTopble jijis Jobbix © € X, (p,1) €
& S(Gx,Gy) onperermorea 1o dopwyran 3° (z, (¢, 1)) — p(z), A° (, (¢, 1)) —
~ ().

B nmacrosieit pabore paccMaTpUBAIOTCS YHUBEpCAIbHBIE I'padpUIecKre aBTOMATHI
Atm(Gx, Gy) nan peduekcusabivu rpadamvu Gy, Gy. Ussecrno [5], uro takue as-
TomaTe! ¢ Tpadom cocrosianii Gx € Gry MOJHOCTHIO (¢ TOTHOCTBIO 10 30MOpdU3Ma
U JIBOWCTBEHHOCTH TPadOB) ONPEIESAIOTCS CBOUMHU MOJIYTPYIIIIAMI BXOJHBIX CHTHA-
j0B. OCHOBHO#I pe3ysibTaT pabOThl JOKA3BIBAET OTHOCUTEIBHO SJIEMEHTAPHYIO OIpe-
JIEIIMOCTh Kjiacca Atm yHuBepcasbHbIX rpadudeckux apromatoB Atm(Gy, Gy) co
cBsa3HbIM rpadom cocrosauit Gx € Gry; n pedIeKCUBHBIM aHTUCHUMMETPUIHBIM IPa-
dom BBIXOIHBIX curHaIoB (Gy B Kiacce mosyrpynn Sem. [lomydennbrit pesyabrar
[O3BOJIAET UCCJIEJIOBATH B3aWMOCBSI3b MEXKJIY 3JIEMEHTAPHBIMU CBOMCTBAME yHHUBEp-
CAJIbHBIX TpadUIecKux aBTOMATOB U UX MOJIYTPYIII BXOIHBIX CUTHAJIOB, IIPOAHA T3~
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pOBaTh B3AMMOCBSI3b BasKHBIX CBONCTB 3JIeMEHTAPHBIX TEOPHil KIacCOB I'PauIecKux
aBTOMAaTOB W 3JIEMEHTAPHBIX TEOPHil KJIACCOB MOJIYTPYIII, TAKUX KaK IIpodJeMa, dJjie-
MEHTApPHON ONPEJIETMMOCTH YHUBEPCAIbHBIX I'padUIecKUX aBTOMATOB MX IOJIYTDPYII-
[TaMU BXOJIHBIX CUTHAJIOB, IIPOOJIEMa aJITOPUTMUIECKON PA3PEITIMOCTH JIeMEHTaPHbBIX
Teopuil KJIACCOB YHUBEPCAJIbHBIX I'PAMDUIECKUX aBTOMATOB U JIp.
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ABCTPAKTHASA XAPAKTEPU3AIINSA TTOJIVI'PVIIITI BXOJHBIX
CUT'HAJIOB YHUBEPCAJIBHBIX TUITEPTPA®PNYECKUNX
ABTOMATOB
B. A. MoauaunoB, E. B. XBopocTyxuHa
Cr'Y um. H.I'" Yeprvwescrozo, CI'TY umernu LTaeapuna FO.A., Capamos
molchanovva@mail.ru, khvorostukhina85@gmail.com

B nacrosieit pabore mpoo/KaTCs UCCIe0BaHNsT aBTOMATOB, Y KOTOPBIX MHO-
JKeCTBa COCTOSIHUI M BBIXOJHBIX CHTHAJIOB HAJIEJE€HBI JIOTOJHATEIHHON ajredpantie-
CKOii cTpyKTypoii runeprpada [1]. 1o mocraTouHo MUPOKUiT U BayKHbBIH KJacc as-
TOMATOB, TaK KaK OH COJIEPYKUT, B YaCTHOCTHU, aBTOMATHI, y KOTOPBIX rUieprpadb
COCTOSTHUI U BBIXOJIHBIX CHMBOJIOB SIBJISTFOTCS TIJIOCKOCTSIMU.

B pabore paccmarpuparorcs rumneprpadbl ocoboro Buga — p-runeprpadnl. [losa
p-runieprpadom noHnMaeTcst ajirebpandeckas cucrema suga H = (X, L), tme X —
HEIyCTOe MHOYKECTBO BepiinH U L — ceMeiicTBO ero MOJMHOXKECTB, UMEHYeMbIX T'd-
neppebpaMu WM IpocTo pebpami, YJAOBIETBOPsIOliee caeayonmmM akcnomam: (A;)
JIEOOBIE P BEPINUH COJIEPIKATCS B OJTHOM U TOJILKO OJHOM pebpe; (Ay) KaxKjoe pebpo
COJIEPKUT TI0 KpaiiHeit mepe p + 1 Bepmnny; (As) B muoxkectBe X ectb (p + 1)-
9JIEMEHTHOE MHOXKECTBO, He TpuHaJIexkalee Hu ojgHoMmy pebpy. Hampumep, addun-
Has U TPOEKTUBHAs IJIOCKOCTH SIBJIAIOTCA 2-Tuneprpadamu.

[1aBHOE BHUMAaHWE B HAIIUX UCC/ICIOBAHUSX YIEISIETCs, TaK HA3BIBAEMbBIM, yHU-
BepCaJIbHBIM TuiieprpaduIecKkuM aBroMaTaM (2], mogaBTOMAThl KOTOPBIX OXBATHIBAIOT
Bce TOMOMOpPdHBIE 00pa3bl PACCMATPUBAEMbBIX THIIeprpaduIecKuX aBTOMaToOB. Takoit
YHUBEPCAJILHBII aBTOMAT OIIPeJIeiseTcs JIJisi IIPOU3BOJILHBIX runeprpados Hy, Hy
kak apromar Atm(Hy, Hy) = (Hx, Hy,S,0,\) ¢ TOJyrpymioil BXOJHBIX CUTHAJIOB
S = End(Hy) x Hom(Hy, Hy), dyukuueit nepexoaos d(z,s) = ¢(r) u BbBIXOIHOI
dbyuximeit A(z,s) =¢(x) (tme z € Xy, s=(p,¢) € S(Hx, Hy)).
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Panee yxke 6OblLi1a mcciegoBana mpobjieMa KOHKPETHONH XapaKTepu3alluyd yHUBEP-
caJbHBIX Tuneprpaduaeckux aBToMarToB [3], 3amada abCTPaKTHON XapaKTepu3alum
YHUBepCAJIbHBIX Iuiieprpaduaeckux aBToMaros |4, mpobema onpeessieMocTt aBTo-
MaTOB IOJIyI'PYIIIIaMU BXOIHBIX CUIHAJIOB, 318494 IIPEICTABIeHNs] aBTOMATa aBTOHOM-
HBIMH BXOJHBIME curHasamu [5|. B Hacrosimeii pabore permaercs 3a1adqa abCTpakTHOI
XapaKTePU3aIUN TOJTyTPYIIT BXOIHBIX CUTHAJIOB YHUBEPCAIbHBIX THIIEPrpapUIecKuX
aBTOMATOB. JTa 1pobJieMa (hOPMYIUPYETCs CIeIYIONIM 00pa30M: IIPU KAKUX yYCJIOBHU-
dX TPOU3BOJIbHAS TOJIyTrpyIia S OyeT n30MOpdHA MOTYTPYIIIe BXOIHBIX CUTHAJIOB
yHUBepcaJbHOTO Tureprpadudeckoro apromara Atm(Hy, Hy) jisi HEKOTOPBIX T'H-
neprpacdos Hx, Hy.

Teopema. Haiizensr rakme ¢popmyner Z(x), Ei(v,y), Edge;(z1, 22, ..., Tpy1),1 =
= 1,2, sjeMeHTaApHOI TeopwuH MOJIYTPYIII, 9TO JIobast HOJIyrpyIna S B TOM H TOJIb-
KO TOM cJIydae Oyrer H30MOpgHA MOJTyTPYIIIe BXOJHBIX CHIHAJIOB HEKOTOPOI'O yHH-
BepCcaJIbHOIO MHIIeprpagpudIecKoro aproMara HaJl HEKOTOPBIMHI p-THIEprpagamMu, eCIi
OHA YJIOBJIETBOPSIET CJICIYIOIHM YCIOBUSIM:

(60)  (Va,y,2)((Z(x) = Ex(z, @) N (Balw,y) A Baly, 2) = Baly, 2) A Eafz, 2)) A
N(E(@y) = (Vs)( A Ex(ws,y5)));

~ p+1
(61) (V$17$2,'--a$p+1)('_1Z($j) A Efzp,zp1) = Edgei(z1, T2, ...,Tp11))

J
(31ech u garee i = 1,2);

(52) (Va1 @o, ..., Tp1) (Bdge(x1, T, ..., 2p11) = N Edgei(Tiay, Tua)s - - - Tepe1)))s
teT
ryre T — MHOXKeCTBO Bcex npeobpaszoBanmii MHOKecTBa {1,2,...,p+ 1};

N P
(05) (Vxi,29,...,2p,7,y)( N —Eilxj,zr) A Edge;(z, x1, %2, ..., Tp) A
Gk=1,j#k
A Edgei('r;ﬂ ey, X2, X1, y) = Edgel(‘ra L1,L2y .- 7'rp—17 y))a
. P
(94) (VLEl,.TQ, ,l'p)(

J

Z(z;) = (Ela:')(/p\ —Ei(x, ;) AN Edge;(xq, %2, ...,2p,x)));

1 j=1

p=1
(05) (E|$1, Loy ... ,Ip+1)( /\ Z(l‘]) A ﬁEdgei(xl, Loy ... ,l’p+1));
j=1

(06) st m06BIX OTOOpaXkenmii fi, fo 1 S — S BbImOMHSIETCS

(Va,x1, 29, ..., Tpr1) (B (z, 1) A Edgey(x1, 29, ..., Tpi1) =

= /\(Ej(fj(ﬁ),fj(xl)) A Edge;(fi(z1), fi(x2), .., fi(2p11)))) =

2

= (3 (Va)(Z(x) = N Ejlzz, f5(2)).

Jj=1

[Tonydennslit B paboTe pe3y/ibTraT MO3BOJISET JOKA3ATh JIEMEHTAPHYIO OIIPe/ e/~
MocTh [6] paceMarpuBaeMbIX aBTOMATOB B KJacce MOJYyTPYIII, KOTOPas ITO3BOJISAET
[IPOAHAJIN3UPOBATH B3aUMOCBA3b 3JIEMEHTAPHBIX CBOICTB 3TUX aBTOMATOB U UX IIOJIY-
IPYII BXO/IHBIX CUT'HAJIOB.
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OB OJJHOM CEMENCTBE KOJIEIl ®OPMAJIbBHBIX MATPUI],

M. ®. Hacpyraunos, C. H. Tporaun
Kasancxuti gedepanrornii ynusepcumem, Kazanw
sntrnn@gmail.com, marat.nasrutdinov@kpfu.ru

Kosbiia hopMaibHBIX MATPUI] PACCMATPUBAIOTCS B paboTax MHOI'MX aBTOPOB (CM.,

Harpumep, |1, 2|). Mbl paccmaTprBaeM HOBBIi K1ace Koter, pOpMaJbHBIX MATPHUIL, 06-
JAJIAIOMINN JOCTATOYHO XOPOIIMMI CBOCTBaMu. B wacTHOCTH J/11 HUX XOPOIIO OIK-
CBIBAIOTCS IIEHTPAIBLHBIE U 0OPATUMBIE 3JIEMEHTHI KOJIbIIA.

[Iycts R — accormumaTuBHOE KOJIBIIO C ejuHureii, P — aBycropoHHuit miaean R,

n > 2 — HarypasabHoe uncao. Obo3HadINM depes

R/P R/P ... R/P
P/P? R/P®> ... R/P?
B™(R,P) = {(xi)|xi;; € By} = | P?/P>  P/P® ... R/P?
pri/pr pr2jpn . R/PT

MHOZKECTBO (POPMAJIbHBIX MATpPUI| pasMepa n X n, rae B = R/P" upn i < j, By =
= P"J/P" upn i > j, aynsa mobeix 1 < 4,7 < n.

Teopema 1. Ha mmoxkecrse B (R, P) MOXHO ecTecTBeHHBIM 06Pa3oM oIpe-

JACJ/INTh ollepalliuu CJO2KeHHsd W YMHOXKCHUS, IIpEeBpAaIllaroiiue €ro B acColnruaTHuBHOE
KOJIBIIO C €IMHUIIEH.

[ycrs X = (7)) u Y = (y;;) — snementsr muoxectsa B (R, P). Onepanus

YMHOXKEHUS BBOJIUTCS €CTECTBEHHBIM 00pa30M 110 (bopMyJie YMHOXKEHUS MATPUIL

Zij = E LikYkj.
e
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Pacriumem nogipobuee dpopmyity. Pacemorpum i-1yio ctpoky X u j-Tblit cToJOerr
Y. [l HarisiHOCTH BOCIIOJIB3yeMCsl MaTPUIHOM 3aIUChio (BepXHUil nHeKe k 371ech
obo3HauaeT IpuHaIekKHOCTh Haeany PF, PO = R).

zij= (@' + PLal? + Pl + PLal, + Pl + P+ P
(yg,j—i_Pl)yg,]—}_PQ "7yj 1]+{)327107y;')j+P yj+1j+P]+1 "‘ayn] +Pn>
_'Izl y1j+x12y2j+ +$znynj]+PZ

Taxk Kak UTOroBas CyMMa Oepercs 110 MOJY/I0 P!, To pe3y/bTaT CJIOXKEeHHd 3jle-

MEHTOB OIIpe/ie/IeH KOPPEKTHO. OcraJjiochb HpOBepI/ITb IPUHATJIC2ZKHOCTD SJIGMGHTa Zij

K MHOZKeCTBY B;j. Heobxomumo mokasats, uto ) 19 5T xz 529 Gt ) nYn " pu-

najtexkur R upu i < j u P77 upu i > j.
[lepBas qacTh yTBep:KaeHud TpuBuaibua. Ilycts ¢ > j u 1 = j+k. Torma j =1—k
1 HeoOXOIUMO IIPOBEPUTDL MPUHAIE:KHOCTE Hiaeaty PF. Vmeem

1—2,0 —
Zly1]+xl2y2j+ +$znyn,j -

i—2,0 k—1 1
zl y1j+xl2 y2]+ +xzz—ky]]+$zsz+1yj+1,j+"'

+ wi,i—lyi— + xz zyz ,J + -t a:z nyn,y

YV4auThIBasd, 4TO xfkyf ; € Pty P C PP ipu a > 3 HOMyYUM IPUHAICKHOCTh
sieMenTa uaeany PF.

ITpumep. Paccmorpum KOJIBIO TEJNBIX 9HUCET W TPOCToe Yucjao p. Kombio
B®)(Z,pZ) uzomopduo koabsity End(Z, X Z,2)

D10 KOJIBIO IIPHUBEICHO B pabore Beprmana [3] (cum. Takxke [4]) B KadecTBe mpumepa
HOJIYJIOKAJILHOTO KOJIbIIA, KOTOPOE He BKJIAJIBIBACTCS B KOJIHIIO MATPHIL HAJT KOMMYTa-
TUBHBIM KOJIBIIOM.

Teopema 2. Coorsercrsue P — B™ (R, P) ectb ¢pynxrop n3 kareropun (perer-
KH) mieasoB R B KaTeropuro KoJier.

B crenytomux TeopeMax ONHUCBIBAIOTCA IEHTPAIbHBIE U OOPATHMBIE SJIEMEHTBI
kombnia B (R, P).

Teopema 3. Ilentp xomra B (R, P) cocront n3 “ckamspHbIx” MaTpHI BUa

z+ P 0 0
0 24+ P? ... 0
0 0 ... z4pr

e ssementT z + P™ jexxur B niearpe kosbra R/ P™.
Teopema 5. I'pymma ob6parumbrx saementos xobia B™ (R, P) cocrout u3 ¢pop-
MaJsIbHBIX MaTpuil (a;;), ¥ KOTODBIX II0 JHATOHAJIH CTOAT OOPATHMbIE JJIEMEHTEI j; +

+ Pie U(R/PY).

Koncrpyxkims KosibIia ecTecTBeHHBIM 00pa3om obobiaercst Ha Mo rystu. 1o jrrobomy
smeBomy R-mojymio M cTpouTcs MHOXKECTBO B(”)(M , P) bopMaIbHBIX 1 X n-MaTPHIL,
rjle Ha ij-M MecTe pu < j PACIOJIOXKeHbl 3jeMenTsl u3 M/P'M | a npu @ > j —
snementst u3 P/ M [ P'M
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M/PM M/PM ... M/PM
PM/P?>M M/P?M ... M/P*M
B™(M,P)=| P:M/PM  PM/PM ... M/P*M

Pr=M/P"M  P"*M/P"M ... M/P"M

Teopema 6. Ha muosxkecrse B (M, P) MOXHO ecTecTBEHHBIM 06pa30M oIpeJie-
smath cTpykTypy Jgesoro B™ (R, P)-monyma. Coorsercrsme M +— B™ (M, P) ects
dynxrop n3 R — Mod B kareropmio stesbix B™ (R, P)-moumyieii.
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K TEOPUUN HE TITPOCTHIX KOHEYHBIX T'PVIIII
C. B. Ilytuios
Bpancrut 2ocydapemeennviii ynusepcumem umenu axademura U. I. [lemposckozo,
Bpancxk
algebra.bgu@yandex.ru

[Iycrs p — npocroe anciio. [To O. Keremo 1] moarpynmy H rpymisl G HA3BIBAIOT
kBazucyoHopmasisnoit, ecm HNG, = H, ps moboro p € 7(G) 1 KaxK /10§t CUIOBCKOi
p-noarpynnst G, u3 G'.

Teopewma 1. Eciii B KoHEeUHOIT pd-rpyIiie Kaxkas MaKCHMaJIbHAsI TIOJTPYIITa KBa-
3UCyOHOpMAJIbHA HJIH P-Pa3I0KUMa, TO T'PYIITa He IPOCTA.

Teopema 2. Ilycte S — 2-paszjokumasi MakKCHMAaJIbHAS MOATPYIIIA KOHETHOMH
rpynnsl G u Sy € Syly(G). Ecim HekBazucybGHOpMAJIbHBIE 2-HEPA3TOKHUMBIE MaK-
cuMaJibHbIE ToArpyIbl B G uMeroT npuMapHble HHAEKCh, To0 G pa3peruMa.

Teopema 2 ycuusaer Teopemy 1.1.2 u3 [2].
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AJITEBPANNYECKAS{YA CTPYKTVYPA JJId ITEPECYHETOB
NHIIMAEHTHOCTEN TPUA/ IIJIOCKOTIO KYBUYECKOTI'O
AEPEBA, COOTBETCTBVYIOIIINX ITPEOBPA3SOBAHUNIO
JOHAXBIO
N. A. Ilymkapes, B. A. Boi3oB
Bamckuti 2ocydapemeennniis ynusepcumem, Kupos
vbyzov@yandex.ru

[Tpeobpazosanue Jonaxbio — nmpeobpasoBaHme CIEIUAJIBHOTO BUIA, JefcTByOIIee
Ha TUIOCKUX JiepeBbsiX (mim, 6osee 00110, Ha KOMOMHATOPHBIX MHTEPIPETAIINSX TUCET
Karanana, cM., Hanpumep, [1])

B nanHoit pabore 1mockue KyOrMdecKue JIepeBbsl pacCMaTPUBAIOTCA KaK CTPYKTY-
pbI, TIOI00HBIE OUHAPHBIM JiepeBbaM (CM. [2]), cocrosiye U3 Tpua— CTPYKTYPHBIX
eMHUI, 0OpPa30BAHHBLIX U3 BEPIINHBLI, HE SBJAIOIIEACS JIMCTOM, U TPEX IOJOBUHOK
pébep (cm. puc. 1).

5

A
X XK, 2() g\ X, K
OISO VA

Jepeso T' Tlepeso 7(T)

Puc. 1. IIpeobpazoBanue Jonaxpio mis gepesa, pa3dUTOro Ha TPHUAIBI

B pabore mpeioxkena ajarebpaumdeckasi CTPYKTypa, MO3BOJONAs (HOpMaIbHO
omnucarh mnpeobpazosanue /lonaxpio. CTpykTypa IpejcraBisger coOoil cuMMeTpude-
CKYI0 WHBEPCHYIO IOJIYTPYIINY, JAefICTBYIONIYI0 HA MHOXKECTBE TPHAJl, U3 KOTOPBIX
COCTOWT JIEPEBO, CHAOXKEHHYIO OJHON JIOTOJIHUTE/IHHOW yHApPHOW ollepaliueii, Ha3bl-
BaeMoil (MTepaTUBHBIM) 3aMBbIKAHIEM.

