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1. Introduction

We consider the Schlesinger system [1]
N

A B, g}
B =— 3" gd(ai—aj), i=1,...,N, (1)
= a4 — G
J=1j#
for (pxp)-matrices BV, ..., B™) depending on the variable a = (a, . .., ay) which belongs to some disc D of the space C"\{J, ;{ai = a;}.
Written in a PDEs form, this becomes
9B [B(i), BU)] ) . B0l N [B(i), B(i)]
o= oo (D) —=-) — 2)
a; a; — aj 3(1,‘ o1 a; — aj
These equations govern an isomonodromic family of Fuchsian linear differential systems
N .
dy B9(a)
- = , z) e CP, 3
- (;Z_ai v @) (3)
with varying singular points ay, ..., ay. As follows from the isomonodromic nature of the Schlesinger system, the eigenvalues ,Bi" of

the matrices B®) that solve this system are constant (see proof of Theorem 3 from [2]). These eigenvalues are called the exponents of
the Schlesinger system and of the related isomonodromic family (3) of Fuchsian systems, at their varying singular points z = a;.

As known, due to B.Malgrange [3], the Schlesinger system is completely integrable in D, that is, for any initial data Bgl), cees B(ON ) e
Mat(p, C) and any a € D, it has the unique solution BV)(a), ..., B™)(a) such that B(a®) = BY,i =1, ..., N. Moreover, (the pull-backs
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of) the matrix functions B® are continued meromorphically to the universal cover Z of the space CN \ U j{ai = a;} and their polar
locus ® C Z, called the Malgrange divisor, is described as a zero set of a function z, holomorphic on the whole space Z. Being locally
descended to D, this global t-function, up to a holomorphic non-vanishing in D factor, coincides with the local one satisfying Miwa'’s

formula [4]

NN (i)( q\BU)
dInt(a) = 12 > wd(a,—-aj).

a; — aj

In the present paper we are going to focus on upper triangular matrix solutions B = (b¥); ., that is on those with b¥ = 0 for
k > 1, with specific arithmetic restrictions on the exponents. Triangular solutions of the Schlesinger system are those and only those
with triangular initial data, since any set of N triangular matrices evolving with respect to this system remains triangular, due to the
form of the system. Note that the exponents in this case coincide with the diagonal entries: ,31." = bi.‘".

Motivation for the problem we are going to consider comes from the basic p = 2, N = 3 case and classical algebraic geometry. It is
well known, see [5], that in this case when the matrices are traceless triangular, with a; = 0, a; = 1, a3 = x, the off-diagonal matrix
element b1? = b1(x) of the matrix BV satisfies a hypergeometric equation:

X(1—=x)b12 +[c—(a+b+1)x]bl2 —abbl? =0,

where a = —2 Zﬁ:] B}, b= —283, and ¢ =1—2(B] + B3). In the special case (8], B,, f3) = (1/4, —1/4, —1/4), one recognizes the
classical Picard-Fuchs equation:

1
X(1—x)bj2, + (1 —2x)b}2 — n bl2 =0,
whose solutions are given by linear combinations of the periods of the differential du/v on the elliptic curve
v2 = u(u — 1)(u — x)

(see for example [6] and [7], formula (2.25), p. 61). Let us note that in this case /31] — ,8,.2 ==+1/2.

The last observation motivates us to consider the following particular case: each tuple {ﬂil, ey ﬁi" } forms an arithmetic progression
with the same rational difference ¢ = n/m, where n # 0 and m > 0 are coprime. Generalizing the relationship with the Picard-Fuchs
equations, we prove that the corresponding triangular system (2) possesses a family of solutions having algebro-geometric nature,
namely they are expressed via periods of meromorphic differentials on the Riemann surfaces X, of a (varying) algebraic plane curve of
superelliptic type

i={z,w)eC|w"=(z—a)...(z—ay)}.

These expressions for the matrix entries bg‘l(a) are presented in Theorem 1 from Section 2.1.