Harnomuunm, uto cummerpuvieckas unsepchas noayrpymma (J(A), o, -71) (., na-
npumep, [3]) Ha MHOKecTBe A ecThb MHOXKeCTBO J(A) BCEX TACTHIHO ONMPEIETEHHBIX
UHBLEKTUBHBIX oToOpaxkenuii A — A ¢ oneparueil o0br9H0# KoMiozuiuu o. Ilpu srom
UHBEPCHBII JIeMEHT 1 K 9aCTHYHO OIpeIeséHHol nnbeknuu o : A — A crpouted,
HebOpMaJIbHO TOBOPS, OOPAIleHnEeM BCEX CTPEJIOK.

Onpepenenne 1. Ilycts T — mtockoe KyObudeckoe JIepeBO ¢ MHOXKECTBOM TPH-
an A. Unnupenrnocteio (7)), coorBercrByorieil jJepeBy 1', Ha3bIBaeTcs IsITEPKA
(r, /N0 N\ ), e 7 € A —KopheBas Tpuaga, S, N, \y, v € J(A) —ugacrud-
HO OIpPEJIeJIEHHbIE MHHEKIUN, PeaNn3yIoNne 0OTOOPAXKEHHUS <«IIPAaBBIf OTEI», <«JIeBBIi
OTEIl», «IIPABBI CbIH», «JIEBBIil ChIH» COOTBETCTBEHHO.

ViobHo cuntaTh sepeBo 1, siBjsiiolieecs obpa3oM JjiepeBa ' 101 JieificTBUEM IIpe-
obpasoBanus J{oHAXbIO, COCTOSINNM U3 TeX Ke CAMBIX TPHUaJ], ITO U jepeBo 1', HO
CBSA3AHHBIX MKy €000i JAPyroif MHIUJIEHTHOCTHIO, KOTOPYIO MOXKHO $IBHO BBIUHC-
JINTHb B paMKaX HEKOTOPOU aredOpamvdeckoil CTPyKTYPHI.

OsHAKO CTAHJAPTHBIX OMepaIyii © U -~ Jisi 9TOr0 OKa3bIBAETCsT HEJIOCTATOUHO:
IPUXOUTCS BBECTH B PACCMOTPEHHME eIié ojHy (YHAPHYIO) Ollepaluio, JefiCTBYIONLY O
Ha MHOYKECTBE YaCTHIHO OIIPE/IeICHHBIX nHbeKImi J(A), HazBaHHYO (MT€pPATHBHBIM )
BAMBIKAHUEM.

Onpenenenne 2. Ilycts o : A — A —»snement muoxkectBa J(A) ¢ obiacTbio
oupenenernst D(a), obmacrbio 3nadennii (o) m MHOXKECTBOM HENOJBUKHBIX TOYEK
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E(a) € D(a)NI(«). Ero nreparnBHBIM 3aMbIKAHIEM HA3BIBACTCHA IACTUIHO OIIPE/Ie-
JIEHHOE MHbEKTUBHOE OToOpazkenne o : A — A, onpee/iéHHOE TOCPEICTBOM ITPABUIIA

o () = {x, ecin ¥ € E(a),
Y, €CIu T --+ Y,
IJle 3allUCh T --+ Y PaBHOCWJIbHA ToMy, uTo T — a(z) — a?(z) — ... = a"(x) =y
nuy ¢ D(a). HomosuurensHo OygeM cautaTh, YTO T --+ T, TOTJA M TOJBKO TOIJIA,
ssieMent x He BxoauT B D(a) U I(«).

Orobpaxkenue §* me onpenesneno s smementoB A, sxogamux B [(a)\E(q).

B repmunax nosyunsimeiics aaredpandeckoit crpykrypsl (J(A), 0,71 *) ynaéres
ommcarb nHuAeHTHOCTH (1) 0bpasa T mepesa T 1o jeficTBreM peoOpPa30OBaHUs
Jlonaxnro.

Ilmenno, nmeer mecto N

Teopema. Ilycrs T u T — nBa gepea ¢ obmmm Hadopom tpuasg S, T = 7(T) —
obpas gepeBa 110J JelicTBueM 1peobpaszoBanust /lonaxpro. Torma st mo0bIx T,y € S
PaBHOCHJIBHBI YCJIOBHSI:

Az =\,(y) B aepese T < x=(\o./)(y) B aepese T’;
B. z =~ (y) B z1epee T & = (o N*)(y) B gepese T';
C. =/ (y) B gepese T & x =N (y) B gepese T';
D. x =, (y) B aepese T < =\, (y) B gepese T.

Kpowme Toro, ecin sg € S — kopresas Tpuasa jepesa 1, To KopHesas TpHaia
gepeba T ectb \* (o).

JIuteparypa
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OOPMAIINN U IICEBJIOMHOTI'OOBPA3NA YHAPHBIX AJITEBP
A. JI. PaccTpurun
Bosnzozpadckuii 2ocydapcmeennvili couuaibHo-nedazo2udeckuli YHusepcumen,
Boseozpad
rasal@fizmat.vspu.ru

IIcesdommozoobpasuem [1, 2| HazbIBaeTCS KJIACC KOHEIHDBIX ajireOp, 3aMKHYThIH OT-
HOCHUTEJIbHO B34THSA TOJAITreOp, TOMOMOP(MHBIX 00pa30B M KOHEYHBIX IMPSIMbBIX IIPO-
n3BesleHnit. B posmm anredp MOTyT BBICTYHATh, HAIPUMED, HOJYyTPYIIBL. Tak TceB-
JIOMHOT000pa3us MOJIYTPYII UI'PAIOT 3HAYUTEILHYIO POJIb B ajare0Opanieckoil Teopun
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aBTOMATOB GJIarojapsi UX CBsi3U ¢ peryssipubiMu s3bikavu |1, 3]. C apyroii cropo-
HBI, [ICEB/IOMHOI000pa3usl BOSHUKAIOT IIPY OIMUCAHUK CTPYKTYPHBIX CBOWCTB YHAPHBIX
asrebp [4], 1. e. anrebp, Bce OCHOBHBIE ONEpPAIN KOTOPHIX YHADHbIE.

[TonsTue dpopmarun gBjsieTcst 6oJiee OOMNUM U HAXOIUT IIPUMEHEHNE KaK B TEOPHHI
dbopmanbHBIX A3BIKOB [3], Tak u, B GosbIeil crenenn, B Teopun rpymi [5]: gopmayuet
Ha3bIBACTCH KJIACC aredp, 3aMKHYTHIN OTHOCUTEILHO B3ATUS TOMOMOP(MHBIX 00pa30B
1 KOHEUHBIX MOAIPAMBIX ITpou3Beienuii. [lepBonadanbao popMarum ObLIN KCIIOJIB30-
BaHBI IMEHHO JIJIsl U3y YeHUsT KOHETHBIX MDY, & BIOCIEICTBUN |5] 6bLIN PACCMOTPEHBI
dopmanuu anredpamdeckux cucrem. Hapsny ¢ dpopmarusaMu rpymin pa3HbIMU aBTO-
paMu u3ydaJjuch (popMaliun IMpou3BOJILHBIX aaredp, a Tak:ke (hpopMallnid KOHKPETHBIX
TUTIOB aJiredbpanveckux cucreMm. Popmarnn Kak KJIacchl aJiredpanvdecKnx cucTeM 0bJia-
JAFOT CXOXKUMHU C MHOTOOOPA3MsME CBOHCTBAME (CTPYKTYPHBIMU U CHHTAKCHICCKIMI
OIMCAHUSIME), HO B OTJIMYUE OT MHOTOOOpA3Uil MOIyT COCTOSITH TOJBKO M3 KOHEUHBIX
aJyireop.

Kak BugHO U3 orpejienienust, Besikasi hopmariusi, KOTopast COCTOUT U3 KOHETHBIX
aJredp M 3aMKHYTa OTHOCHTEIBLHO TOJAIreOp, ABJIAETCA ICeBJIOMHOroobpasueM. B
obIeM ciiydae, Kak U3BECTHO [6], 3aMKHYTOCTH OTHOCUTEIBHO B3ATUsI TOMOMOP(HBIX
00pa30B U MPOU3BOJILHBIX MOJNPIMBIX TPOU3BEIEHUI JTOCTATOTHO JIJIsT HACJIEICTBEH-
HOCTH KJIACCa, HO eCIU OpaTh TOJTBKO KOHETHBIE MTOJIIPIMbIe TPOU3BEICHN, TO 9TO HE
BCerjla Tak — He BeAgKasi (popMallisd sABJISIeTCsl HacjeCTBeHHOi. K npumepy, mopoxk-
JIeHHAas TTPOCTOi HeabeseBoii rpymmnoit G popmalisi COCTOUT U3 KOHEUHBIX MPIMBIX
npousBejieHnii Konuii rpynnbl G U He copepKuT ee noarpym |7, riaasa 11, 2.13].

B nacrosimmeM cooOIeHnn moKa3bIBACTCA, YTO €CJIU BCE OCHOBHBIC OIEPAaIlnU Pac-
CMaTpPUBAEMbIX ajreOp SBJIAIOTCA YHAPHBIMU, TO HMOHATHA (POpPMAaIlUN U IICEBIOMHO-
roobpa3usi COBITa IAIOT:

Teopema 1. Kaxkiast (popmaliust KOHEIHBIX YHAPHBIX aJIreOp sIBJISETCS MCEeBIOM-
HOroobpas3ueM.

VYHapHas ajreOpa Ha3bIBACTCS KOMMYMAMUEHOTU, €C/IA JIFOObIe JIBe €€ olepalun
[IEPECTAHOBOYHBI, T. €. ABJISIOTCS YHIOMOP(MU3IMAME TOH aaredphI.

Teopema 2. Kaxkiast (popmaliist KOMMYTATHBHBIX YHAPHBIX aJIreOp sIBJISCTCS Ha-
CJIJICTBEHHOI (hopMaIineri.
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OIINMCAHUE MOJAJIbHBIX JIOTK CO CJIABBIM CBOMICTBOM
KO-HAKPBITU
B. B. Pumankmnii
Cubupcruii Pedeparvruti Ynusepcumem, Kpacroapck
Gemmeny@rambler.ru

WzBecTHO, 9TO JOMyCTUMBIE TTPABUJIA BBIBOJIA MOTYT CYIIECTBEHHO YCUJIUTH JIE/Ty K-
TUBHYIO CHJIy 3aJaHHO# Jiormku. B 910l paboTe MBI MMOKa3bIBAEM, UTO JIOIYCTUMbBIE
[IpaBUJI& TO3BOJISIIOT TaKzKe OIMCATh HEeKKMe TOHKHME CeMaHTUYeCKUe CBOMCTBA JIOTUK.
A umenHo, 3a/aHHas JIOTHKa HaJT S4 mMmeeT cj1aboe CBOWCTBO KO-HAKPBITUI €C/u, 1
TOJIBKO €CJTU B Hell JIOIMyCTUMBI OIlpejie/IeHHbIe TTPABUJIa BBIBOIA.

['oBopuM, 4TO JIOrMKa A, pacimpsdomas JOoruky S4, nMmeer cjiaboe CBOMCTBO
Ko-HakpbITHil Hax S4 (weak co-cover property), ecim s JIIOOOTO KOHETHO-
ro KOpHeBOro A-dpeiiMa F U IPOU3BOJIbLHON HETPUBHAIBLHON aHTHIETN X CI'yCTKOB
u3 F, dpeitm Fi, MOJIyUIeHHBIN 100aBIeHIEM KaK KOPHS OJHO3JIEMEHTHOTO pedJiek-
CHBHOI'O KO-HaKPHITHS KO peiimy |J o yr c®, Taxxe aBagerca \-dpeiimom. Jlorukn,
obJragarorye 3TuM cBoiicTBOM, OyneMm HasbiBaTh WCP-morukamu nam S4.

[Ipasuso BeiBoga a1(P1, .-y Pn)s--s k(P1y - Pn)/B(P1, ..., Dn) Ha3bIBaETCH J0-
nycmumoim B jtoruke L, ecim y1st mo0bix GopMyit 0y, ..., 0, u3 (Vj «a;(61,...,0,) €
€ L) crenyer B(61,...,0,) € L.

Jnsa Beex aucen n > 1, 1 < 4,5 < n; n € N, onpenesinMm (OPMYJIbI:

T = pz’/\/\_‘Pﬁ Ay, = /\ Oy

G 1<i<n
Ap =00 N\ (i = ~09)]; B:=qV-0q.
1<ign

OHpe,ZLeIII/IM TaK2Ke JJId HaTypaJIbHbIX 1. > 1 I1oCJIe 10BaTe/JIbHOCTL IIpaBUJI BbIBO/IA:

_ O(Aup A=A, AB))
R, = oA rn=23,....

Teopema 1. Ilyctp ¢puHHTHO anmpokcuMupyeMasi JOTHKa JIOTHKA A PacIIIPsIeT
jgoruky S4. Bce npaBuia R,, n > 1, n € N, jgomyctuMbl B \ €CJIH U TOJBKO €CJIH \
umeer cjraboe CBOHCTBO KO-HAKDBITHI.
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O CTPYKTVYPE IIEPEUNCJINMBIX CTEIIEHEV TEHEPMYECKON
CBOJAMMOCTHN
A.H. PrsibajsioB
Huemumym mamemamuru um. C.JI. Coboresa CO PAH, Omck
alexander.rybalov@gmail.com

[lenepuyeckunii 0/IX0T K aJITOPUTMUYECKUM TIpobjieMaM ObLT mpejioxken Karo-
suueM, MscuukosbiM, nuispaiinom u [lymmom B [5]. B pamkax sToro momaxosa
U3ydJaeTcs MOBeJIeHne aJIlOPUTMOB HA MHOXKECTBE “MOYTH BCeX BXOJOB (9TO MHOYKE-
CTBO HA3bIBAETCS TEHEPUYECKUM ), UTHOPHUPYsI MOBEJEHUE AJrOPUTMa HA OCTaJIbHBIX
BXOJIaX, HA KOTOPBIX aJITOPUTM MOXKeT paboTaTh MeJJIEHHO MM BOOOINE HE OCTaHAB-
muBarbed. Jlxkokymn u [y B [4] BBesin aHAIOr THIOPUHIOBOM CBOIUMOCTH JIJIsl PeHe-
puteckoil Berancanmoctu. Hommak u Uryca B [1-3] n3yunsm mpobieMbl cyiecTBOBaAHAS
MUHUMAJIBHBIX CTeleHell (He 00sI3aTesIbHO IePEeInCINMbIX) ¥ MUHAMAJIbHBIX Hap OT-
HOCHUTEJIbHO TeHEePUIECKON CBOJIMMOCTH U JIaJIi YCJIOBHOE PEIeHne 9TOM MpodIeMbl 110
MOJLYJ/II0O HEKOTOPOTO YTBEPKIEHUS O CTPYKTYPe CTEIeHel TeHePUIeCKONH CBOJINMOCTH.
B nmanHOM MOK/1a/1€ TPUBOIATCS PE3YIbTATBI O CTPYKTYPE MEPEUnCIUMBIX CTeleHei
s dexkTuBHOI Bepcun renepudeckoit ceogumoctu Jxxokyma-IIlymma.

s jroboro mojaMuO)KecTBa S C W ONPEIE/IIM CJIEAYIONIYIO MOCIeI0BATEIbHOCTD

Hr:x<n, zeS}
n

pn(S) = ,n=1,23,...

Acumnmomu%ec%oﬁ nAOMHOCMBIO S Ha30BEM IIpeaesn (GCJII/I OH CymeCTByeT)
p(S) = lim p,(S).
n—oo

MuozxkecTBO S HazbIBaeTCs npeneobpesicumvim, ecan p(S) = 0.
Asroput™m A : w — w U {7} Ha3bBIBaETCH 2eHEpUMECKUM, CITH

A. A ocramaBimBaeTCs Ha BCEX BXOJAX U3 W}
B. muoxkectBo {r € w: A(z) = 7} aBngerca npeHeOPEKIMbIM.

MuoxkectBo S C w Ha3BIBAETCS 2EHEPUUECKYU PA3PEULUMDBLM, €CJIU CYIIECTBYeT re-
HEPUYECKHIT aJITOPUTM, BBIYUCIISIONINN €ro XapaKTepuCcTuIecKyio (pyHkimio. NMuade
MHOYKECTBO HA3LIBAETCS 2€HEPUUECKU HEPA3PEULUMBLM.

[Tyctb A — UPOM3BOJIBHOE MHOYKECTBO HATYPAJbHBIX YUCEl. | eHepuueckum opa-
kysaom MHOXKecTBa A HaspiBaercst byHKImsa ¢4 @ w — {0,1,7} Takas, aro

A. Muoxecto {z : @4(x) =7} npenebpexmmo.
B.View pa(z) =1 = z € A.
C.Vrew pa(z) =0 = = ¢ A.

MuoxkectBo A C w 2enepunecku ceodumcs no Tvropuney K Mmuoxkecrsy B C w, ecin
cymiecTByer Marmuaa M ¢ KoMaHIaMu oOpaIeHnst K OpaKyJry Takas, 9To Jiisi JJF00ro
EeHEPUIECKOr0 OpaKyJia g reHepudecKuit aaroput™m M¥PB BbIYHC/IAET XapaKTepu-
crudeckyto dyukmuio A. Obosnadaercsa sro A < r B.

Bynem mucars A = o8B, ecm A <gr B u B <, A. Onpenesnnm Takzke reHe-
PUYECKYIO THIODHHIOBY crerleHb MHOKecTBa A Kak dyr(A) = {B Cw: B = A},
[enepudeckasi THIODHHIOBA & CTENEHDb MMEPEUUC/INMA, €CJIU COJEPIKUT XOTs ObI OHO
[EePEYnCIMMOe MHOXKECTBO. Bysem mucarth, ato a < b, ecim cymecrByior A € a u
B € a rakme, uto A < 4r B. Ananormuno ompefensgerca orHomenne a < b. Bcee
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PeHEPUYIECKH Pa3peninMble MHOXKECTBA 00pa3yioT OJHY TI'€HEPUUIECKYI0 ThIOPUHIOBY
cTeleHb, KoTopasi obo3Hadaerca 0. /s 000t reHepudecKoil ThIOPUHIOBOM CTEIIeHN
a umeer Mecto 0 < a.

[Tepeuncaumoe mHOXKecTBO A Oyaem HasbiBaTh ¢1 -noaHbvLM, €CIH s JTIOOOrO
repevucjuMoro B umeer mecto B <gr A. CooTBeTCTBYIOIAsA CTEIIeHb HA3bIBAET-
cd noanol. Byjem Ha3bIBATH TE€HEPUYECKYIO THIOPUHIOBY IEPEYUCTUMYIO CTEIEHD
a MaKCUMAALHOT, €CITU He CYIIECTBYET HEIOJIHON TeHEepUYeCKOU THhIOPUHIOBOH Iie-
peuncaumoii crerenn b takoit, uro a < b. HenysieBas remeputeckast ThIOpUHIOBA
repevnc/jimMas CTelleHb a Ha3bIBAETCA MUHUMAADHOT, €CTIN He CYIIECTBYeT TaKOU re-
HEPUYECKON ThIOPUHTOBOI 1epeducanMoit crerrenn b aro 0 < b < a.

Teopema. /[y nepedncjauMbIX cTerieHel reHepuIeCKOH ThIOPUHT'OBOH CBOJIUMOCTH
AMeeT MeCTO CJIeTyIoNIee:

A. CyiecTBy 0T HoJIHBIE T€HEPHIECKUE MTePETHCTUMBIE CTEIICHH.

B. CymiectByror HecpaBHUMbIE T€HEPHIECKUE THIOPHHTOBBI IEPEIUCTIMBIE CTEITCHH.
C. He cymiecTByeT MaKCHMAJIBHOH N€HEPHIECKOH MePeIHCIUMON CTEIIeHH.
D.

He cymecrByer MmunnMaIbHON reHepUYeCKOlH ThIOPUHT'OBOIH MEepednuC/IUMO CTe-
TIeHN.

JlokazaH reHepuyecKnii aHAJIOr KJaaccuaeckoit Teopembl Cakca O pa3jioyKeHUN.

Teopema. Ilyctb A — reHepuiecKd HEPa3pEIIHMOe MEePEeIHCIHMOE MHOYKECTBO.
Torma A = By U By, rne By, Bi — HemepecekaroIruecs: Iepednc/uMble MHOYKECTBA,
takue, 410 A ng By u A ﬁgT B;.
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JIOTUKA YACTUYHOU ®UKCUPOBAHHOM TOYKU BTOPOT'O
IHOPAIKA IJId KOHEYHBIX AJITEBPANYECKNX CUCTEM
B. C. Cekopun
Teepcroti 2ocynusepcumem, Teepv
vssekorin@gmail.com

Mpu1 OyJieMm paccMaTpuBaTh OOOTAIEHNA A3bIKA JIOTUKH TIEPBOTO U BTOPOT'O TOPSI/I-
KOB OIIEPATOPOM YaCTUYIHON (DUKCHPOBAHHON TOYKHN. Kak M3BeCTHO, JIOTUKA ITEPBOTO
HOPsIJIKA He T03BOJISeT BBIPA3UTh MHOTHE IIPOCTDLIE BEIlU, HAIPUMED, TPAH3UTHUBHOE
3aMbIkaHue. JIormka BToporo mopsjka ropasjo 6ojiee BbIpa3uTesbHa, HO C ITPaKTHYe-
CKOI TOYKHU 3PEHUsI OHA UMeeT HeJJO0CTATOK: OTCYTCTBUE IBHOTO CIIOCODA HAXOXKJICHUS
[IPEJINKATOB, HAXOAIINXCA 110/ KBanTopamu. CyIecTBYIOT JpyTrie PACIIUPEHUs JIOT -
KU TIePBOTO MOPAJIKA, He UMEIOIIHe STOTO HEJIOCTATKA. B 4acTHOCTU, K HUM OTHOCATCS
pa3/IMvHbIe OepPaTopbl (DUKCUPOBAHHBIX TOYEK, JIJIsi HUX CIIOCOO HAXOXKJICHUS 3HAa-
YeHus sBHO 3aJlaH B onpejesenun. Mbl paccmMarpuBaeM caMmblil YHUBEPCAJIHHBIN 13
HUX — omneparop 4dactuanoit dpukcupoauuoii Touku (PFP). IIpeobpazosanue dop-
MYyJIbI OT JIOTUKH BTOpOro nopgjika K PFP-joruke ynpormaer Bbrauciienue 3navdeHus
dopmyibl. [1aBHbBIN HAIT pe3y/IbTAT COCTOUT B TOM, UTO IO JII00OOH (hopMyJsie JJIOTUKHI
[IEPBOT'O U BTOPOT'O MOPSIKOB MOXKHO HEIIOCPEICTBEHHO ITIOCTPOUTDH SKBUBAJIEHTHYIO €
dopMyITy 1epBOro mopsijika ¢ BCETO JIUIIb OJHUM OIEPATOPOM YACTHYHON (DUKCHPO-
BaHHOI TOYKU.

Onpenenenune. Qopmysoit PFP -jtorukun HazpiBaercst (popmyiia, mocTpoeHHasT 110
MpaBHIaM KJIACCHIECKOH JIOTHKH C UCIOJIb30BAHHEM OIIepATOPa 9aCTHIHOH (PUKCHPO-
arnoit roukn PFP : eciim o(Z,y) — dpopmysa co cBOGOIHBIME IEDEMEHHBIMH T U
cozeprkalniasg HeCUrHATYPHEI npeankarnpii cumboa @, To PEPg (p) — ¢opmya
HCXOIHOIH CHTHATYDBI, coJlepKalijas CBOO0fHbIe lepeMeHHbIe T u Y. IIpu srom jymmHa
cosrastaet ¢ mectaoctoio Q. Ilycrs A — 310 anrebpandeckast cucrema. 3auxkcupyem
d € || — smagenust nepemennsix T . Ilycrn

Q=2 QLi={gelA | Q) Eedy}

JIA 1€ W. ) )

Ecsn cymecrsyer takoif n € w, st kotoporo QF = QL. |, To Gysem cumrars
popmyiy PFPg (¢)(d, §) mernnnoit npu § € Q24 u noxnoii npu j ¢ Q. Ecm xe
VKa3aHHOTO 9HCJIa N HE CYMECTBYET, TO (DOPMYJTY CIUTAEM JIOKHOI.

CuavaJjia MbI JIEMOHCTPUPYEM, UTO K HY?KHOMY BUJLy MOXKHO ITPe00Pa30BaTh JIOOYIO
dopmyity PFP-moruku nepsoro mopsiaka.

Teopema 1. Ecin anrebpamndeckasl cucreMa KOHEUHa H UMEET OTHOIIEHHE JIHHEH-
HOI0 mopsijika, To JJ1s Jiioooit popmysibl PEP -yrornkn ¢ kBanTopaMu mepBoro 1nopsijaka
MOKHO HOCTPOUTH SKBUBAJCHTHYIO (DOPMYJIY BHIIA

(M) PEPq) (¥), (%)

rme M — KBaHTOPBI ITEPBOTO IIOPsIJIKa, a ) — (bopMyJia JOTHKH IIEPBOT'O TIOPSIKA.

JlokazaTeIbCcTBO MMPOBOIUTCA MHYKIHEH 110 mocTpoenuto (popmysbl. Ham jmocra-
TOYHO PACCMOTPETDb YEeThIPE CAydas MOCTPOEHUsT (POPMYJIbI: OTPUIIAHUE, KOHHIOHKITHS,
BioxkeHHbiit PFP-oneparop n kBanTopsl. 13 Oy/ieBbIX CBI30K MBI UCIIOJIB3YEM TOJIb-
KO OTpHUIIAHIE U KOHBIOHKIIMIO, TaK KaK dYepe3 HUX MOXKHO BBIPA3UTh BCE OCTAJIbHBIE.
PazobpaB Bce 3TH cirydan u IoKa3aB, 9TO B KaxKJI0M U3 HUX (DOPMYJia MOYXKET ObITh TIpe-
obpazoBaHa K BUJY (), MBI TIOJIY UMM, 4TO BCE OIEPATOPHI YaCTUIHON (hUKCUPOBAHHOI
TOYKH MOYKHO 3aMEHUTDH €JINHCTBEHHBIM.

Jlajiee MbI pacipocTpaHsieM TeopeMy 1 Ha KBAHTOPBI BTOPOI'O MOPsiIKa.
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Teopema 2. Eciu ajsrebpandeckasi cucreMa KOHEYHA H HMEET OTHOIIIEHUE JIH-
HefHoro mnopsijka, To s Jjiiooor opmyansl PEFP -norunkn ¢ kpanropamu nmepsoro u
BTOPOTO MOPSJIKOB MOXKHO TIOCTPOUTH SKBUBAJIEHTHYIO (POPMYITy BHJIA

(M) PEP ) (¥),

ryie M — KBaHTODBI 1I€PBOTO MOPsijIKa, a ) — opMyJia JOrHKH [MEPBOro MOPsIKA.

Jlu1st joKa3aTeILeTBa JAHHON TeOpeMbl Mbl 3aMEHSIEM Kayk IyTo H0AMOPMYILy BUI0B
(3Q)¢ n (VQ)p Ha omeparop gactuaHoil pukcupoBanuoit Touku. Takum 06pa3oM Mbl
nosyauM (hopMyIly ¢ KBAHTOPAMHU TOJIBKO TIEPBOIO MOPSA/IKa, HO HecKobKumu PFP-
oneparopamu. Ilocsie 3T0ro MoXKeM BOCIIOJIb30BaThCsA TeopeMoii 1, 4Tobbl Ipeobpaso-
BaTh (POPMYJIy K YKA3aHHOMY BHLY.
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3AMETKI O TEHEPNMYECKOW CJIOXKHOCTU 3AJTAY
PACIIOBHABAHUA
A. B. CenuBepcrToB
Hnemumym npobaem nepedayu ungopmavuu um. A.A. Xapresuua Poccutickot
axademuu nayk, Mockea
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Bouibiioe BHUMaHUE yiesasieTcst U3yUeHuIo 2erepuyeckur agaropurmos (Poibasios,
2017 u 2018). Onu ciryKaT BasKHBIM YaCTHBIM CJIy9aeM SBPUCTUYECKUX AJITOPUTMOB,
KOIJIa Ha IMOYTHU JIFOOOM BXOJIE PE3YIBTATOM PA0OTHI AJTOPUTMA CIIYZKUAT MTPABUIbHBIN
OTBET, HO Ha TPEHEOPEKUMO MAJIOl J10JIe BXOJIOB (TO eCTh JioJie, cTpeMsiieiics K Hy-
JIFO [IPY YBEJUYEHUN JIJINHBI BXOJA) aJITOPUTM MOXKET OTKA3aThCsl OT BBIYUC/ICHUI,
BbIJaBas ABHO coolIeHne 06 orkase. HarmpoTus, oTcyTcTBHE OBICTPOTO TEHEPUIECKO-
ro aJITOPUTMa CJIYKUT JIJIsi 0OOCHOBaHUS HAJIEYKHOCTH KPUNITOIPAMUIECKIX METO/IOB
(Pei6asios, 2016).

B sToit pabore A3BIKOM Ha3bIBAETCS HEIYCTOE MHOYKECTBO CJIOB KOHEYHOW JIJTU-
ubl Hag asdasurom {0, 1}. F3bIK pacmo3HaéTcsi reHEepUYeCKUM AJTOPUTMOM, €CJII
JITOPUTM TTPABUJILHO PACIIO3HAET Te BXOJIbI, HA KOTOPBIX HE IMPOUCXOJIUT OTKa3a OT
Bhrauc/iennsi. O4eBuIHAST TPYIHOCTD CBSI3aHA C TE€M, UTO MOCJIEI0BATETLHOE BBITIOJTHE-
HI€ BCIO/Ly OIPEIEeEHHOTO U TeHEPUYIECKOTr0 aJrOPUTMOB MOJMHOMUAIHLHOTO BpEMEHN
MOZKET JIaTh TPUBHUAJILHBIN MeHEPUYECKU aJITOPUTM, KOTOPBIi MO0 OTBEpraeT BXOJI,
b0 OTKa3biBaercs OT Bbrumcyenuit. Hampuwmep, mocpeacrsom nadbusku (padding),
KazkJas 3a/[a9a paclo3HaBaHWs CBOJUTCS 3a MOJUHOMHUasbHOe BpeMs (mo Kapiy) K
3aJ1a4e, KOTopas paspenmMa (TPUBUAIbHBIM) TeHEPUIECKUM aJITOPUTMOM MOJTMHOMHU-
AJIbHOT'O BPEMEHM.

Omnpenenenne 1. ['enepudeckuii aropuTM pacno3HaBAHNA HA30BEM HETPUBHUAIb-
HBIM, €CJTU CYIIECTBYIOT OECKOHETHOe MHOYKECTBO BXOJIOB, KOTOpPbIE OH NMPUHUMAET, 1
OecKOHEeUHOEe MHOXKECTBO BXOJIOB, KOTOPbIE OH OTBEPraeT, HEe OTKA3bIBAsSICh OT BBIYUUC-
JIEHUS Ha TUX BXOJAX.

[To amajormm ¢ ompejesieHneM HeyHUMDOPMHBIX KJACCOB sA3BIKOB P/poly wu
N P/poly oupenenstorcs HeyHUMDOPMHBIE TeHEPUIECKIE aJITOPUTMBI.
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Onpenenenue 2. {3bik pacrno3Haércsd HeyHU(MDOPMHBIM NeHEPUIECKUM aJIrOPUT-
MOM TIOJTMHOMHUAIBLHOTO BPEMEHU, €CJIN JIJIsi KaXKJI0N JIIMHBI BXO/Ia 7. CYIIECTBYET Ta-
Kas mapa OyJIeBBIX CXeM TOJUHOMHUAJIBLHOIO OT N pa3Mepa, UTO eCU IepBas CXeMma
JIaéT oTBET 1, TO BXOJI IPUHUMAETCS, KOTJIa BTOpas cxeMa JaéT OTBeT 1, u oTBepraer-
cd, Korja Bropas cxema jgaét oreT (. [Ipm 3ToMm m0/19 BXO/IOB JIUHBI 1, HA KOTOPBIX
nepBas cxema Jaét orBer (), crpeMuTcst K Hyro ¢ poctoMm n. Oteer () mepBoii cxeMbl
O3HaYaeT, 9TO aJrOPUTM OTKa3bIBaeTcdA OT Bbluucsaenuil. Eciu obe OyieBbl cXeMbl BbI-
YUCJIMMBI 38 TOJIMHOMHUAJIBLHOE BPEMS, 9TO OIpe/ieIeHIe SKBUBAJIEHTHO OIPE/Ie/IEHIIO
FEHEPUYIECKOTO aJITOPUTMa MOJTUHOMHUAIBHOTO BPEMEHU.

Teopema 1. Ecjin si3pIk nipuHajiexxut nepecedenuro kjaaccoB coN PN N P/poly,
TO OH CBOJIUTCS 3a IIOJIMHOMHAJIBHOE BPEMSI K SI3BIKY, PACIIO3HABAEMOMY HETPHUBHAJIb-
HBIM HEeYHH(POPMHBIM T'€HePUICCKHM aJTOPHUTMOM ITOJTHHOMHAILHOIO BPEMEHH.

HokazaresbeTBo Teopembl 1 ucnosb3yer HabuBky (padding); oHa He jaér mpak-
TUYECKU T0JIe3HOro ajaropurma. OHako Teopema 1 ycTaHAB/IMBAET CBA3b BHIYUCIIH-
TEJIbHO CJIOKHOCTH (B XyJIIIEM CJIydae) ¢ PeHEPHIeCKON CJIOKHOCTBIO (B THIIMIHOM
ciydae).

[TepeitiéM K HETPUBUAJILHBIM MeHEPUYECKUM AJITOPUTMAaM ITOJIMHOMUAJILHOIO Bpe-
MEHU JIJTsl PEIeHsT TPUKJIAIHBIX 38 1a49. 'TOUKa Ha BEIECTBEHHOI TTOBEPXHOCTH HA3bI-
BAaETCs SJIIUIITUYECKON, €C/TM B €6 OKPECTHOCTU TMOBEPXHOCTH AIMTPOKCUMUPYETCS JI-
JIMTITHYECKNM TapadosionioM. Pacro3naBanue 3/UTMITHIECKIX TOYEK HA [IOBEPXHOCTU
Ur'PaeT BayKHYIO POJIb B CUCTEMAX aBTOMATH3MPOBAHHOIO IIPOEKTHpOBanusd. B qacTHo-
CTHU, JTUITAIECKUIX TOUEK HET Ha MMUPOKO UCIOIB3YEMbIX JIMTHEHIATHIX TOBEPXHOCTIX
(Vrsek, 2018). Tlpumepanmu JinHEHUATHIX TOBEPXHOCTEl CJIYKAT IUJIHHIPHI U 30HTHK
YurHu.

[TongaTue 3/TMITHYECKON TOYKN 0000IIAETCs JIJIsi BEMECTBEHHBIX THIIEPIIOBEPXHO-
cTeil TPOW3BOJIBHON pasMepHocTH. Ha rpaduke MHOrowIeHa /UIMNTHYECKAT TOUKA
COOTBETCTBYET TOUKe U3 00JIACTU OIPeJiesIeHns], B KOTOPO MaTPUIla BTOPHIX YACTHBIX
MPOU3BOHBIX 3TOIO MHOTOUJIEHA 3HAKOOIPE/IeIeHa.

MHoOTOo4JIEHbI OTOXKJIECTBIIAIOTCS C TOC/IEI0BATEIHbHOCTBIO PAIlMOHAIBHBIX JIPO0Oeii,
YUCTIUTEb U 3HAMEHATETbh KOTOPBIX 3allUCAHBI B IBOMYHON CHUCTEME.

Teopema 2. /lano meuérroe 1esioe qucjao d = 3. MHO}KeCcTBO MHOTOYJICHOB CTe-
meHn d OT JBYX IIepeMEHHBIX HaJ MOJIeM PAIHOHAJIBHBIX THCENT, I'DapUKI KOTOPBIX
coJieprKaT JTHIITHIECKHe TOYKH, PACIO3HAETCS HETPUBHAJIBHBIM T€HEPUIECKIM aJl-
TOPUTMOM IIOJIMHOMHUAJIBHOIO BPEMEHH.

Orpanuvenne Ha CTEleHb CyNIeCTBeHHO. ['padukom juHeitHOl DYHKIUT OT JIBYX
IepeMEeHHBIX CIIYKUT IIJIOCKOCTh, He MMeEIOIIasl SJITHITHIeCKuX Todek. Eeim ke cre-
[eHb PaBHA JIBYM, TO CYIIECTBOBAHUE SJLIUITUYUECCKON TOUKM PACIIO3ZHAETCS JIE€TEPMHU-
HUPOBAHHBIM AJITOPUTMOM 38 ITOJIMHOMHUAIBHOE BPEMSI.

Teopema 3. /lano HeuéTHOE 11e/10e dncao d > 3. MHo>kecTBO MHOIOYJIEHOB CTe-
rnean d oT TPEX MEPEMEHHBIX HaJ[ MOJIeM DAI[HOHAJBHBIX IHCeN, I'PapUKH KOTOPBIX
COJIEPKAT JUIMITHIECKHE TOYKH, DACIIO3HAETCS HETPUBHAJBHBIM T'€HEPHUIECKHM aJl-
TOPHTMOM IIOJTMHOMHUAJIBHOTO BPEMEHH.

Obrmast ujes J10Ka3aTeIbCTBA TEOPEM 2 U 3 COCTOUT B TOM, UTO JIJIsA MOYTH BCEX
paccMaTpUBaeMbIX MHOTOYJIEHOB IpadUK COJEPKUT SJLIUNTUIECKYIO TOoUKy. (Ppasa
“IJI TOYTH BCceX  O3HAYaeT: “JIIsd BCEX, KPOME HEKOTOPOIl YacTh MHOYXKECTBa, HYyJIei
HEKOTOPOI'O MHOTOYJIEHA, HE PABHOIO TOXKJIECTBEHHO HYI0".) Bostee Toro, s mouru
BCEX TAaKUX MHOT'OYJIEHOB JUIMITHYECKAs TOUYKa Ha rpaduke MOxKeT ObITh HaiijieHa
3a MOJIMHOMUAJILHOE BPEMs; 9TO Hambojiee TPY/IHAs YacTh JoKazareabcrBa. C apy-
roif CTOPOHBI, CYIIECTBYIOT JIETKO PaclO3HaBaeMble MHOTOUJIEHBI, TPAMUKI KOTOPBIX
He COJIEPXKAT JIITUNTUYecKuX ToueK. Harnpumep, TakoB Jir000it MHOIOMIEH, KOTOPDIi
JIMHENHOIl 3aMEHOH IepeMEHHBIX HPUBOAUTCA K MHOTI'OYJICHY OT OJHOU IIepEeMEHHON.
Ero rpacdukom ciyxut mununap. TakKe 3/UTMITHICCKUX TOYEK HET Ha 00€3bIHbBEM
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ceqgre. OneHKa 10U BXOJIOB, Ha KOTOPBIX aJrOPUTM OTKA3LIBAETCA OT BBHIYMCJICHU,
ucnosb3yer jgemmy [Bapra—3unmesns (Schwartz, 1980).