Superelliptic curves are of much interest nowadays as well as some other related classes of curves, like Z,, curves or (m, N)-curves,
see [8-19] and references therein. There are some differences and ambiguity across the literature in definitions of these classes. For us,
(following ]J. Sander, Yu.Zarhin and others) superelliptic curves are those which can be represented by an equation of the form:

wm = PN(Z)5

where Py is any polynomial of degree N. Due to the nature of the matter considered in the present paper, the zeros of Py are additionally
assumed to be simple, thus the superelliptic curves considered here are smooth in the affine part. It is possible to extend the study to a
more general case of superelliptic curves with singularities in the affine part, which we are going to address in a separate publication.

Note that triangular and, more generally, reducible, Schlesinger systems of arbitrary size p were already studied by B. Dubrovin and
M. Mazzocco in [20], where the main question was the following: when are solutions of one Schlesinger system for N (p x p)-matrices
expressed via solutions of some other “simpler” Schlesinger systems of smaller matrix size or involving less than N matrices? (See
also some investigations of triangular Schlesinger systems in this context in the case of small dimensions p = 2, p = 3 in [21,22].)
However, there was no restriction imposed on the exponents, and thus there was no discussion of the integration of such systems in
an explicit, in particular algebro-geometric, form. Nevertheless, it was mentioned that triangular solutions are expressed via solutions
of Lauricella differential systems. For the latter, there are already known representations by integrals of multivalued functions over
several kinds of chains in C (see, for example, [23] where the question of the linear independence of such integrals is also solved).
We propose an alternative analysis based on the algebro-geometric approach which also helps to obtain some elementary expressions
such as polynomial or rational ones, as we clarify below. On the other hand, in the previous papers which provide particular algebro-
geometric solutions to the Schlesinger system [24-26] for p = 2, and [10,27] for an arbitrary p in the case of quasi-permutation
monodromy matrices of the family (3) the specific character of the triangular case has not been taken into consideration. The first
article on triangular algebro-geometric solutions of Schlesinger systems (in the case p = 2) is the recent [28], where the hyperelliptic
case m = 2 is studied, and our present work is an improvement and extension of the latter.

Concluding our introduction, let us be more specific and describe in general some features of the proposed algebro-geometric
approach. The first main result of this paper is Theorem 1 in Section 2.1 which provides families of algebro-geometric solutions of
the system (2). Theorem 2 from Section 2.3 answers a delicate question about the dimension of the families of the solutions obtained
in Theorem 1.

In the case of n > 0 and when m and N are coprime, the mentioned meromorphic differentials have only one pole, therefore are
all of the second kind, i. e. have no residues. Thus their integration over elements of the homology group Hi(X;, Z) is well defined.
As observed before Theorem 1 in the case when n is positive and the greatest common divisor of m and N is bigger than 1, denoted
(m,N) > 1, or when n is negative, the involved meromorphic differentials have several poles Py, ..., Ps; and are of the third kind
in general, i. e. have non-zero residues, therefore one should use elements of H{(X; \ {P1, ..., Ps}, Z) to integrate them correctly. We
observe another effect in this case: taking small loops encircling the poles of the differentials, one expresses the matrix entries bﬁ"(a)
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via the residues of the differentials, which turn out to be polynomials or rational functions in the variables a1, ..., ay. These are the
results of Theorem 3 in Section 3.1 for n positive and of Theorem 4 from Section 3.2 for n negative.
As a consequence of Theorem 3, we calculate explicitly a rational solution of the Painlevé VI equation with the parameters
(n+ 1) n? n? 9 —n?

= s = ——, = —, 8: s
* 2 P="T1 7~ 1 18

for each positive integer n not divisible by 3, additionally observing quite a regular asymptotic behaviour of its zeros and poles with
respect to n tending to infinity, see Section 4.1, Theorem 5 and Proposition 1. In the same fashion, Theorem 6 from Section 4.2 gives a
one-parameter family of rational solutions of the Painlevé VI equation with the parameters
(3n+ 1) n? n? 1 —n?
o= —, = -, = -, 8 = ,
2 p==% 7=73 2

for each negative integer n. The last Section 5 is devoted to the applications to Garnier systems. Some algebraic solutions of particular
Garnier systems are computed explicitly in Section 5.1, Theorem 7, and Section 5.2, Theorem 8.