[emepnvecKuii aJropuTM CHAYAIa HMBITAETCA HANTH SJLUIMITHICCKYIO TOUKY. Ecim
9TO yIaéTesd, TO BXOJ, IpUHUMaeTcs. VHaue mpoBepsaeTcst IPUHAIIEKHOCTh MHOTOMIE-
Ha K HU3BECTHBIM ceMeicTBaM MHOT'OYJICHOB, 9YbU Fpa(bI/IKI/I HE coJecpzKaT IJIJIAIITHYIC-
cKuX To4eK. Ecim 910 ynaéres, To BXoJ oTBepraeTcd. nade BuIIaéTCA yBeIOMIICHHE
00 OTKa3€e OT BBIYUCIICHHUS.
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N30MOPPU3MBI PEIMTETOK ITIOJAJITEBP ITIOJIYKOJIEL
HEIIPEPBIBHBIX JEVNCTBUTEJIBbHO3HAYHBIX ®YHKIINI C
MAX-CJIO2KEHUEM
B. B. Cumopos
Bamcexut 2ocydapemesennoiti yrnusepcumem, 2. Kupos
sedoy wvadim@mail.ru

[TostykoJIbII0M Ha3biBaeTcst ajirebpandeckas cucrema (S, +, -, 0, 1), re (S, +,0) —
KOMMYTATUBHBII MOHOWJ ¢ HEHTpaJbHBIM sjemeHToM HyIb 0, (S,-, 1) — MoHOUT C
HEHTPAJBLHBIM 3JIEMEHTOM €IMHUIA 1, YMHOXKEHUE JUCTPUOYTHBHO OTHOCUTETBHO CJIO-
»KeHusi ¢ obeux cropon u 0-a =a-0 =0 ;g Bcex a € S. MuoxkectBo R, HeoTpn-
[ATEJIbHBIX JIEHCTBUTETbHBIX YUCEJ C OIEPAIUsAME CJI0ZKEHUS U YMHOYKEHUS SABJIIETC
MTOJTYKOJIBITOM.

Bamennm B R, obbranoe cioxkenme Ha max-ciaoxkenne V: a Vb = max{a,b}.
[Mostyaum nostykosbio R, Y. Muoxecrso CV(X) nenpepbiBabix R, Y -3Ha49HBIX (DYHK-
Wi, 38JJAHHBIX Ha TPOU3BOJILHOM TOTIOJIOITYIECKOM ITPOCTPAHCTBE X, C IIOTOYEYHBIMUI
oTIepaIsaMi Max-CJIOXKEHUS U YMHOKeHUs (DYHKIHI SBJIAETCS ITOTYKOTBIIOM.

Kiaccnueckas teopema lesibdania—Koamoroposa [1] yrBepxKaaer, 4ro s Jiro-
6oro TEXOHOBCKOTO IpocTpancTBa X crekTp Kosbiia C'(X) HempepbIBHBIX JCHCTBH-
TEJIbHOBHAYHBIX (PYHKINH NOMeOMOP(MEH CTOYH-IeXOBCKON KommakTudukamun [5.X.
B wacrnocTu, Tomosorust mpon3BosibHOTO KoMmakTa X ompeensiercs Koabiom C(X).
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DToT pe3ysbrar OblI pacupocTpaHed XbIOUTTOM [2] Ha JefcTBITEIbHO-KOMIIAK THBIE
npocTpaHcTBa X, Ha3bIBa€MbIe TElepb XbIOUTTOBCKAMHE (TOIMOJOMHYIECKOe TPOCTPaH-
CTBO Ha3BIBACTCH XBIOUTTOBCKUM, €CJIM OHO TOMEOMOPGHO 3aMKHYTOMY IIO/IIPOCTPAH-
CTBY HEKOTODPON THXOHOBCKOM crereHn npsmMoii R). BaxKHOCTH XbIOMTTOBCKUX IIPO-
crpaHcTB B Teopun Kojier, C'(X) 1 CBSI3aHHBIX ¢ HUME aJare0panviecKuxX CUCTEM Herpe-
PBIBHBIX (DYHKITHI COCTOUT B TOM, UTO JIjIsi JIIOOOIO TOMOJOTHIECKOTO POCTPAHCTBA
X' HaiiryTcs THXOHOBCKOE HMPOCTPAHCTBO TX ¥ XBIOUTTOBCKOE MPOCTPAHCTBO UTX
takue, 4ro Kosbiia C(X), C(7X) n v7C(X) kanonmdeckn m30MOPGHBI. XBIOUTT
JOKA3aJI, 9T0 ¢ TOYHOCTBIO JI0 TOMEOMOP(MU3Ma, XbIOUTTOBCKUX HPOCTPAHCTB VTX U
v7Y CymecTByIOT JHIIb TOXK/IecTBeHHbIe n3oMopdusmbl koster; C(X) n C(Y).

Kompro C(X) asaserca R-anrebpoit. Hemycroe mogvuoxkectso A kosbiia C'(X)
Oyzner ero nomanarebpoit, eciu f + g, fg,rf € A s mobsix f,g € C(X) u r €
€ R. O6osznaunm gepe3 A(C(X)) pemerky R-noganrebp kosbia C'(X) orHocnTess-
HO BKJoueHus. [lo amasornm Hazsosem mojmMHOKecTBo A C CV(X) momanrebpoi,
ectu fVg,fg,rf € A nna seex f,g € A mr € R,Y. Takum ob6pazom, Mbl Gyjem
YIOTPEOIATh TePMUH «I01aarebpay B 60J1ee IMIPOKOM CMBICIE, HEZKEIN KOJIBIO, O/T-
HOBDPEMEHHO $BJISIONIeeCs BEKTOPHbIM IpoctpancTBoM. [loganrebpoit 8 CV(X) Gyuer,
Hanpumep, MHOXKeCTBO (byHKIuii-koucTanT R,V 1 MHoxkectBo dbyukuuii M, = {f €
€ CV(X): f(x) = 0}. O6ozraaum uepe3 A(CY(X)) pemerky nogaareGp moyKoIbIa
CY(X) oraocuresnsHo BRIoueHnst C, a yepes depe3 A;(CV (X)) — ee noapenierky mo-
Janaredp ¢ eIuHUTIEeH.

B 1997 r. E. M. Beuromos 3amerni [3|, aro B Teopeme Xpiontra Kosbio C'(X)
MOKHO 3aMenuTb Ha pemterky A(C(X)). Jpyrumu cioBamu, Jyist JIIOOBIX XBIOUT-
ToBcKux npocrpancts X u Y msomopdusm perrerok A(C(X)) u A(C(Y)) Bieuer
romeomopdusm npocrparncts X u Y. OTcioja, B 9aCTHOCTH, CJAEIYET, ITO JIJIsI IPO-
M3BOJIBHBIX TOMOJIOTHYeCKUX mpoctpancts X u Y msomopdusm perreror A(C(X))
u A(C(Y)) Baeuer uzomopdusm koser, C(X) n C(Y).

B pabore [4] mbr nmepenecsm pesynbsrar E. M. BeuromoBa Ha ciaydaii pereTok
noganredp A(CY(X)) n A (CY(X)). Hamomunm, 9T0 IEeHTpaJbHBIMI DE3YJIbTATa-
mu [4] aBasiores e Teopembl. CorIacHO mepBoii TOMOIOrHs JTI000r0 XbIOUTTOBCKOTO
npocrpanctea X onpegenserca kak pemerkoit A(CY (X)) nmomanrebp mosykosbia
CY(X), Tak u ee noapemterkoit A;(CV (X)) nomanredp ¢ exunueil. Bropast Teopema
SIBJISICTCS CJICJICTBUEM ITI€PBOIl M TOBOPUT HAM O TOM, UTO JIsl IIPOU3BOJIBHBIX TOIO-
joruyeckux mpocrpancts X u Y umsomopdusm permerok A(CY(X)) u A(CY(Y))
wim A (CY(X)) n A (CY(Y)) Breder uzomopdusm mosykoser; CV(X) u CV(Y).
O6paTHOoe yTBepK/IeHIe, KaK MOKA3bIBACT CJICIYIONIHI IPUMED, HEBEPHO.

IIpumep. Eciu X = {x,y} — nuckpernoe npocrpauncrso, to CV(X) = R, Y X
x R, V. TIpasuio ¥: (a,b) — (a,b*) samaer asromopdusm nomykosbia CV(X), ko-
Topblil He uHyImpyeT apromopdusmbl pemerok A(CY(X)) u A;(CY(X)), Tak Kak
V:(2,2)— (2,4) ¢ R,V re. Pp(RLY) # R,V (MOKHO J10Ka3aTh, 9T0 aBTOMOPGMU3MBI
pemerok A(CY (X)) u A;(CY(X)) ocrasisior noganre6py Koncrant R,V Ha mecre).

Bosnaukaror ciejyroniue ecreCTBEHHbIE BOIIPOCHI.

1. Kak ycrpoenst uzomopdusmbl noaykoster, CV(X), KoTopble HHILyIUPYIOT U30-

mopdusmsl pemterok A(CY (X)) n A (CY(X))?

2. Kak ycrpoennt uzomopdusmbr pemerok A(CY (X)) u A (CY(X))? B uacrro-
CTH, CYIIECTBYIOT JIM H30MOP(MU3MEL 9THX PEIIETOK, KOTOPBIE He UHJIYIHPYIOTCA
m3omopdusmamu nosykosern CV(X)?

Hamu IIOJIy4d€eH I/IC‘IeprIBaIOIlII/IfI OTBET Ha IIOCTaBJIECHHBIE BOIIPOCHI.



158

JIuteparypa

1. Temsdang 1. M., Koamoropos A. H. O kosbiiax HenpepbIBHBIX (DYHKITHIT Ha TOIIO-
normaeckux npocrpancrsax // Jokma. AH CCCP. —1939. — T. 22., Nel. — C. 11-15.

2. Hewitt E. Rings of real-valued continuous functions. I. // Trans. Amer. Math.
Soc. — 1948. — V. 64. — P. 45-99.

3. Beuromos E. M. Pemerka mojairedp KoJel HepePbIBHLIX (DYHKIUH U XbIOUTTOB-
ckue npocrparcTBa // Marem. 3amerku. — 1997. — T. 62., B, 5.— C. 687-693.

4. Sidorov V.V. Determinability of semirings of continuous nonnegative functions
with max-plus by the lattices of their subalgebras // Lobachevskii J. Math. —
2019. — V. 40. — P. 90-100.

O I'PVYIIIIAX C KOHEYHBIM PEI'VJIAPHBIM
ABTOMOP®N3MOM
A.N. CozyToB
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Uccnenytorest Geckonednble niepuouueckue rpymnbl G = F XN (a), B KOTOPBIX
Cr(a) = 1 u Bee moarpynns! Buga L, = (a,a’) (t € F#) xoneunsr; Hazosem F sijpom
rpyunsl G, a BHerrHUit aBTomopdusm f — f¢ rpynibl F' — KOHEIHBIM PEryIsspHBIM
aBTOMOP(U3MOM.

Kak ciiejtyer u3 yKasaHHBIX YCJIOBHI KaxKjas M3 HOArPYII L; sIBJISIeTCs TOJIY-
OpsIMBIM TIpousBesieaneM Fy X\ (a), sjaeMeHT a JeiicTByer (COUpsiZKEHHEM) Ha, sijipe
F, = F N L, peryasipuo (6e3 HermonBuKHBIX To4ek [1][cTp. 65], cBOGOIHO), s/eMenT ¢
IPUHAIICKUT F} U 9JIeMEHTBI @, at CONPsiKEHBI B L;; B 9aCTHOCTH, 4 — PACIIEILIs-
eMblit aBroMopdusM rpymuibl F.

Kornma mopsiok wajynmpoBanHoro Ha F; aBromopdusma a; : f — f* mpoctoe
qucsio p, aapo Fy; auabnorentro kiaacca < h(p) (teopembr Tomncona [2] u Xurmena
[3]), & B caryuae cocraBroro |a|, sapo F; paspermuno [1][ciencrBus kiaccudbukarmu,
Teopema 1.48|.

Pabouas rumnoresa mammx I/ICCJ'IG,ZLOB&HI/II'?'II HGpHO,Z[I/ITIGCKaH rpyiiia ¢ KOHEIYHbIM pe-

[YJISIPHBIM aBTOMOP(MHU3MOM 9ETHOIO MOPSIKA JIOKAJIbHO KOHEYHA (U JIOKAJIBHO Pas3-
permma,).

B ronomopde rpynust Hosukosa-Angna B(m,n) (n — HederHoe unciao > 665)
[4] ectb Geckoneunbie noarpynnsl Buga G = F X\ (a), B KOTOPBIX G HHIyIUDPYyeT
pacIersieMblii perysisipablii aBroMopdu3M mopsijika n rpyumbl (aapa) F, 1 B KoTo-
PBIX @ WHJYIEPYET PEryIsapHBI aBTOMOPMU3M HOpsIKa 2m Tpynnsl F| 31ecs m —
HeeIMHUYHBIH JIeJIUTeb YUCIa 7, TAK-9TO YCJIOBHE KOHETHOCTU DPEryJISIPHOTO ABTO-
Mopdu3Ma B TUIIOTE3€e He JIMIHee. B 4acTHOCTH, CYIIECTBYIOT He JIOKAJIbHO KOHEUHbIE
[EPUOINIECKHE TPYIIBI ¢ PErYJIsIPHBIM aBTOMOPGMU3MOM TOpAIKa 3 U mopsaka 6.
BamernM, uTo J06ast GeCKOHeIHAs TOArpyIa rpynbl B(m, n) He joIyckaeT pery-
JISIPHBIX aBTOMOPMU3MOB TIopsiKa, 2F .

Urak, mycts mamee G = F X\ (a) — nepmogmieckas rpymmna, Cp(a) = 1, Bce
noprpynnsl Ly = (a,a') (t € F#) xoneunsl u, Kak mokasano sbime, L; = (a,t),
aF = a. Useectho, uro B ciayuae |a| = 2 rpynna F abGenesa, a B ciiydae |a] =3 —
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HUIbIOTeHTHA. B citydae |a| = 4 rumoresa okasasach SKBuBajeHTHOI Borpocy II. B.
HIymsmkoro 12.100 u3 [5)]:

12.100. Besikast sim mepuoaudecKkast rpyIma ¢ peryJasipHbIM aBTOMOP(hUIMOM TTOPSIJI-
Ka 4 SBJISETCS JIOKAJIBHO KOHEIHOH !

B ciyuae |a| = p, p — HedeTHOe mpocToe unco, nmoaydaeM sorpoc B.I1. Illyrkosa
6.56 [5]:

6.56. Ilycte G = F - (a) — rpynna ®@pobenuyca, npudeM jlomnoJHeHne (a) HMeer
mpocroii nopsiiok. Ecim G 6unapHO KOHedHA, TO Oyaer Jin OHa JIOKAJIBHO KOHEIHOH !
Eco rpynmer {(a,a?) KoHeuHsl jist Bcex g € G, 1o Gyner i sigpo F jtoKaabHO
KoHevHoI rpymmoi? Komventapuii 1995 r.: sToT Borpoc pasHocujieH Borpocy 10.74.

B namux nccsenoBanusx |a| = 2p, rue p — npocroe qucio. VccaegoBanus om-
patoTcs Ha ciejyroue usBecrble pesyibrarsl. . Topencreiin u U. Xepcreita (6]
JIOKA3aJIM, YTO KOHEUHAs TPYIIA C PEryJsipHbIM aBTOMOPMU3MOM HOpsaKa 4 pas-
pernma, a ee KommyrtanT Husbrnorenred. JI.I. Kosau [7]| ycranosmi, 4aro BrOpOii
KOMMYTAHT JIOKAJIHHO KOHEYHON T'PYIIIBI, JIOMYCKAIONIE peryJIspHbIi aBTOMOPhOU3M
nopsijika 4, COEPKUTCS B ee IeHTpe. Pa3permmMocTb KOHEIHBIX IPYIIT € PEryJISPHbIM
aBTOMOPGhU3MOM @ TOpsiiKa 2p U HeKoTOpbiMK orpanmdenusamn na C(aP) mokazana
B. ®ummepowm (8] (em. [1][cTp. 123]). E.M. Xyxpo /0Ka3a/ HUILIOTEHTHOCTD JIOKATBHO
Pa3peNMMOii IPYIIIbI ¢ PACIIEIIAIONIIM aBTOMOPMU3MOM TIOPsijIKa P 1 OFPAHUIMI €€
KJsacc Husbnorentaoctn |9, 10].

O6osnaunm a? =i, C =Cp(i) u N;={f € F|f'=f"'}.
Teopema 1. Ecuu |a| = 4 u st io6oro HeequamaHOrO 31eMenta b € N; MHOXKECTBO
b¢ komeuno, To rpynma F Jokambno Komeuna. B wacrmocru, rpymma F o mokambHO
KOHeYHa, KOIjia MHOXKecTBO N; He COJep:KHT GEeCKOHEUHBIX 3JIeMEeHTAPHBIX abe/IeBbIX
MOJITPYIII.

B reopemax 2-3 |a P — TPOCTOE HEeUeTHOE YnC/I0 U rpyiima (G yJI0BJIeTBOpSET
CJIEJIYIONIEMY JIONOJTHUTEIbHOMY yesioBuio u3 [11]:

(*) g moboro snementa t € F\ C' noxrpynna (i,a*) saBjisercs KOHEUHOI TpyIl-

noit @pobennyca ¢ HEMHBAPUAHTHLIM MHOXKHUTE/IEM YEeTHOTO MOPAIKA, COJEPIKAIIAM

s7eMenT at.

Teopema 2. ®akrop-rpynmna rpymisl F XN (a?) o nogrpymme Z = O,(Z(F)) ss-

sgerca rpynnoi @pobernmyca ¢ gapom I m gomosHennmeM Hopsika p, U JJS Hee
BBIIIOJIHSTIOTCST yCJIoBUsT Botpoca 6.56 [5].

2| =

Teopema 3. FEciu nogrpynna C' JiokajibHO KOHe4YHa, TO u rpyimna F jokajibHO
KoHeYHa. B gacrHocTH, B ciydae |a| = 6 rpymma F JloKagpHO KOHEUHA.

NccnenoBanne BoIoJIHEHO IIpu (bruHAHCOBO monepkke PODNU
B paMkax Hay4Horo mpoekta Ne19-01-00566 A.
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OB AIIIIPOKCMMHWPYEMOCTHN KOPHEBBIMUI KJIACCAMMN
HEKOTOPBIX CBOBOJHBIX ITPOU3BEJIEHNN I'PVIIII
C HOPMAJIbBHBIMUA OB'bE/IMHEHHBIMUA ITOAT'PYIIIIAMN
E. B. CokoJsioB, E. A. Tymanosa
Heanosckuti 2ocydapemeennuiil ynusepcumem, 2. Mearnoso
ev-sokolov@yandex.ru, helenfog@bk.ru

Hamomamnm (em. [1]), aro kmace rpymin K HA3BIBACTCA KOPHEGDLM, €CJIH OH 3aMKHYT
OTHOCHUTEILHO B3sITHs MOJAIPYINT W PACIIUDEHUI, a TaKXkKe BMeCTe € JIIOOBIMU JIBYMsI
rpynmnamMu X, Y COJIEPKHUT JIEKAPTOBO MTPOU3BEJICHIE Her Xy, rne X, — usomopd-
Has Korud rpynnbl X jid Kaxkoro y € Y. Hanomunm takke, ¥to rpymmna X Ha3bl-
Baercst K -annpokxcumupyemoti, ecmu s Kaxgoro snementa r € X \ {1} naiigerca
romoMopduaM rpymnbl X Ha TpyIny u3 Kjaacca K, IepeBosdIuil £ B Hee IMHUIHBIN
snement. [logpobree 0 KOPHEBBIX KJIacCax U AIIPOKCHMHUPYEMOCTH UMHU CM., HAIIPH-
mep, B 1] — [6].

Jamnee 6yaem cuurarh, 910 K — KOPHEBOI KJacC I'PYII, COAEPKAIUil XOTsi Obl
OJIHY HEeJMHUIHYIO I'PYIIIY W 3aMKHYTBIN OTHOCUTETHLHO B3ATHs (hakTop-rpymi, G =
= (Ax B; H=K, ¢) — cBobojiHOEe TIPOU3BejIeHNe HEKOTOPBIX Ipymil A u B ¢ 1oj-
rpymnavu H < A u K < B, 00be/ItHeHHBIMUA OTHOCUTEIbHO uzomopdusma ¢: H —
— K, npuuem noarpynmna H wopmasibhHa B rpymme A, moarpynna K HOpMasbHA
Brpyune B, H# Au K # B.