2. An upper triangular Schlesinger system

Let us note that the generally non-linear system (1) in the case of triangular (p x p)-matrices B® splits into a set of p(p — 1)/2
inhomogeneous linear systems, each system has N unknowns b’l‘l(a), cee b]’i,’(a) with k, [ fixed. Indeed, first for each fixedk =1, ...,p—1
one considers a homogeneous linear system

N
d(a; — a;)
db£<,k+1(a) - _ 2 : (’8!<,k+1bjl;,l<+l(a) _ﬂjk,l<+lb,{c,k+1(a)) a(’_ a'] , (4)
=1 t

with i = gk — gkl where  gF = b,
with respect to the unknowns b’f’k“(a), ey b’;,”‘“(a). Written in a vector form for the vector
k,k+1 k,k+1 T
b @) = By (a), ..., b (@) e CV,
this becomes a Jordan-Pochhammer system
dbk,k+1 -0 bk,k+]

with the meromorphic (holomorphic in the disc D) coefficient matrix 1-form

d(aj — a,)
2= g
1<j<I<N ] !

where J;; are constant (N x N)-matrices. Each matrix J; has only four non-zero entries: in the jth row the entry with the number j

is equal to ﬁl"”‘“ while the entry with the number I is equal to —ﬂjl"k*l, and in the Ith row the entry with the number j is equal

to —ﬂ"'kﬂ while the entry with the number [ is equal to ﬂk‘k“ (see details in [29]). The Jordan-Pochhammer system is completely

integrable (which, in particular, follows from the complete integrability of the Schlesinger system) and thus the solution space of this
system is N-dimensional.

After solving systems (4) one can subsequently pass to considering the following inhomogeneous linear systems with respect to the
unknowns b¥(a), ..., b¥(a), for each fixed pair (k,[) with [ —k=2,3,...,p—1:

N
dbi(a) =~ ) (B'b}'(a) — B'bf'(a))

=1

d(a; — a;)

+Ff, with ¥ = gf — B, (5)
a; — aj

where the inhomogeneity F/! = Fi"’(bj’."<', bfk") is given by

N
d(a; — a;

M= Z (Z b!‘sbj’ B Z bjl;tblgl) (a‘:_ a?). ©6)
j=1jA k<s<l k<t<l A

A general property of triangular solutions of the Schlesinger system is their holomorphic continuability to the whole universal cover
Z of the space CN \ Ui#j{ai = a;} or, equivalently, the absence of the Malgrange divisor for such solutions. This phenomenon may be
explained either by the fact that solutions of linear differential systems, which the triangular Schlesinger system is reduced to, do not
have any other singularities apart from the fixed ones, Ui#j{a,- = a;} C C, or by Miwa’s formula, which for a triangular solution looks
like
LA o
dint(a) = = Y d(a; — ay),
@=52 o @)
= 7&1
where oj; = ;‘3,—1 ﬂjl + -+ ﬂfﬁf. Thus t(a) = ]_[kj(a; — @;)*¥ is a non-zero holomorphic function on the universal cover Z of the space
CcN Ui#j{ai = g;} and the Malgrange divisor is empty.
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2.1. A particular case of the exponents and solutions via periods

Further we will concentrate on the case when all the differences g — ﬁ:”<+] are rational, ¥ — ﬂi"“ =n/m, m > 0, with n, m coprime,
and are the same foralli=1,...,N,k=1,...,p — 1. This choice of /31." — ,8!‘“ leads to all systems (4) have the same form
no« d(a; — a;)
dblk )= —— b @) — P (@) ——,  i=1,...,N. 7
£ a) mjéﬂ(’ (@) — b (a)) p— (7)

A similar simplification holds for each inhomogeneous system (5). Note that Zfil db:.‘”‘“(a) = 0, and thus system (7) is equivalent to

3b1-<’k+1 n bf.k+l _ b}"k+l . .

T = T T .] ;é l7
aa; m a; — a;

N

D b = const.

i=1
We show that in this particular case of the exponents the triangular Schlesinger system possesses a family of solutions expressed
via periods of meromorphic differentials on the compact Riemann surface of the non-singular algebraic plane curve

{(z,w)eC? |w™ =(z—ay)...(z —ay)}.

In the case of n > 0, this family depends on (p —1—v)(N — 1) parameters, where v is the number of integers among 1, 2, ..., p— 1 that
are divisible by m; for negative n, the family depends on (p — 1)(N — 1) parameters (see Remark 4). Let us denote the corresponding
projective curve by I'; C CP?. There are the following three cases:

e if N > m we have
Ti={z:w:1)eCP* | w™"N"™=(z—xay)...(z— ray)}

with one point at infinity oo = (0:1:0);
e if m > N we have

To={z:w:1)eCP* | w"=1"Nz—-1ay)...(z — ray)}

with one point at infinity oo = (1:0:0);
e if m = N we have

Fi={z:w:1)eCP?|w™=(z—Aay)...(z — ray)}
with m points at infinity co = {(1:1:0), (1:€:0),...,(1:&™':0)}, where ¢ = e¥"V/™,

The point at infinity is singular when |m — N| > 1, and non-singular when |m — N| = 1. In the special case m = N, the points at
infinity are non-singular.

By the well-known theorem on the resolution of singularities (see, for example [30, §7.1]) there is a compact Riemann surface X,
and a holomorphic mapping 7 : X, — CP?, whose image is I'; and

7w X\ 7w (fo0}) = Iy \ {00}
is a biholomorphism. We introduce differentials Q%”(a), e, .Q,E,f)(a) given on the affine part I, of I, by:
wdz

If n > 0, these differentials are holomorphic on the affine part [, of the curve. Their holomorphicity at the points (a;, 0) € I, follows
from the parametrization

29a) = i=1,...,N, j=1,...,p—1. (8)

zZ=a;+t", w = t0(1), t— 0,

of [, near (a;, 0). The pull-back = * .Qi(’) of each .Q,.U) under the biholomorphic mapping 7 is a holomorphic differential on X, \ 7w ~'({o0}),
with poles at 7~ 1({c0}). . ‘

In the case n < 0, differentials .QiU)(a) have poles at the points (a;, 0) of fa. Their pull-backs 7* Qi(’) have poles at 7~ '((a;, 0)) for
i=1,...,N and vanish at 7 ~!({c0}) as we explain in the next section. .

For simplicity of notation, we denote the pull-backs 7* .QIU ) of the differentials again by .QIU ) , keeping in mind the change of variables
fy Trw = fﬂ(y) w in a definite integral, and 7 ~!((a;, 0)) by (a;, 0).

Now we formulate our main theorem.

Theorem 1. Let the eigenvalues of each matrix BY, i = 1, ..., N, have the same rational difference: ﬁi" - ,Bi’_‘“ =n/mk=1,....,p—1),
where n € Z and m are coprime. If n > 0 assume also that m > 1. Then the following triangular matrices BY = (bf’ ) satisfy system (2):
K Ik
b¥(a) = f 2"Y%a), 1>k, €)
Yi-k
where yi, ..., yp—1 are arbitrary elements of
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(a) Hi(Xq, Z) if m, N are coprime and n > 0,
(b) Hi(Xq \ w~'({o0}), Z) if m, N are not coprime and n > 0.
(¢) Hi(Xa \ {(a1,0),...,(an,0)},Z) ifn < O.

(These cycles do not depend on a € D if D is sufficiently small.)

Remark 1 In the case n > 0, we assume that m > 1 because the case m = 1 is trivial: the differentials .Qim are exact in that case and
thus the B®) are constant diagonal matrices.

Before proving Theorem 1 let us analyse how the local structure of the curve I3 at its singular point at infinity depends on the
values of m and N, and how the differentials .QiU)(a) behave near the points of the set 7 ~'({oo}).

2.2. The local structure of I, at infinity

The implicit function theorem cannot give us a local parameter near the singular point of I, for this purpose one should consider
the Puiseux expansions at the point at infinity (using the Newton polygon of the curve, see details in [30, §§7.2, 7.3]). Computing the
Puiseux expansions also allows us to determine the number of the points in the set 7 ~!({oo}). After doing this exercise we arrive to
the following two cases, assuming n to be positive.