Jlerko BUJeTH, 9TO ecaum Y — HOpMaJibHAs MOATPYIIa HEKOTOPOH rpymmbl X ,
To MHOKeCTBO Autx(Y) aBTOMOPGU3MOB IOArPYIIIBL Y | CIYKAIUX OMPAHIICHUSIMU
HA 9Ty MOJIPYIIITY BCEBO3MOXKHBIX BHYTPEHHIX aBTOMOPGMU3IMOB IPYTIIbl X , ABJISETCS
norpymmoii rpymmbl Aut Y. [lockosnbky H u K — HOpMAaJbHBIE TOATPYIIIBI TPYIII
A u B coorBeTcTBEeHHO, 06€ OHU OKA3bIBAIOTCS HOPMAJIbHBIMU B rpyiie (G, 94To 103-
BoJsIsieT paccmorpers rpymmy Aute(H ). Hamommuw eme (em. [7]), aro moarpynma Y
rpymnbl X HazbBaeTcsd K -omdeaumot B 9TOW IPYIIE, €CIU JIJIsd KaXKJI0T0 JIEMEHTA
x € X\ 'Y naiinerca romomopdusm o rpymmer X Ha rpymiry u3 Kiaacca K takoii, 9To
xo ¢ Yo. OCHOBHBIM PE3yJIbTATOM PAGOTHI CJIYZKHUT

Teopema 1. Ilycrb {(Ry,S\)}ren — cemeiicTBo map MmoArpyIi, ONpeeeHHOe
caepyromum obpazom: (R, S) € {(Ry, S\)}rea TODIA B TONBKO TOrzA, Korma R —
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HOpMaJIbHast HoArpymna rpymusl A, S — HopmasibHas noarpynmna rpyiusl B, A/R €
€ K, B/SeK u(RNH)p=SNK. Ecm rpynmma Autg(H) sBiasercs abereBoii
nimn coniaaer ¢ opuoii uz noarpymn Auta(H), ¢ Autg(K)p!, To rpynna G K -am-
[IPOKCUMHUDYEMa, TOTJ[a U TOJIHKO TOIJA, KOIJIA

1) m/\eA Ry=1= m)\eA Sx,

2) moarpynmna H K-ortgenmuma B rpynme A, noarpynmna K K-orgemnva B rpyim-
e B

HaubGosibImyto CI0?KHOCTD B IIPOIECCEe IPUMEHEHNsT TeOpeMbl 1 IIpeIcTaBIsgeT mpo-
BEpKa YCJIOBUS 1, TaK KaK €ro CIpaBeJINBOCTh 3aBUCUT HE TOJIHBKO OT CBOWCTB TPYIIII
A u B, HO 1 OT TOro, Kak obobeaunstorcs noarpynnsl H u K. [lpuBoauMble jgasee
CJIEJICTBUs OIMCBIBAIOT CUTYAIMH, KOTIa yCaoBrue 1 3aBeIOMO BBIOIHSIETCsS. dTOOBI
cpOpMYINPOBATE OJIHO U3 HUX, BBEJIEM PsiJl BCIIOMOTATEIbHBIX OIPeIeIeHMIA.

Yepes 7(K) obo3HATIM MHOKECTBO BCEX TPOCTHIX JIEJINTEIeH KOHETHBIX TIOPSIIKOB
9JIEMEHTOB BCEBO3MOKHBIX I'PyIII 3 Kiacca K. Tak Kak 9TOT KJIacC CONEP:KUT Hee -
HUYHYIO TPYIILY U 3aMKHYT OTHOCUTEIHLHO B3ATUS MOJAIPYII ¥ (haKTOP-TPYII, TO OH
BKJIIOYAET HEKOTOPYIO HEEIUHUIHYIO IUKINIECKYIO TPYIITY U Bce ee (DaKTOP-TPYIIIIHI,
HO9TOMY MHOXKeCTBO 7 (/) 3aBEIOMO He SBJISETCS IyCTBIM.

Crenys 8], abesieBy rpyiny Oymem HasbiBaTh 7(K)-02panuiennol, ecau B KaxkK-
J10i1 ee pakTOP-IpyIIIe Bce MpUMapHble KOMIIOHEHTHI TEPUOINIECKONl JacTh, COOTBET-
cTByOIUe ducyiaM u3 MuoxkectBa m(K), KoHeunsl. HuaborenTHYO IpyIIily Ha30BEM
7(IC) -oepanuuennot, eciu ona oba1aeT KOHEIHBIM IEHTPAJBHBIM psAgoM ¢ 7(kC)-or-
paHUYeHHBIMU abe/IeBbIMU (paKTOPaMU.

CaexncrBue 1. [Iyctb A — K-anmpokcumupyemast rpynna u B/K € K. Ecin
BBIITOJTHSIETCST XOTs OBl OJJHO U3 cJeyromux ycaopuii: 1) moarpymmsr H u K saBistiorest
murmaecknm, 2) Autg(H) = Auta(H), o rpynna G K-anmupokcumupyema Torga
" TOJIBKO TOrJa, Korja noarpynna H K-orgemnva B rpymme A.

Caexncrsue 2. Ilycts A — K-anmupokcumupyemasi rpynima, B — K -ammporcuy-
pyemasi m(K)-orpaHndeHHasT HHJIBIOTEHTHAs] TDyHIa. Eci BbITOTHIETCS XOTS OB
ofHO m3 ciaegyromux yeaopui: 1) moarpymnnr H wn K sBIsfoTcs MUKJIHTIECKHM,
2) Autg(H) = Auty(H), ro rpymna G K-anmpokcumupyema Torja U TOJIBKO TO-
raa, korga mnogarpymmna H K-ormenuma B rpymnme A, momrpynma K K-orgenmmnva
B rpymme B.

Ecim nmonosinuTebHbIe OrpaHudeHrsd U3 CAeJCTBUN 1, 2 NPUMEHUTH HE TOJHKO
K rpymie B, HOo u K rpynie A, To yc/oBus, HAKIaIbIBAEMbIe Ha 00beIMHEHHBIE TI0/I-
IPYIIBL U, B 9aCTHOCTH, HA Tpymiy Autg(H ), MOXKHO 3HAYUTEILHO OCJIAOUTD.

Teopema 2. Ilycrb H uw K — K-amnpokcumupyemble rpymmsr, A/H €
€ K u B/K € K. Eciu BbliojiHsieTcst X0Tsi Obl OJIHO U3 CJCAYVIOIHX YCJIOBHIL:
1) Autg(H) € K, 2) Autg(H) — abemeBa rpymma, 3) Autg(H) = Autus(H),
4) Autg(H) = ¢ Autp(K)p™ !, 1o rpymma G K -annpokcnvupyema.

Teopema 3. [Iyctb A u B — K-annpokcuvupyembie 7w(K)-orpannieHHble HITb-
MoTeHTHBIC TPYHIIBL. Ec/au BbIIOJIHIETCST XOTs ObI OJHO U3 CJCJAVIONHX YCJIOBHIL:
1) Autg(H) € K, 2) Autg(H) — abemeBa rpymma, 3) Autg(H) = Auts(H),
4) Autg(H) = pAutg(K)e™', To rpynna G K-ammpokcumupyema Torja u TOJIb-
KO Tora, Korya noarpyina H K -ortgennma B rpymme A, noarpymmna K K -orgenmmmva
B rpyrtie B.

OrmernMm, 9TO Teopema 1 m ciaefcTBus 1, 2 CymecTBeHHBIM 00pa3oM 000OIAOT
reopemy 4 u ciencrsus 4, 5 u3 [2], a Teopema 3 CJyKUT YACTHUHBIM 0OOOIIEHEEM
Tteopem 1, 2 u3 |9] u Teopembr 3 u3 [10]. B kauecrBe kKomMMmeHTapus K GHOpMYyIHPOB-
KaM TeOpeMbl 3 W CJIeJICTBUsI 2 OTMETHM TaKzKe, 9TO eCc/nd Kjacc U coCTOUT TOBKO
U3 IEePUOJIMIECKUX T'PYIII, TO U3BECTHBI JOCTATOYHO JIET'KO IIPOBEPsSieMble KPUTEPUH
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K -anmpokcumupyemoctu 7(K)-orpaHrnueHHON HUJIBIIOTEHTHO Ipytiibl u K -0T1e/1u-
MOCTH MOJTPYIITBI TAKON TPy IIbl [4, mpeokenns 5, 8]. Ecim xe knace K comepkur
XOTst ObI OJIHY HEIEePUOMIECKYTO IPYIIIY, TO OH BKJIoYaeT u Bee 7(K)-orpaHndenHbie
HUJIBIIOTEHTHBIE T'PYIIIBI, IO9TOMY TeopeMa 3 U CJIe/ICTBUE 2 OKa3bIBAIOTCS YaCTHBIMU
cJIydasMU TeOpeMbl 2 U ¢JIeJICTBUSA 1 COOTBETCTBEHHO.

Pabora Boinosnena npu ¢unamncosoii nosepxkke Poccuiickoro donia dynmamen-
TaJbHBIX ucceoBannii, mpoekT Ne 18-31-00187.
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OB AIINIPOKCUMMNPYEMOCTHU PASPEHINMbBIMU I'PYIIIIAMMN
HEKOTOPBIX CBOBO/IHBIX KOHCTPYKIINUN I'PVYIIII
E. B. CokoJios, E. A. TymanoBa
Hesanosckuil 2ocydapcmeennoili ynusepcumem, 2. HMeanoso
ev-sokolov@yandex.ru, helenfog@bk.ru

Hamomuanm, uro rpynma X HazbBaeTcs annpoxcumupyemots xaaccom 2pynn C
(6osiee KopoTkOo — C -annpokcumupyemoti), eciu JIId KayKJI0r0 HEeIMHIUIHOTO DJie-
MeHTa x € X cymiecTtByeT romoMopdusM ¢ rpymnmnbl X Ha rpymniny m3 Kiaacca C
takoit, uro xro # 1. Ecim xmacc C 3aMKHYT OTHOCHUTE/ILHO B3STHUs IOJTPYIII,
TO HEOOXOIUMBIM ycaoBueM C-allpOKCUMUPYEMOCTH TOW WJIM WHOW CBOOOIHON KOH-
CTPYKIMHU OKas3biBaeTcs C-alllIPOKCUMUPYEMOCTb BCEX TI'PYIII, U3 KOTOPBIX OHA IIO-
crpoera. llosroMmy 1pu m3yvueHUn aNMpPOKCUMUPYEMOCTH TAKUM KJIACCOM OCHOBHBIM
SIBJISIETCSI BOIIPOC O TOM, B KaKHX CJIydasX yKa3aHHOe HeOOXOJMMOE YCJIOBHE CTAHO-
BHUTCS JIOCTATOYHbIM. B HambosibIeil cTerenu JaHHbli BOIPOC U3YYeH JjIsd OOBITHOTO
cBoboHOro npousBejienus rpymn |1, 2|. B wactHOCTH, M3BecTeH KpuUTepHii ammpok-
CHUMUPYEMOCTH TaKOIo IPOM3BEJIeHNsT KJIaccoM S BCeX paspenrmMbix rpymi |1, Teo-
pema 4.1|. [Tnst 6ostee CI0KHO YCTPOEHHBIX KOHCTPYKIWi (CBOOOIHBIX TPOU3BEIeHNUIT
¢ obbeaunennoit moarpyimnoit, HNN-pacmupennii, apeBecHbIX IpousBejieHnii, (yH-
JTAMEHTAJIBHBIX TPYIIT MPOU3BOJIBHBIX T'padQ OB IPYII) OTBET Ha yKa3aHHBI BOIPOC
yJIaeTcs HallTH JIMIIb TIPU ONPEJIC/ICHHBIX OIPAHUYIEHUX, HAKJ/IaIbIBAEMbIX KaK Ha Ca-
MYy KOHCTPYKIIMIO, TaK M Ha IPYIIIbI, U3 KOTOPBIX OHA MOCTpoeHa. Béjiblnas dacTb
PEe3YIbTATOB, MOJIYIEHHBIX B JAHHOM HAIPABJICHUM, KACAETCS aIlPOKCUMUPYEMOCTU
KJIACCOM BCEX KOHEUYHBIX TDYI (Ha3bIBaeMOl Takke unummotl), a TakKe KIacCoM
KOHEYHBIX p-TPYIIL. B oTimdne oT 9TUX CBOWCTB, AIlllIPOKCUMHUPYEMOCTH TEePEINC/IeH-
HBIX KOHCTPYKIIUH pPa3peruMbIMUA IPYHIAME IO HEJABHEIO BPEMEHH IOYTH HE WUC-
CJIe/I0BaJIACh. BBIIN W3BECTHBI JIUIb OJHO yTBEp:KIeHne 00 S -alpPOKCUMUPYEMOCTH
HNN-pacmupenuit |3, reopema 1.1] u HECKOIBKO Pe3yIbTaToB 00 ANIPOKCHMUPYEMO-
CTH KJaccoM S U HEKOTOPBIMU €ro MOJIKJIacCaMu CBOOOIHBIX ITPOU3BEJICHUN ¢ 00be -
HEHHO{T moArpynmoii [4-7].

SHaUYNTETLHOTO MTPOIBUKEHNsT B U3YIEHNN allllPOKCUMUPYEMOCTH CBOOOIHBIX KOH-
CTPYKIUI pa3peruMbIMU IPYIIIIAME y/IaJ0Ch JOOUThC OJ1arogapst CUCTeMAaTHIeCKIM
HCCJIeIOBAHUSIM UX AlIPOKCUMUPYEMOCTH KOPHEBBIMU KJIACCAME, KOTOpPbIEe ObLIN Ha-
waTel B [8] u 3aTem npomoskenst B [9] — [18] n xpyrux paborax. Hamommmm (em. [12]),
YTO KJIACC TPYII HA3BIBAETCH KOPHEBHIM, €CJTH OH 3aMKHYT OTHOCUTEILHO B3ATHUS T10/I-
IPYII U PACHIUPEHUil, a TakxKe BMecTe ¢ JiroObIMu JByMs rpymmamu X, Y cojep-
JKHUT JeKapToBo mnpoussegenne | [ . X,, tne X, — usomopduas xonus rpynmsl X
JUT KaxKJI0ro y € Y.

JIerko BuIeTh, 9TO HAPAJLY C KJIaccOM S BCEX Pa3PeIIMMBbIX I'PYII KOPHEBBIMHE STB-
JIIIOTCA Ktace Sg pa3pelrmMbIX IPYIIT Oe3 KpydeHns, a TaK:Ke KJIacChl F S KOHEUHBIX
paspenmuMbIX 7-rpynn n PS,; MeprogmdecKnx pa3perninMbiX T-TPYIIT KOHETHOTO TIe-
pUoJIa JIJId KarKJI0T0 HEIYCTOI'O0 MHOYXKECTBA IIPOCTHIX dnces 7. [loaromy u3ydenue ar-
IPOKCUMUPYEMOCTH TIPOU3BOJILHBIM KOPHEBBIM KJIACCOM TPYIII (yJIOBIETBOPSIEOIIIM,
BO3MOKHO, HEKOTOPBIM JIOTIOJTHUTEIbHBIM OIPDAHIIEHHUIM ), KaK [IPABUJIO, TTO3BOJISET
[IOJIyYUTh CPa3y HECKOJIbKO yTBEPKJIEHU 00 alllpokcuMupyeMocTu Kjaaccamu S, Sy,
FS,: u PS;.

B [19] aBropamu mpemiozxkeH MOJXOM K M3YUEHHIO AllPOKCUMUPYEMOCTH CBOGO/I-
HBIX KOHCTPYKIIUI IPYIIT KOPHEBBIMU KJIACCAMU, OCHOBAHHBIN HA MCIIOJIH30BAHIT KOH-
CTPYKIUU 00OOIIEHHOTO IIPSIMOTO IIPOU3BEIEHN, ACCOIMUPOBAHHOIO ¢ I'PacdOM T'PYIIII.
C ero moMoIIpO yIaeTcs MOJYyIUTh Pl Pe3yJIbTaTOB 00 AIIPOKCUMUPYEMOCTH KO-
HEBBIMU KJlaccaMu JipeBecHbIX npousseienuii 1 HNN-pacmupenwuii, cieactBusgamu Ko-
TOPBIX ABJIAIOTCS JIBE TPUBOIUMBIE JIAJIee TEOPEMBI.

yey



164

Teopema 1. Ilycrb G — speBecroe npoussesenne paspemmmbix rpymn G; (i €
€ T), cryleHn pa3penrnMocTd KOTOPBIX OIPAHUYEHBI B COBOKYIIHOCTH, U IIYCTh KaXK-
Jlasi pebepHasi noarpyimna rpyumnsl G JIEXKHT B IEHTPE COJEPXKAINEH ee BepITHHHON
rpynnel. Torga cripaBeIMBBI CIEYIONUE Y TBEDIK ICHHUS.

1. I'pynma G anmpoKCUMHPYETCST pa3pernuMbIMI TPYIIIIaAMH.

2. Ecsn Bce rpynnbl G; He HMEIOT KPYJeHUs U KaxKgasi pebepHast IOATrPYyIITa H30-
JIMPpOBaHa B coJleprKalllell ee BepHIMHHOI rpyiie, To rpynmna (G animpoKCHMHUDYeTCs
pa3pelImMbIMU TPYIITaMi 6€3 KDy IeHHSI.

3. Ecsm Bce rpynmer G; npunajyiexkart giaaccy PS, s HEKOTOPOrO MHOXKECTBA
MMPOCTHIX duces T, To rpyima (G ammpokcuMupyeTcst Kiaaccom PS .

Teopema 2. [Iycrs G — HNN-pacmmmperne paspernMoii rpynbl B ¢ nenTpaib-
HbIMHE cBsi3aHHBIME 1iogrpynnamMu H w K. Torna crpaBeiuBbl cJIe/yIONHe yTBEP-
K JICHUS.

1. I'pynma G anmpoKCHUMHPYETCST pa3pentuMbIMI DY IIITAMH.

2. Ecmm rpynna B we nmeer Kpydenus n noarpynnsl H mw K u3onumpoBaHbI B HET,
to rpyina G anlpoOKCHMHUPYETCsS pa3peruMbIMU IPYIIIAMI 0e3 KPyIeHHs.

Ormernm, aro Teopema 1 obobimaer Teopemy 3 u3 [5| u Teopemy 3 u3 [6] B ua-
CTHU, Kacalomencst armpoKCUMUPYEMOCTH Pa3pelIUMbIMU IPYIIIaMH, a TeopeMa 2 —
teopemy 1.1 u3 [3].

Pabotra BbinosiHeHa pu buHaHCOBOM 1oIepkKe Poceniickoro dhonna dynmamen-
TaJbHBIX nccieoBanuii, mpoekT Ne 18-31-00187.
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O HAIIPABJIEHUSIX PACCJIOEHHBIX I BEEPHBIX ®OPMAIIUN
1N KJIIACCOB ®PUTTUHTA KOHEYHBIX I'PVIIII
M. M. Copokuna, C.II. MakcakoB
Bpanckuii eocydapemesennuti yrusepcumem umenu M. I. Ilemposckozo, 2. Bpawnck
mmsorokina@Qyandex.ru

PaccmarpuBatoTca TobKO KoHewHBble rpymnnbl. I3sectno, uro kmace &,91, Bcex
P-HUJIBIIOTEHTHBIX T'PYIII, OIPEACSIONnil (pyHKIIUIO-HAIIPABICHUE JTOKAJIBHON (hop-
Mallil, TaK:Ke dBJIsIeTCs JIOKaJbHOI (opmMalimeit [1] Anasiormunbiii dpakT crupabes-
JIUB JIJIT TAKUX KJIACCOB, KaK W-JIOKAJBbHBIE U )-KOMIO3UITMOHHBIE (DOPMAIAN, W-
JIOKaJIbHBIEe U )-KOMIIO3UIIMOHHBIE KJyacchl Purtunra. B Teopemax 1 m 2 ycranas-
JINBAIOTCSI CBOMCTBA, KJIACCOB, SIBJIAIOIIMXCA 3HAYEHUsIMU (DYHKIUH-HAIIPABICHAN W -
BeepHbIX 1 ()-pacciioeHHbIX dopmanuii n KiaaccoB Purtunra.