(a) Let N and m be coprime. In this case the set 7 ~!({oco}) consists of one point P, hence the differentials Qf’)(a) have the only pole
and are all of the second kind. That is why the integration is correctly defined along the elements of H{(X;, Z) in this case.
In a local parameter ¢ in a neighbourhood of the point P € X,, t(P) = 0, the mapping r : X, — I, (the parametrization of I7)
can be chosen to have the form

1
z=1/t", w:t—N(l—aﬁ"‘)”m...(l—aNt’")”m.
The genus g(X,) of the Riemann surface X, equals

8(X) = 5 (m— DN = 1)

in this case.
Let N and m be not coprime, that is let there be an integer s > 1 such that N = sN;, m = smy, with coprime Ny and mj. In this

G

case the set 7~ !({c0}) consists of s points Py, ..., P, and the differential .Q,.U)(q) has s poles, one at each of the points Py, ..., Ps
at infinity, being of the third kind in general. Thus, for the integration of .Qim(a) to be well-defined, one uses the elements of
Hi(Xq \ {P1, ..., P}, Z) as integration contours.

In a local parameter t at each point P, € 7w~ !({oo}), t(P¢) = 0, the mapping 7 : X, — I} (the parametrization of I;) can be
chosen to have the form
k—1

z=1/t™, w= g (1 —ait™)Vm (1 —ayt™)Vm, ¢ = e?"V/s,
which implies the coordinate representation of the differentials near Py, k =1, ...,s:
N witdz 1—at™Mynm (1 — ayt™yn/m -
Qv o Wiz nd=atm V. (= avtTYVR Ly gk, (10)
' zZ—q NI+ — gt™)
The genus g(X,) of the Riemann surface X, equals
1
gXa) = o (= DN — 1) =5 +1)
in this case.

Assuming n to be negative, we see from (10) that the differential Qi(i)(a) vanishes at the points Pq, ..., Ps at infinity. In this
case it has N poles (a,0), ..., (ay,0) € X, and for the integration of Qi(’)(a) to be well-defined, one uses the elements of H{(X; \
{(a,0), ..., (an, 0)}, Z) as integration contours.

Remark 2. A non-singular case N = m can be regarded as a particular case of (b), with X, = Iy, 77 '({c0}) = {Ps, ..., P}, and
s=N=mN,=m =1
2.3. Proof of Theorem 1

Note that for each fixedi = 1, ..., N, the functions bf’ with the same [ — k, defined in Theorem 1, coincide. As for every s such that
k < s < I, there exists t such that k <t <land [ —s =t — k (and hence s — k = [ — t), the inhomogeneity (6) of system (5) vanishes.
Therefore it suffices to prove that the functions b¥, ..., b¥ satisfy (5) with F* = 0:

n oo d(a; — a;)
db(a) = —(1— k)— b¥(a) — b¥(a)) ——==,
Ha) = —( )mj;#i(j( ) — b(a)) p—,
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or, written in an equivalent PDEs form,

oY b — b

=l i
a; m a; — aqj

N

> bf = const.

i=1
Differentiating the equality w™ = P(z, a) := (z — a;)...(z — ay) with respect to a;, we obtain
m_q OW P(z, a)

mw —_—=
8(1j Z—aqj

or, equivalently,

Jw 1 w

aa; mz — q;

Thus keeping in mind definitions (9) and (8) of b:-" and of .Ql-(l*k), for j # i one has

abid B % 8(25'_")(a) o (l k)f w=kndz B
aa; ik aa; m v 2 —ai)z —a)
Kl pkl

_ =k % ( 11 )w“’“"dz:—(l—k)ib" -4
Yi—

ma —a) J, N\z—ai z—q m a; — a;

The proof of ZI 1 bf" = const is also a straightforward computation: for every fixed a there holds
N
P(z,a)dz
w™ ldw = —_
; zZ—a;

and thus
N

mdw = Z Zw_d(zl-'

i=1

Using this we obtain

I—k
bkl % w( ndz . m f dw(—on
e (z—a)  (I—kn ik

k=1

which is zero as an integral of an exact differential over a cycle. This proves Theorem 1. O

Remark 3. As explained in Section 2.2, the number of independent contours in the homology groups H;(Xg, Z) or Hi(X, \ 7w ~'({o0}), Z)
isL=(m—1)(N—1)=2g +s— 1, where s = (N, m) is the greatest common divisor of m and N and g is the genus of the Riemann
surface X;:

e if N and m are coprime, then there are L = 2g basis cycles in H{(Xqy, Z);
e if (N,m) = s > 1, then there are s points P;,...,P; in the set 7~ !({co}) and thus L = 2g + s — 1 basis cycles in
Hi(Xa \ {P1, ..., Ps}, Z).

In the homology group H{(X; \ {(ai, 0), ..., (an, 0)}, Z), the number of generatorsisL=(m — 1)(N—1)+N —-s=2g+ N — 1.

Denoting by Aj, ..., A; generators of Hy(X; \ w~!({oc0}), Z), in the case n > 0, and generators of H;(X, \ {(a1,0), ..., (ay, 0)}, Z)
in the case n < 0, we see that Theorem 1 gives us the following family of solutions for bf’ for each pair of indices | > k: taking

Viek = ZJL e = k).A] with c(' e C we have

L

bi(@) =" 'Y ?{ 2™, (Mec

j=1
The number of independent parameters describing this family will be discussed in Section 2.4.

2.4. Linear independence of solutions

Note that for each fixed pair (k, I), 1 < k < | < p, the vector

(B, ... B ?ggt Ya), .. 7{9(1 Y(a ))

is a solution of the Jordan-Pochhammer linear differential system of size N, where the cycle y belongs to H1(XH,Z) or Hi(X; \

{P1,...,Ps},Z) in the case of positive n and to H{(X; \ {(ai,0),...,(an,0)},Z) in the case of negative n. As Z; 1bf" = 0, the

6
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complete integrability of the Jordan-Pochhammer system implies that this vector belongs to an (N — 1)-dimensional subspace of the
N-dimensional solution space of the system. Thus it is natural to ask whether among the columns of the matrix

£, 2% . f, 2
B(a) = : : :

$4, 2 a) ... $a, 2 a)

there are N — 1 which are linearly independent over C. In case the answer is positive, we have an (N — 1)-parameter family of
algebro-geometric solutions of system (5). Here if n is positive, then L = (m — 1)(N — 1) = 2g + s — 1 with s = (N, m), see Remark 3,
and the contours of integration A1, ..., A; form a set of generators of H{(X; \ {P1,...,Ps},Z). In the case of negative n, we have
L=(m—1)(N—1)+N—s = 2g+N—1 and the contours A;, ..., A; form a set of generators of the group H;(X;\{(a1, 0), ..., (ay, 0)}, Z).

Theorem 2. Let n and m be coprime. If n is positive and | — k is not divisible by m or if n is negative, then among the columns of the matrix
B there are N — 1 which are linearly independent over C.

Remark 4. For coprime n and m, let n > 0 and v be the number of integers among 1, 2, ..., p—1 that are divisible by m. Then Theorem 2
implies that the algebro-geometric expressions of Theorem 1 generate a (p—1—v)(N — 1)-parameter family of solutions of the triangular
Schlesinger system (2) with fixed exponents as in Theorem 1, whose solutions moduli space is of dimension p(p — 1)(N — 1)/2. In the
case n < 0, Theorem 1 yields a (p — 1)(N — 1)-parameter family of solutions to such triangular Schlesinger system (2). In particular, in
the (2 x 2)-case, p = 2, all solutions of such a system are algebro-geometric.

Proof of Theorem 2. First, let us denote j = [—k and let n and m be coprime. Suppose that n is positive and an integer j is not divisible
by m or n is negative. For an arbitrary a € D consider the N differentials

29a) = ., i=1,...,N. (11)
Z — 0;
Any N — 1 columns of the matrix B are linearly dependent over C if and only if rkB(a®) < N — 1 for some a° € D. This is due to the
fact that the columns of B are solutions of a completely integrable linear differential system. The latter holds if and only if any N — 1
rows of B(a°) are linearly dependent, that is, a nontrivial linear combination of any N — 1 differentials among Q%’)(ao), cee .Qg)(ao) has
all its periods equal to zero, which is equivalent to being an exact differential.
Thus, to prove the theorem it is enough to prove that among the differentials (11) the first N — 1 are linearly independent in
the cohomology space H'(X;). Suppose, on the contrary, that there exist numbers «q, ..., ay_; € C such that the following linear
combination

N—-1 N—-1 i
i wdz
()
@:Z]:a,-ﬂi (a):z;a,-z_ai (12)
1= 1=
is an exact differential on the Riemann surface X, of the algebraic curve w™ = P(z) (where P(z) = (z — ay)...(z —ay) with ay, ..., ay

fixed).
Denote | : I'; — I, the symmetry of the underlying algebraic curve: J(z, w) = (z, ew) with ¢ being an mth primitive root of unity:
& = e*™/™ and consider separately the cases of positive and negative values of n.

e Let n > 0. In this case we assume that j is not divisible by m. The following integral of the exact differential ¢

(z,w)

¥z, w)zf @ (13)
(an,0)

is a well-defined meromorphic function on X, .