Dopmarnineit Ha3bIBAETCS KJIACC IPYII § , YIOBIETBOPSIONHil yejaosusam: 1) uz G €

€ § u N<G cienyer G/N € §;2)uz G/N; € § u G/Ny € § cinenyer G/N1NN;y € §;
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HaMMEHbINas HOpMaJibHas MoArpynna rpyminbl G, ¢pakTop-rpylia 1mo KOTOPoil mpu-
HAJIIEKUT §, HA3bIBAETCs §-KopaauKasoM rpynnsl G u obosHaudaercs G . Kiaccom
DurTHHra Ha3bIBAETCs KJIACC TPYMHI §), yAOoBIeTBOpsiomuil yciaopusiv: 1) uz G € 9
u N<G cnenyer N € $;2) uz N1<G, No<G, Ny, Ny € $) cienyer N1 Ny € §; nHan-
6oJIbIlast HOpMaJibHas MOArpyIia rpynnsl G, nNpuHajexamas $), HasbiBaeTcs §)-
pajukasoMm rpymisl G u obosnadaercsa Gy [1]. Ilycrs P — MHOMXKeECTBO BeeX IPOCTBIX
quces, J — KJIACC BCEX MPOCTBIX TPYII, W — HEIyCTOe MOJAMHOKECTBO MHOKeCTBa [P,
() — mHemycroii noakaace Kiuacca J, &, — Kjacc BceX w-TPYIII, T.e. Takux rpymn G,
gro 7(G) C w, tae m(G) — MHOXKECTBO BCEX MPOCTHIX JeTUTeseil mopsijKa TPYIIIIbL
G; €q — wiacce Beex Q-rpynm, T.e. takux rpymn G, uro K(G) C Q, tne K(G) —
KJIacC BCEX TPYII, B30MOPMHBIX KOMIO3UIMOHHLIM (hakTopaM rpyiubl G. OrMernm,
gro Kiaccel €, u g gpiasiorcs u dopmanuamu, n Kiaccamu Purruara (mMHAUE,
dbopmaruamu Ourrunra). Iyers G — rpymna. Torna O, (G) = Ge,, O¥(G) = G%,
Oq(G) = Gg,, O%G) = G® — coorsercrienno €, -paukai, &,-kopaukani, Eq-
pajukain u Eq-kopasjukayn rpynnsl G. Oyuxiun § : P — {memycroie dbopmanun
Qurrnnra}, f:wU{w'} — {bopmamun}, h:w U {w'} — {xmaccer Purrnmnra} ma-
3bIBalOTCA cooTBeTcTBeHHO PF R-dynknueitr, wk' -dyunknueit n wR-dyukimeit. Gop-
vanng § = {G | G/O,(G) € f(W') nu G/Gsq € f(q) mna moboro ¢ € n(G) Nw}
HA3bIBAETCS W-BeepHOi (hopmarueit ¢ HanpasieHueM 0 u wF -ciiyraukom f; Kjacce
Ourrunra $ = {H | O“(H) € h(w') u H*@ € h(q) nna moboro q € 7(H) N w}
HA3BIBAETCS W-BEEPHBIM KjaccoM PUTTHHTa ¢ HalpaBjieHueM 0 U wR-CiyTHHKOM
h [2]. Ormerum, 9TO yHOMSIHYTBIE BBIIIE W-JTOKadbHas GOpMaIusd U w-JTOKATbHbII
kiaace PUTTUHrA ABJISIOTCA COOTBETCTBEHHO IPEJICTABUTENSMU W-BEEPHBIX (hopma-
mmit 1 w-BeepHbIx KiraccoB Purruara. Popmanus § = {G | G/Gsq) € f(q) ana
nmoboro g € m((G)} HasbiBaeTcst BeepHOii ¢ HamnpasjeHnuem 0 u F-ciyrHukoM f | rje
f: P — {dopmamuu} — PF-byukmus; xnacc Ourrunra $ = {H | H*9 ¢ h(q)
Jtst iroboro g € w(H )} Ha3biBaeTCst BeepHBIM ¢ HanpapjieHueM 0 u R-ciyTHuKOM h
rae h : P — {xnaccot @urrnnra} — PR-byukuusg [2]. Hanpasienne § w-BeepHoii
(Beepmoit) dbopmanuu HaszbBaeTcs p-HamnpasienueM, ecau 0(q) = Eyd(q) s Jmo-
6oro q € P; manpasienne § w-BeepHOro (BeepHoro) Kiacca OUTTHHrA HA3BIBAETCSI
p-nanpasienneM, ecan 6(q) = 6(q)€, pns moboro g € P.

Teopema 1. IIycts 6 : P — { memmycroie popmann Purrnara} — Hpou3BOJIbHAS
PF R-c¢pyukmus, ) # w C P. Toraa cripaBeyiuBbl CI€IYIOIIAE Y TBEPKICHHS :

1) Eciu 6 — p-HanpasJieHue w-geepHoii chopmariuu, To popmarust 0(q) siBisiercst
W-BEEpHOI ¢ HAIIpaBJIeHUEM 0 , JIJIsI JIIOOOro q € w .

2) Ecim § — p-HanpabJ/ieHne w-peepHoro Kiacca Ourrunra, 7o Kiacc OuTTHHTA
d(q) stBiIsieTcst w-BeEPHBIM ¢ HAIIPABJCHUEM O , JIJIsI JIOOOro q € w.

3) @opmarust €,0(q) sIBISIETCST W-BeEPHOIT ¢ HAIIPABJICHUEM 0 , JIJISI JIIOOOI0 § € W .

4) Knacc @urrnnra §(q)€,, sSBIseTCs w-BeePHBIM ¢ HAIPABICHHEM 0 , JIJIsI JITIOOOIO
qew.

CaencrBue 1. 1) Ecin 0 — p-HatpasjieHne BeepHoOIi chopMmariuu, 1o Jjis Jiroboro
mpocroro 4ncia q ¢opmarust §(q) sSBISETCS BECPHOI ¢ HAIPABJICHHEM 0 .

2) Ecsn § — p-HarnpasJieHne BeepHOro Kiacca OuTTHHTa, TO JJ1s JTF060r0 IPOCTOrO
qncia q kiaacc @urrunra 6(q) sSBJISETCS BEEDHBIM € HAIIPABJIEHHEM 0 .

Oyskmun ¢ : J — {menycrele dopmanun Purrumnra}, f : QU {Q'} —
— {dopmamun}, h : QU {} — {xmaccet Purrunra}, IpUHIMAIONIEE OJHA-
KOBBIE 3HAUEHHs] Ha M30MOPMHBLIX TPyIIax U3 00JACTH ONpeIesIeHNs], HA3bIBAIOTCS
coorBercTBeHHO F R-dyuknueit, QF -dbyukiueit u (QR-byuxnueit. Popmanius § =
= {G | G/Oa(G) € f(¥) n G/Gyay € f(A) mna moboro A € K(G) N Q}
Ha3bIBaeTCs {2-paccyioeHHOR dopMmarmeit ¢ HanpapiaeHueM ¢ u $QF-cyTHUKOM f;
kiacc Ourrnnra $ = {H | O%(H) € h(Y) u H*YW € h(A) nna moboro A €
€ K(H)N Q} nasbBaerca 2-paccioeHubiM KiaaccoM PurTuHra ¢ HalpaBIeHHEM
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¢ u QR-cuytaukoMm h [3]. YnomsiHyTbie Bbile (2-KOMIIO3UNUOHHAs (opMarus u
Q-KOMITO3UIMOHHBIA Kaacc OUTTUHrA ABJISIOTCI COOTBETCTBEHHO IPEJICTABUTEIAMUI
Q)-paccimoeHnbix dopmanyii 1 ()-paccioeHHbIx KiaaccoB Purruara. Popmanys § =
= {G | G/Gyay € f(A) nna moboro A € K(G)} nasbBaeTcsi PacCIOEHHOI
HanpasieHuneM ¢ u F-coytaukom f, rme f @ J — {dopmanun} — F-byskims;
knacc Ourrunra § = {H | H*Y € h(A) nna moboro A € K(H)} masbisaerca pac-
CJIOBHHBIM C HallpaBjieHneM ¢ u R-ciytHukom h, tae h : J — {kmnaccet Qurrunra } —
R-dyuxius [3]. Hanpasierue ¢ Q-pacciioenHoii (paccioenHoit) dpopmanuy Ha3bBa-
erca r-nanpasiaenneM, ecin @(A) = Eayp(A) nna moboro A € J; nampasicHue

(2-paccioennoro (pacciaoeHHoro) kiacca OUTTHHIA HABIBAETCSI T -HATPABJIEHIEM,
ecmn @(A) = p(A)&ay ana moboro A € 7.

Teopema 2. IIycts ¢ : I — { Hemycrble hopmarmn OurTHHTA} — TPOU3BOIBHAS
FR-¢yukmnusi, ) — memycroii nojakiacc Kiaacca J. Torna crupaBeIuBbI CJICyIONHE
VTBEPIK JICeHUST :

1) Ecimm ¢ — r-manpasienue S)-pacciaoennoii ¢popmarmmn, to ¢opmarus p(A)
sBJrsieTcst $)-pacc/I0eHHOH ¢ HalpaBJIeHueM ¢ , jiis jiioboro A € €.

2) Ecin ¢ — r-nanpabsenune ()-paccioenroro kiaacca @urrunra, To Kiacc Our-
rurra p(A) sBisercs §)-pacclOeHHBIM ¢ HallpaBiaeHHeM  , Jijist jioboro A € Q.

3) @opmarnmst Eqp(A) saBisercs §)-paccgIoeHHOIT ¢ HAIPABICHHEM (@ , JIJIST JTI0OOT0
AecQ.

4) Knacc @urrunnra o(A)&q spisiercs ()-pacciOeHHBIM ¢ HAIIPABJICHHEM O, JIJIS
Joboro A € ().

CaencrBue 2. 1) Ecin ¢ — r-HanpapjieHue paccJOeHHOI opMaluu, To JJisi
Jioboii mpoctoii rpymibl A opmarust p(A) sIBIsIeTCsT paccJI0eHHOM ¢ HAIIPABJICHHEM

2) Ecim ¢ — r-HalpaB/eHHe DaccJOeHHOro Kiacca Purrunra, 10 Jyist JIH06OI
npocroii rpynmel A kirace @urrnara p(A) sBJIsIeTCsT paccJIOeHHBIM ¢ HAIIPABJICHHEM
®.

3ameuanwue. 13 Teopembl 1, B 9aCTHOCTH, CJIEIyeT, YTO JIJIA JIIOOOT0 ¢ € W KJI1acc
¢,MN, aBiageTca w-I0KaabHOi hopmanueit, a kiacc I,Ey — w-JIOKATBHBIM KJIACCOM
@urTUHTa; U3 TEopeMbl 2 ciiejyeT, 4To Kjacc S.4 BCeX I'PYINI, Y KOTOPBIX KaXK-
JbIit riaBHBI A-dakTop neHTpasieH, sBiaseTcs {)-KOMIIO3UIMOHHON (opMmareir n
()-KOMITO3UIMOHHBIM KjiaccoM Purrurra, s jgoboro A € €.
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O PABPEININMMOCTU T'PVIIII C IIOJIVHOPMAJIbHBIMU NJIN
ABHOPMAJIbHBIMU ITOATI'PYIIIIAMMUN
. JI. Coxop
Bpecmexuti eocydapemeennoti yrusepcumem umenu A. C. Hywrkuna, Bpecm
(Beaapycn)
irina.sokhor@gmail.com

PaccmarpuBaioTes TOJBKO KOHEYHbIE T'PYIIbL. Vcmoib3yeMas TePMUHOIOTUS CO-
orsercreyer [1]- [2].

[Toarpymnmna A Ha3bIBAaeTCS MOJYHOPMAJIbHON B rpytie (7, ecjii CymecTByer Mo/l
rpymnmna B takas, ato G = AB u AB; — cobctBennas B G TOArpyIIa JI/TsT KarK 0
cobcTBeHHOM moArpynnbl By w3 B. I'pyIliibl ¢ MOJIYHOPMAIBLHBIME TIOJIPYIIIIAMEI HC-
CJIeOBaJINCh B paboTaX MHOIHX aBTOPOB, HalpuMep, B paborax [3]- [6].

[Monrpynma H rpynnel G HasbiBaercs abHOpMasbHON, ecin x € (H, H*) s
goboro x € G. B cummerpudeckoii rpymme Sy crerieHn 4 CUIOBCKas 2-TIOJIPYIIIa
OJTHOBPEMEHHO TIOJIyHOPMAaJIbHa U abHOPMAaJIbHA.

B [3| ycranoBieno, 4ro rpymnma, B KOTOPOil KayKjas HENUKJIMYECKas CHIOBCKAsI
MOJIIPYIITNA TOJyHOPMaJIbHa, paspermmMa. [ pyrina, B KOTOPOoil KaxK1as HeIUKInIecKast
CHJIOBCKasl MOJIPYyIa abHOPMAaJ/IbHa, MOXKeT ObITh Hepaspermmmoii. [Ipumepom city-
»x)ar rpynmnbl PSL(2,17), PSL(2,31). B s1ux rpynmax CHIOBCKHE TIOJATPYIIIbI HEYeT-
HBIX MOPSIKOB IUK/IMIECKHE, & CUJOBCKUE 2-TIOATPYIIIbl MAKCUMAJIbLHBI, & 3HAUWT,
aOHOPMAJIbHBI.

Hokazana ciieyoras TeopeMa.

Teopema. Ilycre M — makcumasibHast noarpynmna rpymmnsl G uw P — crios-
ckast 2-mogrpynmna w3z M. IlpearonoxnmM, 910 KaxKjasi CHJIOBCKasi TIOATPYIIIA H3
M mnonyaopmasibua min abaopmasibaa B G. Ecim P < Z(P) B ciayyae, korga P
abHOpMaJibHa, TO rpyia G paspermMa.

CrnencrBue. Ilycte M — makcumasbHass noarpynna rpynnel G. Ecom mopsiiok
M mederen m Kaxkjasi cuJIoBcKast moarpyiia u3 M nogayaopmaibHa B G i abHOD-
masbaa B G, To rpynna G pasperniuMa.
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KOMMYTATUBHBIE IIOJAJITEBPBI HAUBBICIIIEN
PASMEPHOCTU AJITEBPHBI IITEBAJIJIE HA /I ITOJIEM
IMOJIOXKNTEJIbBHOM XAPAKTEPUCTUKU
I'. C. CyneitmanoBa
Xaxaccxkuti mexnuveckud uncmumym — duavanr Cubupckozo pedepanvrozo
ynusepcumema, 2. Abaxan
suleymanova@list.ru

B 1945 rogy A.U. Masbues |1] uccnenosan 3agaay onucanusi abesieBbIX MOAIPYIII
HAWBBICIIIEN PA3MEPHOCTH B KOMILIEKCHBIX MIPOCTRIX rpymnax Jlu. 3ajgada naHCimpupo-
BaHa JokazanHoil panee . Illypom [2] Teopemoit:

Hauevicwasn pazmepnocmy abeaesvix nodzpynn epynnw, SL(n, C) paena [n?/4] u
abenesv, nod2pYnnvL IMOT Pa3MEPHOCU NPU N > 3 NePesodAMCA A8MOMOPPHUIMAMU
dpye 6 dpyea.

Cgoro 3ajaay A.Jl. MaJbieB permr mepexoioM K KOMILIEKCHBIM ajirebpan JIn.
Anrebpy Hlesamie L = Lg(K) accormuupytor ¢ jiobbiM mojieM K 1 cucteMoil KopHei
¢, xapaxrepusys 6azoii Illesaie {e, (r € ®), hs (s € II)} ¢ menouncrenubMT
CTPYKTYPHBIME KOHCTaHTaMu, rje 11 — cucrema npocThbix Kopueii (uau 6a3a) B @ [3].
Dnementsr e, (r € ®T) obpasyior 6a3y HUIBTPEyTOILHOMN Hoganredpsr N = N®(K).

Merozp! [1| mosamee morydmIn pasBUTHE B PEIICHUN IIPOOIEMbI 0 6osbmx abe-
JIeBBIX NOArpynnax konednbix rpymm [lesase [4].

B [5] sanucanbt ciepyiomue 3a1a49u:

(A) Onucamv Kommymamusrvie nodan2ebpvr HAUGHLCULET, PA3MEPHOCTIU 6 af2ebpe
Hlesanrre Lo(K) Had npouseosvrovim nosem K .

(B) Onucams xommymamushnvie nodaszebpov. Hausbcweld pasmMepHocmu 6 nooan-
eeope NO(K) aneeopu llesanre Le(K) nad npoussosvnvim nosem K .

B noknajsie paccmarpuBaeTcsd perieHue 3Tux 3ajad g ajareopn [Hlesasite kiac-
cudeckoro tuma. B wactHocTH, noKa3aHa

Teopema. Ilyctes L — anrebpa Illesasie tuna A, Haj mojgeM XapakKTepPUCTHKHI
p. Ilpu n > 2 ee KOMMyTaTHBHBIE ITOJAaJTeOPHI HAUBDBICIIEH Pa3sMEPHOCTH HCYEePIThI-
BaIOTCsI, ¢ TOYHOCTHIO JIO0 aBTOMOp(HU3MOB areopol L, mogaarebpamu Buga M + Z
e M — KoMMyTaTHBHAST MOJAJTeOpa HAUBBICIICH Da3sMEPHOCTH HHJIBTPEYTOJIbHOL
moaaredpsr N, Z — nenrp aarebper L. Kpome toro, npp n < 2 uw p { n+ 1 1mo-
Jrajreopa Kaprana takke OyeT siBJISTbCST KOMMYTaTHBHOMH 110Ja/Ire0poii HAUBBICIICH
pasmepHocTH ajaredopor L.
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O ITOJIVTPVYIIITAX 9HIAOMOP®UNU3MOB HEKOTOPOT'O KJIACCA
CBSI3HBIX YHAPOB C IIETJIEN
C. B. CeipoBaTckasi
Boszoepadckuil 2ocydapemeernnviil couuasvHo-nedazo2useckuts YHusepcumen,
Bonszozpad
svs__kagi@mail.ru

Yhapom wazpiBaercst anrebpa A = (A, f) ¢ onnoit ynapuoit oneparueii f. ITox N
HOJIpa3yMeBaeTCs MHOYKECTBO TIEJIbIX TOJIOKUTETbHBIX unce, Ng = NU{0}. Yuap A
ceasnbiti, ecam e Mobeix a,b € A, af™ = bf* nna mexoropnix m, k € Ny. Ilemas
ecTb vJeMeHT a yHapa 2 Takoii, 9ro af = a. DyiemeHT a yHapa 2 Ha3bIBaeTCst
MUHUMANLHYM [Y3.400601M|, ecin a He mMeeT mpoobpasa mpu orobpaxkenuun [ |ecim
cymecTByIoT x,y € A Takue, uro x #y u vf = a = yf|. B [1| moxHO HaiiTu qpyrue
HEOOXO/IMMBIE TEPMUHBI TEOPUH YHAPOB.

Ncnonbsyem 3ammch B < A, ecsmm B gsigerca mnogaynapom 2. Ilox End 2A
OymeM mompa3yMeBaTh HOJyTrpymimy 3sHA0MOpdu3MoB yrHapa 2. Ilogmomyrpymmy
{f™]m e Ny} nomyrpymmer End 2 6yzem obosnadars wepe3 x, . depes C° ob6o-
suaunM yHap (N, g), rme qrs npoussosibHOro m € Ny,
mg = m—1, ectm m > 0,

0, eciu m = 0.

B jgamnoit pabore paccmarpuBaeM —Kiacec R BCeX  CBA3HBIX  YHAPOB
Cc meryieil, B KOTOPBIX WeTJId SABJIAETCS €JMHCTBEHHBIM  y3JIOBBIM  SJIEMEH-
toMm. Ilyecre A € K. O6ozmaunm depe3 ag mneraio yHapa 2A; W =
= {W <A W = CF nubo W n0pozKIaeTcss MUHUMATBHBIM 9JIeMeHTOM yHapa 2A} .
[Ipounpexcupyem W':

W ={2;|i € I}. llon J nompasymeBaeM MHOXKECTBO

J ={i € I'| 2; onHONOPOXK IeHHBbI } .

ITycte pna moboro j € J, a; — mnopoxpawoomuit sjnement ynapa 2;; M =
= {d(a;)| j € J} (3mecw d(a;) — ruybuna smementa a; ).

Yepes (0,n — 1), (n € N) obosmaunm noayrpyny ({0,1,...,n—1}J{O},®),
rae st mobeix z,y € {0,1,...,n — 1} |J{O}

J x4y, ecmm z,ye{0,1,....n—1} w z+y<n—1,
TOY = { O, B IIPOTUBHOM CJIyHae.
Paccmorpum nogmosyrpymny X, U {po} momyrpymmer End A, rme ¢o: A — A —
oTobOpaskeHue, OIpeIeIeHHOe TPABIIOM: @y = Gy JJIsI JIIoboro a € A.