We have

) J(z,w) J(z,w) (z,w) .
J'o=¢"¢ and J*yzf <p=/ <p=/ J'o=¢"y.
] (

(an,0) (ay.0) ay.,0)
Let k be the smallest integer such that km — jn > 0. If m > jn, then k = 1, otherwise k > 1.
The following meromorphic function on the surface X,

f= wkm—jny (14)

is invariant under the symmetry J. Therefore it descends to a meromorphic function of z defined on the base of the ramified
covering z : X, — CP'. Given that this function has the only pole at the point at infinity, we conclude that f(z) is a polynomial.

Recall from Section 2.2 that s = N/N; = m/m; and each differential Q,-(’)(a) has s poles at points at infinity Py, ...,Ps € X; of
order jnN; + 1 according to (10) and that the local parameter at each of these points is t = z~'/™ , Thus the differential ¢ has
poles at the points Py, ..., P; of order at most jnN; + 1 and the poles of function y at those points are of order at most jnN; . Given
that the function w has a pole of order N at each of the points Py, ..., P, we obtain that the poles of the function f = wk™=i"y
at the points Py, ..., Ps are of the order at most kmN; . Therefore f is a polynomial in z of degree at most kmN;/mq = kN .

On the other hand, the polynomial f has N zeros atz =aq;, i = 1,..., N. Let us show that each zero is of multiplicity at least k.
Consider the function J*y evaluated at a branch point (g;, 0) of the curve. On one hand, we know that J*y = &y and therefore

J*y(a;, 0) = &"y(a;, 0).
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On the other hand, we have
J(a;,0) (aj,0)
J*y(ai, 0) 2/ @ =/ ¢ = y(a;, 0).
(an,0) (an,0)

The two above relations imply that e¢™y(a;, 0) = y(a;, 0) and, since jn is not a multiple of m (because j is not, and n, m are coprime),
we conclude that y(a;, 0) = 0 (note that y does not have a pole at (a;, 0) since ¢ vanishes there). The differential dy = ¢ vanishes
at (a;, 0) to the order jn — 1 (recall that the local parameter near the ramification point is t; = (z — @;)"/™ and w = t; 0(1)). Thus
we have that the function y vanishes at every finite ramification point to the order jn.

Coming back to f(z) defined by (14) and considered as function on the z-sphere, we find that it behaves as O((z — a;)¥) at the
branch point z = g; and thus it has N zeros of order k at ay, ..., ay . We can now conclude that f(z) is proportional to P¥(z):

wkm—jny —c Pk(Z)
with some constant ¢ which may depend on the {a;}. From here we obtain y = ¢ P¥(z)w™ %" = ¢ w/" and thus
¢ =dy =cduw". (15)

e Let n < 0 and assume that j is not a multiple of m; . In this case the function w™ has a zero at each of the points Py, ..., P; and
therefore the differential ¢ does as well. Define

s P
=Z/ ¢, (16)
i=1 VPi

which is a well-defined meromorphic function on X,, given that the differential ¢ is exact.
The symmetry ] permutes the set of the points at infinity {Ps, ..., Ps} having the period s on this set: JS(P;)) =P;,i=1,...,s. We
have the following behaviour under the symmetry J:

, J(P) JP) S P ,
J'o=¢" and Jy= Z/ Z/ Jo=2d"y.
P; J(Py) Pi

Let k be the smallest integer such that —jn — km < 0 and defme the following meromorphic function on the surface X;:

f — w—jn—kmy . (17)
Similarly to the previous case, this function is invariant under the symmetry J and therefore descends to a meromorphic function
of z defined on the base of the ramified covering z : X, — CP', having now poles at z = g; withi =1, ..., N and a zero at z = oo

The function w="~*™ has a pole of order jn + km at (a;, 0) (with respect to the local parameter t; = (z — a;)'/™) and the function
y has a pole of order j|n| at (a;, 0), due to the pole structure of the differential ¢, therefore f(z) defined by (17) and considered as
function on the z-sphere, has a pole of order k at each point z = a;.