TeopeMa 1. Ecim I\ J # @ wim M He umeer HAHOGOJIBIIIETO SJIEMEHTa, TO X, U
U{po} =2 (NoU{O},+) (3rece O — mymp nomyrpymmsr (NolJ{O},+) ). Een I\
J =@ um — manboubnii smement Maoxkecrsa M, 1o x, U {po} = (0,m — 1),.

[lyctb R = (R, %), & = (S,*) — noayrpymusl. Yepes RY obozHauaroT MHO-
JKECTBO BCeX O0TOOpaskeHmil MHOXKecTBa Y BO MHOkecTBO R. Cnaemenuem R wr¥ &
noayepynn R u & nocpedemeom npasozo S -nosuzona Y (cMm. [2]) nHaspiBaeTcs mo-
JIyTpyTIIa <RY xS, >|<>, orrepalius KOTOpoii 3a/iaHa Mo MPABUILY: IS TPOU3BOJILHBIX
1,72 €ERY | 51,50€ 8

(71, 81) * (72, 82) = (73, 51 % 82),
riae y13 = (ym) * ((ys1)me) ans maoboro y € Y.

B cruterenuu (y, U {po}) wr*T(X): |X| = |I|, T(X)=(T(X), ) — npasast cum-

MeTpHYeCKasi MOTyrpyIna MaoKecTBa X , X — ecTecTBeHHBIH mosurod Has T(X).
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Yerpoum orobpazkenue o: W — NgU{oo} no npasuy: mjist npousBosibHOrO @ € [

] oo, ecm 1 € 1\ J,
(W) = { d(a;), ecrm i€ J.

Byzaem nosararh, 9T0 00 — HaMOOJBIIMI 3JIEMEHT BIOJHE YHOPAI0IEHHOTO MHOZKE-
CTBa,
(No U {oo}, <), Hopsijiok KOTOPOro HHJLyIINPOBAH €CTECTBEHHbBIM OTHOIIEHHEM ,, < “ Ha
Np.
Ormpestemm 1Ba ceMefcTBa NeasroB moyrpymisl X, U {¢o}.
Huts jroboro ¢ € 1
ecm i € [\ J, 10 J; ={¢o},
ecm i € J, Torma J; = {f*|No 2 k > d(a;)} U{po}.
g mobeix 1,7 € [
ecmn 0(20;) < 0(W;), o K;j = xu U{o},
ecin 0(20;) > o(W;) u o(W;) = oo, rorma K;; = {po},
ecn 0(20;) > 0(2W;) 1 o(W,;) # oo, 10 Kij = {f*|No 2 k > d(a;) — d(a;) } U{eo}.
[Ipounnekcupyem muoxkecrBo X : X = {x;|i € I}.
Teopema 2. End 2 = K/, rge K — mnomiosyrpynmna [OJLyrDYIIIIbD
(Xo U {p0}) wr¥Z(X) ¢ Hocurenem

{(7.0) € (6 ULl X T(X) | (Vi € D(ait = ;= w7 € Kiy) |

0 — KOHIpy>HIUs OJIyTpyIibl K , onpeaeseHHast Cae Iy oMM 00pa30M: JIJIsh JTIOOBIX
(11, t1), (2, 12) € K

(Tl,tl)(9<7'2,t2) (g (VZ c I) [(l’iTleJixiTg)&«.’EiTl §é Jz = iL'Z'tl = .Z'Ztg)] y

e 05, — xourpysumus Puca nosyrpymist x, U {¢o} mo ugeary J;.
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I'PVIIITA BHEIIITHUX ABTOMOP®N3MOB AJITEBPbI
®OPMAJIBHBIX MATPUAI]
. T. Tankuna
Kasancruti gpedeparvrnii ynusepcumem, Kasanw
danil.tapkin@yandex.ru

I[Iycte R u S — xonvna, M — R-S-6umonynb, a N — S-R-oumosyis. [lycts
TaKKe JIaHbl OUMOJyJIbHbIe ToMOMOpPpu3Mbl 0 @ M Q@ N — Ru ¢y : N M —
— S. Honoxkum m-n = p(m@n), n-m = Y(ne@m), m € M, n € N. Torna

ecom juist Bcex m,m’ € M u n,n’ € N Beimosusiorcsa toxaecrsa (m - n) - m' =

=m-(n-m')un-(m-n')=(n-m)-n', 70 MHOXKECTBO MaTPUII ( ]]\%7 ]\5/{ ) obpaszyer
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KOJIBIIO OTHOCUTEIBHO €CTECTBEHHBIX OIePAIlNii MATPUIHOIO CJIOXKEHUSA U YMHOKEHUS.
JlaHHOE KOJIBIIO HA3BIBAIOT KOJIBIIOM (DOPMAJIbHBIX MATPHIIL.

B crarbe 1] 6611 paccMOTpeH YacTHBI cirydail Koster (popMaIbHBIX MATPHIL, KOT/Ia,
S=Ru M = N = gpRp. Bouio nokasano, 9To B 9TOM CJIy4ae CyIIECTBYeT 3JIeMEHT
s € C(R), takoit uro m-n = s(mn) u n-m = s(nm), tne m € rRg, n € gRE, a
10T YMHOYKEHINEM MTOHUMAETCsT OOBITHOE YMHOXKeHUe B KoJblle. [loydennbie KobIa
dbopmababIx Marpui obozHauaioT K(R) u HasbiBaoT Kosibiamu Kpbuiosa. B crarnbe
[2] xorcTpyKIsa Kppiios 6bl1a 06001ieHa 1 OBLIO OIPE/IEJICHO KOO (hOPMAaTbHBIX
matpur, M, (R; s) mopsiaka n. [Ipu srom My(R;s) = Ke(R).

Kax xoporro u3sectHO, Bce aBroMopdusMbl aaredbpbl marpur, My (Z) sBisiorcst
BHYTPEHHUMU, XOTs JIJIs aJreOpbl MaTPHIL HAJT IPOU3BOJIbHBIM KOMMYTATUBHBIM KOJIh-
IOM 9TO y2Ke He Boinomsercs (cM. [3]). Herpyano Bugers, aro npu s € Z OTIHIHOM
or 0 m +1 y anrebper dopmanbubix Marpull Kpbutosa K (Z) yke nmeercss Hes-
HyTPeHHHI aBTOMOP(U3M: K IpuMepy, aBroMopdusm casura Li; — Erir@), Tae
= (1, 2) € 52 .

s orBera Ha BOIPOC, HACKOJIBKO Tpylia aBroMopdusMoB anredpot M, (R; s)

GOJIbIle IPYIIIbl BHYTPEHHAX aBTOMOP(U3MOB 3TOil ajreOphbl, OblIa U3yUeHa IpyIa

BHerHuX aBroMopduamoB Outr(M, (R;s)) = Autr(M,(R; s))/Inng (M, (R;s)).
Teopema. IIycrs kosbo R pakropuansho, s € R\U(R), s # 0 u A =M, (R;s).

IIycrb Takoke s = upi...py" — pasiokeHue s B IPOU3BEICHHE 0OPATHMOIO JIEMEHTA

U U IIOITAPHO HE aCCOIMMUPOBAHHBIX HEIIPUBOJIUMBIX 3JIEMEHTOB p; . Torjia nMeroT MecTo
CJIEIYIOINC Y TBCDK ICHHAA:

A. rpynma Outg(A) m3omoppua nmoarpymie Sy, X ... X Sy ;
—_———
k

B. ecim kosbro R siBiisiercst obsactbio riaBHBIX ujeanoB, 1o Outp(A) =

Sy X o XS,
—_—
k
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YHUBEPCAJIBHAYA S9KBUBAJIEHTHOCTDb I'PA®OBBIX
ABYCTYIIHHO HUJIBIIOTEHTHBIX I'PVYIIII
A. B. Tpeiiep
Huemumym mamemamuru um. C.J1. Coboresa CO PAH, 2. Omck
alexander.treyer@gmail.com

[Iycts I' — komeunsiii pocroit rpad. I'padosas rpynna Gr (Takyke m3BeCcTHA
Kak JacTuIHO KoMmMyTtaruBHas uin Right Angeled Artin Group, kparko - RAAG) —
9TO TPYIIA B KOTOPOIi TOPOXKIAIOIIMM MHOYKECTBOM CJIy?KaT BepiinHbl Tpada ') a
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OIIPE/IEJISIONTNE COOTHOIIEHNS BBITVISIAT TaK: JBa 00PA3YIONIUX IPYIILI T U Y KOMMY-
TUPYIOT, TO €CTh [x,y] = 1, TOra 1 TOJBKO TOT/IA, KOTJIA BEPIIUHBI & U Y COETMHEHBI
pebpom B rpade I'. I'padoBbie IpyIIIbI MOXKHO OIPEJIE/IUTD B PA3IUIHBIX MHOIOOOPa-
3UAX TPYIII, HAIIPUMED, B MHOTO00PA3UN HUJILIIOTEHTHBIX IPYIII, PA3PEITUMBbIX TPYIII
u T.7. JIBe rpymibl Ha3bIBAIOTCH YHUBEPCAJLHO SKBUBAJEHTHBIMU, €CJIU MHOXKECTBa
BCEX YHUBEPCAJIBHBIX IPEJJIOKEHUN, UCTUHHBIX Ha STHX TPYIIIax, COBIaJIAIOT. [ls-
THIO TOJIAMH paHee JIOKIaIIuK coBMecTHO ¢ A.A. Murrenko jokaszaj Kpurepuii 00
YHUBEPCAJILHON SKBUBAJEHTHOCTH JIBYCTYIEHHO HUJIHLIIOTEHTHBIX I'PAOBBIX TPYIIIL.
[TosryueHnblit KpUuTepuii OKa3aJsacsd T'POMO3JIKAI W BBIYUCIUTE/IHHO CJIOXKHBINA. B 10-
KJI1aJie OyJIeT Mpe/IJIOZKEeH HOBBIN y/IOOHBIHN 10JIX0/] K OIMCAHUIO YHUBEPCAJIHLHO SKBUBA-
JIEHTHBIX JIBYCTYIIEHHO HUJIBIIOTEHTHBIX I'PadOBBIX I'PYII, OCHOBAHHBIN HA TMOHATHSX
3aMKHYTBIX TTOJIMHOXKECTB Bepiui rpada [, cxkaruu rpada [ u perneTkn 3aMKHY THIX
oAMHOKecTB rpada [.
Uccnenosanus Buinosinensl mpu nojyiep:kke rpanta PHO Ne 19-11-00209.

LN DPPOBAJ IIOJIINCH HA OIIEPA/THOM OCHOBE
C. H. Tpouun
Kasancxut gedeparvnviti yrusepcumem, Kasanv
sntrnn@gmail.com

TpaauuonHblii MareMaTHdecKuil amnmapar anrebpanmdeckoii kpumrorpadun |1,
[2] — Teopus rpymnm, pexe — reopust Kosern. B paborax [3|, [4] Buepsbie Gbu1a mpo-
JIEMOHCTPUPOBAHA BO3MOXKHOCTH CTPOUTH KPUIITOIpaduIecKre TPOTOKOJIbI Ha A3bIKe
(wmm Ha 1wiardopme) Teopun omnepa. B arux paborax ObLIM MOCTPOEHBI MPOTOKO-
JIbI (POPMUPOBaHUs ODOIINEro CEKPETHOrO KJI0Ya, ayTeHTUudUKauu, u mudpopanud. B
JIAHHOM 3aMeTKe MMOKA3aHO, KaK MOYKHO CKOHCTPYHPOBATH HA 9TOM SI3bIKE MUMPOBYIO
HOJIITNACH. DTY HOJIUCH MOYXKHO CUATATH HEKUM (hOPMAIbLHBIM aHAJIOTOM IOJIIICH 13
paborsl [5].

Wrax, npusesiem mpoTokost mojmnucu. OnpeieieHnsi BceX BCTPEUAIONTUXCA TEPMU-
HOB W NOHATHI MOxKHO Haiitu B [3], [4], [6].

[Iycrb R — xommyTaTuBHast onepaja [6], A — anrebpa Hag R. DTu JaHHBIE OT-
KpbiThl. [logmuceiBaercst coobiierne m (6uroBasi crpoka). /lana Tak:ke OTKpbITast
xam-pyaknust H Ha OMTOBBIX CTPOKAX, 3HAYEHUST KOTOPOI MOXKHO CUMTATH HATY-
paJibHBIME ducjaamu. Jlajee, TaHbl OTKPBITHIE 97eMeHTEl A € R(t), a € A, cekper-
Hblil k041 £ € R(d), u coorBeTcTBYyIONIE €My OTKpPbIThe Kaoun p = X ...{ € R,
y=~E&a...a € A. CooTBeTCTBEHHO TpebyeTcst, YTOOBI HAXOXKIeHHe & 10 M3BECTHBIM
Y, p, @ U \ OBLIO CJIOXKHOM 3a/1a4eil.
it rar mporokosa: [oamuceiBatornuii Beraucisier HaTypasibHoe ancyao e = H(m).
mar: ciaydaiino poibupaerca w € R(e).

Imar: BeIYUCASETCS ' = wa ...a € A.
Iar: BIYUCITeTCd W = \w...w € R.
il mar: BeIYUCISIeTCA S = pr...T.

[Moamucs m — 310 mapa (w, s). KoamaecTBo apryMeHTOB B CYIEPIO3UIHSX OIPe-
JiesisieTcs n3 KoHTekcra. OTMeTnM, UTo 3HadeHne XAM-(DyHKIUN OT MO/IITNCHIBAEMOTO
COODIIEHNS CTAHOBUTCS KOJIMIECTBOM apryMEHTOB B CYIIEPIIO3UINN It 7. DTO aHAJIOT
CTEIIeHN JIeMEeHTa KOJIblia u3 [5].

[IpoBepka mo/IIINCH COCTOUT B IMPOBEPKE PABEHCTBA!

c < S se

1-
2-
3-
4-
5-

AS...s=wy...y.

3/1eCh CyIIEeCTBEHHYIO POJIb UI'PAET KOMMYTATUBHOCTD OIEPa/IbI.
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Takum obpazoMm, MpaKTUUECKHE MEPCIeKTUBbI JIAHHOW MOJIIUCH 3aBUCIAT OT TO-
ro, yJacTCd JU HAUTH JOCTATOYHO XOPOIIHE IPUMEPbl KOMMYTATHUBHBLIX OIEPaJi, B
KOTOPBIX SIBJIAIOTCS BBIYUCIUTETBHO CIOYKHBIMU C(OOPMYIMPOBAHHBIE BBIIIE 33/1a91 O
HaXO0XKJIEHNN CEKPETHOI'O KJII049a 110 OTKPBITHIM JIaHHBIM. [lesThio 2Ke JaHHOTro KpaTKoro
coobienns ObLIa JEMOHCTPAIUS CaMOil IIPUHITUITHAILHON BO3MOXKHOCTH HUCIIOJIH30Ba~
HUA onepaJ, I MOCTPOCHU MOITUCEN.
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OB ATOMAX PEIIIETOK KOHI'PYSHIIUN AJITEBP C OJJHUM

OIIEPATOPOM 11 OCHOBHOM OHEPAL[I/IEﬂ I1049YTH1n
EJIVNHOTI'JIACUA
B.JI. Ycoabnes
Bonzoepadcruti 2ocydapemeennviti couuasbHo-nedazo2useckutl yHusepcumen
usl2004 @mail.ru

Anrebpoii ¢ omeparopaMu Ha3bIBAETCs YHUBEpCAJbHas ajrebpa ¢ JIOTMOTHUTE Th-
HOI cHCTEeMOil OIepaTopoB — YHAPHBIX OIEepallnii, JIeHCTBYIONMNX KaK SHI0OMOPdU3-
MBI OTHOCHTEJHLHO OCHOBHBIX oreparuii. Oneparmeii moatu ejauHoriacus (M., HAIIPU-
mep, [1]) HasbiBaeTcs n-apHast onepanus ¢, yJA0BJIETBOPSIONas TOXKaecTBaM @ (T, . ..
coxy) = ele, . xyx) = 0= e(y,x,..o,x) =x,tme n = 3. lpu n =3 ¢
Ha3bIBAIOT OIleparueil OOJIBITMHCTBA.

B [2|nokazano, uro Ha npousBosibHOM yHape (A, f) npu n > 3 MOXKHO Tak orpe/ie-
JINTH CeMefiCTBO N-apHBIX oleparuii mourn equHoraacus ¢™ | aro anrebpa (A, g™, f )
CTAHOBUTCS aJiredpoit c
orepaTopoM f. DTu oreparuu 3aJal0TCd C IOMOIIBIO OIEPAIH  OOJILINUHCTBA
m(x,y,z) [3] na (A, f):
9(3)@17902,903) = m(xy,m2,73) W g(n)($1,$2,~~7$n) = m(g(nfl)(%,?fz,---
ooy XTp1), Tp_1,Tpy) TPH N > 3.
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Yepes V4 u Ay 0003HAYAIOTCS €JIMHUYHAS U HYJE€Bas KOHI'PYIHIIUU AJreOphI
A coorerctBenHo. Onpeesennst 1 0003HAUEHNUSI, CBsI3aHHBIE C yHADAMH, CM. B [3].
[Iycrs B — nogynap ynapa (A, f). Yepes 0p obosnauaercs kKoHrpysuuus B? U Ay
yuapa (A, f). Ilycrs v — yasoBoii ssiement yHapa (A, f). Yepes 6, obosnauaercs
KOHTpysHIusA yHapa (A, f), onpenenennas no npasuiy [4]: 26,y s mobbix z,y € A
BBINOJIHAETCS TOTJIA U TOJIBKO TOTJa, KOrja ubo o =y, mbo z,y € f~1(v). Pemer-
Ka C HyJIeM Ha3bIBaeTCsl TOYedHOl (atomistic), ecyim Jr06oH ee HEHYJIEBOI SJieMeHT
[PEJICTAB/ISIETCS KaK PErnieToIHoe 00beIMHeHne HEKOTOPOI'0 MHOYKECTBA ATOMOB.

Teopema 1. Amomamu pewemxu xorzpysnyud arzebpor (A, g™, f) acamomes
me U MoAbKO Me KoH2PYIHUUL, KOMopvle onpedeaerv. 00HUM U3 CAedYOUUT CnocobOs:
1) 74, ecau onepayus [ unsexmusna na A, aubo ynap (A, f) asasemca xoprem
2AyounvL 1;

2) 0,, ecau ynap (A, f) neuzomoppen xopmio eaybunve 1 u codepotcum ys.a060t ane-
MEHM V]

3) Op, ecau ynap (A, f) neusomoppen xopnio eayburv, 1, umeem cobemeentwill no-
dynap B =2 C} u das écex x € A\ B anemenm f(z) ne cosnadaem ¢ menodsuscrvim
anemernmom nodynapa B .

Teopema 2. Pewemxa xonzpyonuud areebpo, (A, g™, f) asasemes moueunot
mozda u moavko moada, xKozda aubo onepayus f unsexmusna na A, aubo ynap (A, f)
codepotcum makots anemenm a, wmo f(x) = a das aobozo x € A.
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O T'PVYIIITAX IITYHKOBA, HACBIIIITEHHBIX TIPAMBIMUN
INIPON3BEAEHUAMN YHUTAPHBIX I'PVIIII CTEIIEHU 3 "
SQJIEMEHTAPHBIX ABEJIEBBIX 2-I'PVIIII
K. A. ®ununmos, A. C. ®enocenko, A. K. IIInénkun
Kpacrnoapcruti 2ocydapemeernnviti azpaprud yrusepcumem, Cubupckui
pedepanrvroiti ynusepcumem, Kpacroapck
filippov_kostya@mail.ru, ak_kgau@mail.ru

['pymna G HacblieHa TPyIIAME U3 MHOXKECTBa IPYII R, ecim Jiiobasi KOHedHas]
noarpymia K u3 G copepxkutcs B noArpymie rpyumnbl G, n3oMopdHOil HEKOTOPOi
rpymme u3 R [2].
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Hamomuum, uro rpynna G HasbiBaercs rpymmoit [lynkosa, eciiu s J1io0oit ee
KoHeuHoit oarpymmsl H B dakrop-rpymuie Ng(H)/H nobble 1Ba CONPKEHHbBIX 3716~
MEeHTa IIPOCTOTO TMOPSAJIKA MOPOXK AT KoHeuHyo noarpymy |1]. lanusii kiace rpymn
onut BBesen B.I1. IlynkosbiMm B 70-e Tojnl, u nepBonadasabuo, cam B.II. [Ilynkos na-
3bIBAJI TAKUE I'PYIIILI COMPSIZKEHHO OUITPUMUTUBHO KOHETHBIMH.

['pynmer [IIyHKOBa OTIMYHBI OT TEPUOAMYECKUX I'pyIil. KpoMe TOro, mocTpoeHsr
npumepsl rpynn [IlynkoBa comeprkaImx 371eMeHTbl OECKOHEYHOTO MOPsIKa U He 00-
JIAJIAIONINX TIEPUOJIMYECKOil JacTbio. HamoMHuM, 9TO 10/ TEPUOJIMIECKONl YacTbio
IPYIIIBI TOHUMAETCd MHOYKECTBO BCEX IJIEMEHTOB KOHEYHOI'O TOPAJIKA TPYIIIBI, TPU
YCJIOBUU, YTO OHU OOPA3yIOT MMOATPYIIILY.

[Tyctp 2 — MHOXKeCTBO BCeX KOHEUHBIX 3JIEMEHTAPHBIX a0eseBbIX 2-Tpyiil, B =
={Us(q) | g =p", k =1,2,---} — MHOkKeCTBO Bcex YHUTAPHBLIX IPYIII CTEICHH 3 HaJl
KOHEYHBIM T10JIeM (PUKCUPOBAHHOI HEYETHOI XapaKTEPUCTUKU P .

Teopewma. ['pymnma IllynkoBa GG, HacbIleHHAsT I'PYIIIIAMU U3 MHOXKECTBA

R={Bx AlA e, B c B},

ob.J1a1aeT MepuouIecKoli 1acThI0, KOTOpasl JIOKAJIbHO KoHedHa 1 m3oMopgHa Us((Q)) X
x I, rme I — sjemenrtapHasi abeseBa |2|-rpynma, () — JIOKAJIbHO KOHEYHOE II0JIe
XapaKTEePUCTHKH ] .
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QOPEKTUBHO P, N-PA3JIO2KVMBIE ABEJIEBHI I'PVYIIIIBI BE3
KPYYEHNUA
H.T. Xucammuesn, 1.A. Tycynos, C./I. TeinbioekoBa
Fepasutickuti nayuonarvrud yrusepcumem um. /1. H. lymunesa, Hyp-Cyaiman
(Kasaxcman)
hisamiev@mail.ru, tussupov@mail.ru

B paborax [1],[2] BBemenbl nousaTHA 3)HEKTHBHO BIOJIHE PA3IOKUMBIX M CHJIb-
HO Pa3JIOZKUMBIX abeIeBLIX IPYI U JaHbl KPUTepHUU s abeseBoil TPYyIIbl ObITH
TAKOBBIMHU.

[Iycth P m w 0603HAYAIOT COOTBETCTBEHHO MHOYKECTBO BCEX IPOCTBIX UUCET U
MHOYKECTBO BCEX HATypPaJbHBIX YUCe]. BBegeM ciemyionee

Onpepesnienne 1. Ilycrs Bbramcaumbii npeaukar R(i,m,p,n,x),p € P,
i,M, N, T € W, YAOBJCTBOPIET CJICLYIOIUM YCIOBHSIM:

1. R(i,m,p,n,z) — Yk <n R(i,m,p, k, z);

2. Jlast J00BIX 1, MHOXKECTBO S, = {p|3n Iz R(i,m,p,n,x)} KomedHo;

3. st yoboii mapsr < i,m > CyINecTBYeT €JHHCTBEHHOE IPOCTOE THCIO Gy €
€ Sim Takoe 4TO HCTHHA (POPMYIIa

Vn 3z R(i,m, Gim,n, T).

Yucio q;,, Ha30BeM IVIABHBIM YHCJIOM MHOXKECTBa S .
[Iyctn
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Q = {4im|Gim - r1aBHOE UHCTIO, i, M € W}.

st 1060ro mpocToro Yncia p u npeaukata R onpejennm abesieBbl TPYIIIbL:

Ap) = ({§|m € Z,n € w}, +,0), 2)

A(R) = ©{A(¢i,m)|3i Im(qim € Q)}. (3)

AbesteBy Tpymmy A 6e3 Kpydenus HazoBeM 3 ¢ b e K T ¥ B H O Z:(,)OT)L - pasJo-
JKUMOIf, €CII CyTIeCTBYeT BEIYUCUMBI ipeukar R(i, m,p,n, ), yI0BIETBOPSIONIHI
ycsoBusiM 1-3 onpeenienust 1, u rpynnst A(R) u A usoMopdHbL.

[Tycts mano muoxkectBo S C P X w Takoe, 9TO CHPaBEIIMBO YCIOBHUE: €CJIN Tapa
< p,m >€ S, 1o g goboro ynciaa k < m napa < p,k >€ S. Oupenenum abeeBy
IpyIIIy

A(S) = &fA(p,m)| <p,m >€ 9)},
rie A(p, m) msomopdua rpymme A(p), onpeesnennoii paseHcrsom (1).

Onpenenenne 2. Ecin cymiectByer BbraucauMasi Hymeparust v rpymbl A(S)
rakast, 9ro B (A(S), V) nmeercst BBITUCUMO HEPEIHCIIMAST IOCIE0BATETBHOCTD JJI6-
MEHTOB

(apm| < p,m >e€S)

TaKas, 9To
A(S) m3omoppua rpymme G{A(p,m)| < p,m >€ S)},

to napy (A(S),v) HazoBeM 3¢hheKTHBHO p,n - Pa3JIOXKEHHOI TPYIIIOH, a caMy IDYIILy
A(S) - apdperTuBHO P, N - PABTOKHMOL.
Teopema. Abenesa rpymnmna A(S) spdekruBHO p,n - pa3roKuMa TOTIa U TOJBKO

0
Torzaa, Korjaa oHa 3(h¢heKTHBHO Zg% - pa3JIoKUMa.

Jokazano, 9o Jirobas 3 PEeKTUBHO BIIOJIHE Pa3/IozKUMas rpyiiia 3HGEeKTUBHO p, 1
- pazJjioKuMa, Ho 00paTHOEe HEBEPHO.
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O PA3PEIIINMOCTU KOHEYHOM I'PVIIIIBI C ABYMSA
ITOATPVYIIIIAMMUM ITPUMAPHBIX MHIEKCOB
. A. XoganoBu4
Tomeavckuti 2ocydapemeennviti yrnusepcumem umenu D. Cropumol, Tomens
hodanovich@gsu.by

PaccmarpuBatoTcss TOBKO KOHEYHbIE TPYIIBI. Vcnomb3yemas: TepMUHOIOTUS CO-
orsercrByer [1].

Panee [2] ycranosiena paspemmuMoctsb rpymibl G ¢ JBYMs HECOIPSIKEHHBIME MaK-
CUMAJILHBIMEU TOArpynmaMu A u B, KOTOpbie yIOBIETBOPSIOT CJIEIYIOMIM TpeboBa-
ausiM: (1) moprpymnmel A u B uMmeror npumapHble nHeKeH B G (2) Bce cobCTBEH-
Hble nmoarpynnsl B A m B B cBepxpaspemuMbl. [Ipu gokasarebcTBe HE UCIOJIb30-
BaJIaCh KJacCcuUKaIysi KOHEUHBIX IIPOCTBIX Ipytil. Tpeboanue (2) MoxKeT OBITH
ocIabIeHO JI0 CJIEIYIONIEro OrpaHnYeHusI: Bce cOOCTBEHHBIE TOArPYINbl B A u B B
2-HWIBIIOTEHTHBI. TeM caMbIM, CIIpaBeIuBa CJeyolas TeopeMa.

Teopema. Ilycte A 1 B — HecollpsizKeHHbIe MaKCUMaJIbHbIE IIOATPYIIILI B IPYII-
e G . IlpearooKum, ITO BBIIIOJHSIIOTCS CJIEYIONIHEe TPeOOBAHUSI:

(1) A u B umetor npumapubie nHjieKcsl B G ;

(2) Bce cobecrBennble OArpyHIbl B A 1 B B 2-HHJIBIIOTETHBL.

Torma rpynma G pasperinma.

CraencrBue. Ilycte A 1 B — HecolnpsiKeHHBIe CBEPXPa3peIuMble MAKCAMATbHBIE
moarpynnsl rpymmbl G . Ecian uagexcer noarpyin A u B B rpymme G nmpuMapHbI, TO
rpymma G pa3perruMa u HHIEKC 110 KpaitHeit mepe ool u3 noarpynn A mwim B ectb
MIPOCTOE IHUCJIO.

3ameuanme. Kiraccy Bcex IpyIil ¢ 2-HUJIBIOTEHTHBIMUA COOCTBEHHBIME TIOJIPYII-
ImaMy TPUHAJJIEYKAT CJIEIYIONINE TPYIIbI: I'PYIIILI HEYETHOIO MOPSIKA; CBEPXpas3pe-
IIUMbIEe TPYIIIBI; MUHUMAJIbHBIE HECBEPXPa3PEIINMbIe TPYIIIbI; 2-3aMKHYThIE TPYIIIIHI
[Imuara. Eciu B mokasanHoit Teopeme noarpytnmna A u moarpymnma B m30MOPdOHBI JIT0-
00t 13 TePeInCIeHHBIX IPYIII, TO HOJIYIUM HOBBIE IPU3HAKNA PA3PEIIUMOCTH I'PYIIIIHI.
Pesynbrar |3, Teopema 4.1] Takke 0XBaTBIBAETCS TEOPEMO.
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ITEPNOJNYECKHNE I'PVYIIIIbI, HACBIIITEHHBIE KOHEYHBIMUA
ITPOCTBIMU T'PYIIIIAMMN JIMEBA TUIIA PAHTA 1 1 TPVYIIITAMMUA
Ly(2%), La(2")

A. A. lllnenkun
Cubupcrutl gedeparvhii ynusepcumem, Kpacroapck
shlyopkin@mail.ru

I'pynmma G macviwera TpynmaMu U3 MHOXKECTBa TPYIIT R, ecm Jobast KOHEU-
Has noArpymmna u3 G coaepKuTcst B noArpyiie rpyimbl G, n3oMopdHOil HEKOTOPOit
rpymme u3 R [1]. B Koyposckoii Terpagn [2| nocrasien Bompoc 14.101:

Bepro au, wmo nepuoduueckas 2pynna, HACHULEHHAA KOHEYHOLMU TPOCTNbLMU
2PYNNAMU AUEBA TUNG, PAH2U KOMOPHLT 02PAHUYUHDL 6 COBOKYNHOCTU, CAMA ABAAEM -
ca npocmoti 2pynnoti Auesa muna !

[Toy4uen 9acTUYIHBINA OTBET HA STOT BOIPOC JJIs TPYIII, HACBIIEHHBIX KOHEUHBIMHI
[POCTBIME TPyIIIaMu JieBa Tura panra 1 u rpynamu Lg(2"). Tlosoxum

D = {Lo(f), Us(h), S=(22™1), Re(Z )| f > 3,0 > 2,m > 1,0 > 1} —
MHOYKECTBO BCEX KOHEUHBIX IPOCTHIX TPYII JIMeBa TUIla paHra 1,
¢ = {L3(2") | k — maypaubnoe, ne dbukcuposammoe},

A = {L4(2") | | — maypambuoe, bukcuposannoe},
M=AUuDUC.

TEOPEMA. IIycmv nepuoduueckas epynna G HACOIUWEHA 2DYNNAMU U3 MHOHCE-
cmea M Tozda G usomoppra 0010l us 2pynn ciedyrouLe2o MHOAHCECTNEA

{La(F), Us(H), Sz(P), Re(Q), Ls(R), La(2')},

rne F, H, P,(), R — 0KaJIbHO KOHEYHBIE ITOJIsI.
UccnenoBanue BuimoHeHo npu dpunancopoii nojiepxkke PODU B pamkax Hayd-

roro mpoekTa Ne 19-01-00566 A.
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roMOMOP®PU3MBI 13 N-I'PVIIIIBI B ITIOJIYVABEJIEBY
N-TPVYIIITY
H. A. Ilyuknun
Boaszoepadckuti 2ocydapemeernnviil couuasbHo-nedazo2useckuts YHusepcumen,
Bonazozpad
nikolaj shchuchkin@mail.ru

Muozxkecro Hom(G,C) Beex romomopdusmos usz n-rpynnst (G, f1) B noayabeie-
by n-rpymy (C, f2) ¢ n-aproit onepameii g(pr. .. o)1) = f2(Pr(2). .. on(x).
x € G, obpasyer nosyabeseBy n-rpymiy [1]. ¥V u3oMopdHBIX n-rpymir u #30Mopdh-
HBIX TOJIyabeIeBbIX 7-TPYII N -TPYIIILI TOMOMOP(MHU3MOB TaKzKe N30MOpPQHBI, Oosee
TOTrO, JOKa3aHa

Teopema 1. H3zomopgusmsr 1 3z n-rpymust (G, fi1) B n-rpymay (G', f]) 1 s
u3 nosyabenepoii n-rpymmsr (C) fo) B nomyabereBy n-rpymmy (C', f5) wHIymupy-
o1 uzoMopguszm T n-rpymi romomoppuzmos (Hom(G,C), gy u (Hom(G',C"),q'),
KOTODEIH JIeHCTBYeT 10 IPABUJILY T : (t — 3 0 v 0 Py L

OaHO#t M3 OCHOBHBIX HPOOJIEM, KACAIOIIUXCA N-TPYIII FOMOMOP(HU3MOB N3 7-
IPYLIBL B IOJIyabeaeBy n-IPYIILy, sBJISETCS OTLICKAHHE I0J1yabeseBOi 7 -IPYIIIbL,
KoTOpasi ObLIa Obl M30MOpHA N-TPyIiie FOMOMOP(MU3MOB U3 HEKOTOPOI M3BECTHOI
n-TpyNIbl B Hoayabenesy n-rpymmny. Ecau Takas n-rpynna HaiigeHa, TO MOKHO CKa-
3aTb, YTO YaJI0Ch OIMCATH 7-TPYIILY TOMOMOP(MU3MOB U3 3TON U3BECTHON 71-TPYIIIIbI
B mostyabesieBy n-rpymiy. B tesucax xkoudepenmnuu sroro roga B 1. Tyma [2] nmeercs
OTIMCAHME JIBYX N-TPYII TOMOMOP(MU3MOB 13 OECKOHETHBIX abesieBoil u He abeseBoit
HOJIYIUKIMICCKHX 7-TPYII B HoJIyabeaeBy n-rpyuiry. Huxke npuseneno onmcanue n-
IPYIIILI TOMOMOPMU3MOB U3 KOHEUHO MOJIYIUKINIECKONR N-IPYIIIBI B HOJIyabeieBy
N-TPyIILY.

Pacemorpum n-rpyrnmy romomopdusmos (Hom(Zy, C'), g) u3 KOHEIHON Oy TIUK-
amgeckoit n-rpymiust {Zy, f1), vae fi(zy, To, ..., Tn1,Tp) = T1+mTo+. .. +m" 2z, 1+
+ 2, +1, 0 <m <k, m B3anmuo npoct ¢ k, Im =1 (mod k), nokaszaresib qucia m
o mogymo k gemnr n— 1w 1| HOJ (n—1,k) mos m =1, 1| HOJ (==L k)

m—1

st m # 1, B nonyabesnesy n-rpymmy (C) fo). Ha n-rpynme (C| fs) crpoum rpym-

(n)
ny C 1o cioxkenuio a +b = fo(a,cy,...,¢h2,0). Beibupaem ssement dy = fo( ¢)
u apromMopbusM @o(x) = folc,z,c1,...,Cq2) rpymnsl C (cq,...,C, 9 — OOpaTHasI
[OCJIEIOBATEJILHOCTD JiIst 3jeMenTa ¢ ). Ilycrs C[k] — moarpyiima sjeMeHToB - u3

C', nas koropeix kx = 0, u Py — Bce mapser (a,u) smementoB u3 C', i KOTOPBIX
la =u+ @o(u) + ...+ 5 2(u) +dy, a € Clk] n py(a) = ma. Tomyanm nonyabenesy
n-rpymry (P, hg), vie ho((a1,u1), .., (an, un)) = (a1 + ...+ @, folur, .o un)).
Teopema 2. [losryabesresa n-rpymma ( Py, ho) H30MOpcbHA N -rpyIIITe TOMOMOPDH3-
MOB U3 HOJIYIUKIAIeCKOil n-rpymibl (Zy, f1) B moyabeneBy n-rpymiy (C, fa).
Jliobas nosyrukianaeckas n-rpymmna (G, f) nopsiika k wm3omopdna n-rpyie
(Z, f1) [3]. Byaem rosoputs B 3TOM ciaydae, uro (G, f) umeer tun (k,m,1).
CaencrBue 1. [lonyabenesa n-rpymna ( Py, hy) m3oMopgHa n-rpyiie romoMop-
¢usmoB u3 nouynukamdeckoii n-rpymnsl (G, f) tuna (k,m,l) B nosyabeneBy mn-
rpymy (C, fa).
Cpeay KOHEUHBIX IIOIYHUKJINIECKUX N-TPYIIl UMEETCS IMUKJINYecKas n-Ipylia,
o510 n-rpymna tuna (k,1,1) [3]. s KOHEUHBIX TUKIXYECKUX N -IPYIIT BEPHO
Caencrue 2. Ilonyabesnesa n-rpymma (P, he) npm m =1 = 1 msomopgua n-
rpye romoMopgusMoB u3 nukandeckoii n-rpymibl (G, f) mopsiika k B mosyabeeBy

n-rpymry (C, fa).
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OB APUOMETUYECKUX CBOMCTBAX HEKOTOPBIX
KOHEYHBIX I[I-PA3SPEIINMbBbIX HEITPBOJIMNMbBbIX JINMHEVHBIX
I'PVIIII
A A. dnuenko
Hremumym mamemamuru HAH Beaapycu, Tomeav (Beaapycsy)
yadchenko 56@mail.Tu

[Iycts ™ — MHOXKECTBO IIPOCTBIX HEUETHBIX 4dnces, (G — KOHEUHAsl T -Pa3peIInMast
rpyliia, KOTopas MMeeT TOYHbIH KOMIUIEKCHBIH XapaKTep X CTEleHH 1 U COJEPIKHUT
m-xosnoBy T'I-noprpynny H . Ecin xapakrep X HempuoanM, TO B [1] yTBepK gaeTcs.
gyro 60 H <G, mbo n nenures Ha |H| wim va Takyio crenenb f > 1 HEKOTOPOro
npocroro unciaa, 4o f = —1 wau 1(mod|H|).

Onpepnenenne. CkaxkeM, 9TO HATYpPAJbHOE UHCIO N YIOBJIETBOPSET YCJIOBHIO
D(h), ecim n = kh — 1 jist rakux HarypasbHbIX quces k u h, 1ro k < h mmm
n = kh + 1 grsa rakux HatypajabHbIX duces k u h, ato k < h — 2.

J171s1 He T-3aMKHYTBIX HEITPUBOMMBIX KOMIIJIEKCHBIX JTMHEHHBIX TPYIII CTEIICHHU 1,
yiossieTBopstitorux yeaosuio D(|H|), yTBepKieHue TeopeMbr u3 1] MOXKHO yTOUHUTS.

Teopema. Ilycts G — KOHedHasT ™ -pa3pelmnMasi U He T -3aMKHYyTasl IDYIIa C
m-xosutopoii T'I -nonrpynmoit H medernoro nopsiyka. Ecin rpynna G- uvmeer ToqIHBIiH
HEIPHBOJAMBIH KOMILIEKCHBIH XapakKTep X CTEHeHH M, YJOBJICTBODSIOUICH YCIOBHIO
D(|H|), To ona paspemninma U BbITOJHIIOTCS CJIEJIYIONIHE 3aKIFOUCHUS:

(1) n = ¢° /151 HEKOTOPOI'O IIPOCTOTO IHCJI& ¢ U HEKOTOPOI'O HATYPAJIHHOTO THCJIA
e;

(2) ¢* # —1 n 1(mod|H|) g1 Bcex marypaibnbix qncea 1 < a < e.
(3) cminoBckasi q-noarpynua rpynnsl G He sBjsiercs abesieBoil B ciydae, KOIja
n = k|H|— 1 g rakoro marypassaoro aucia k, aro k < |H].

JImteparypa

1. dnuenko A.A. K npobaeme Atsexca [/ Marem. cbopuuk. 2013. T.204. Ne 12.
C. 147-156.