Let us analyse the order of the zero of f(z) at the point z = oc. Consider the function (J*)’y = (J*)*y evaluated at any point P; € X,
withi=1,...,s. On one hand, we know that (J*)°y = ¢™y and therefore

U*Yy(Py) = &™y(Py).
On the other hand, we have

J*Yy(P) = ) y(P) = yU°(Pr)) = y(Py).
The two above relations imply that ¢™y(P;) = y(P;). Note that y does not have a pole at P; as it would lead to a pole of ¢ at P;.
Therefore, given the assumption that j is not a multiple of m;, we conclude that jns is not a multiple of m and thus y(P;) = 0.
It follows from (10) that the differential dy = s¢ vanishes at P; to the order jin|N; — 1 (with respect to the local parameter
t = z~'/™ near this point). Thus we have that the function y vanishes at any point P; with i = 1, ..., s to the order j|n|N; and
therefore the function f = w=" "y vanishes at P; to the order kmN;. Hence, as a function on the z-sphere, f(z) has a zero of

order kmN;/m; = kN at infinity.
Thus we obtain, similarly to the case n > 0,

— —jn—km — ¢
f=w Y= )

with some constant ¢ which may depend on the {a;}. From here we get y = ¢ P~%(z)w/™t*™ = ¢ w" and thus

1 4
:;dy:cdw’". (18)

e Finally, let n < 0 and suppose that j is a multiple of m, that is there is an integer r such that j = rm;. Denote h = (r, s) with
s = hsy and r = hry, where r; and s; are coprime. In this case, the surface Xa can be seen as a ramified covering of the Riemann

surface X of the algebraic curve w1 = P(z) with w = w"™. Differentials .Q ( ) can be considered as being defined on X
i u)]"dZ hr]m]ndz whhdz -
_Ql(’l)(a) = = w = w = Qi(rl)(a)
(z-—a) (z—a) (z — )

and differential ¢ (12) is also defined on ?a as a linear combination of ﬁfrl)(a):

¢ = Zalﬂm Zalf}
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Since (rq, S1) = 1, by the previous case of j being non divisible by m; and a negative n we have
¢ =cdw"" =cduw". (19)

Thus in all the cases we have ¢ = c dw'™, that is

N-1

wdz 4

Z o = c duw™.

‘ Z—a;

i=1
Knowing that

. . N
: - dw n . dP n . dz
dw" =jnwt =By & By _E
w m P m —z-a

the previous equality becomes

N—1 LN

dz jn dz

Zaiz—ai = E,Zz—a,-'

i=1 i=1
Given that {a,~}f’:1 is a fixed set of distinct complex numbers, the above equality is only possible if ¢; = c =0 foralli=1,...,N —1
and thus the N — 1 differentials .(2%’), ce 9,&,’1] are linearly independent in H!(X,). O

3. Polynomial and rational solutions of the Schlesinger system

Our differentials .Qi(’)(a) defined on the compact Riemann surface X, ha_ve poles at points at infinity or at finite ramification points,
depending on the sign of n. In general, the residues at these poles of .Qi(’)(a) are non-zero and, according to Theorem 1, give rise to
solutions of the Schlesinger system (2). In this section we show that such solutions are polynomial in ay, ..., ay in the case of n > 0
and rational in aq, ..., ay in the case of n < 0. This will lead us, in subsequent sections, to rational solutions of some Painlevé VI
equations and to algebraic solutions of some Garnier systems.

3.1. Polynomial solutions of the Schlesinger system

In this section we consider the case of n > 0, when differentials Q,-U)(a) have poles at s points at infinity, s being the greatest common
divisor of m and N. Thus in the case of coprime m and N the residue of Qi(’) at its only pole vanishes. In the case of s > 1, however, .QiU)
has s poles with possibly non-zero residues, which leads to the following statement on polynomial solutions of the Schlesinger system.

Theorem 3. Let the eigenvalues of each matrix B, i = 1, ..., N, have the same rational difference: fl — /" =n/m,j=1,...,p—1, with
n > 0, m > 1 coprime, and s = (m, N) > 1 be the greatest common divisor of the integers m and N. If there is an integerj € {1,...,p— 1}
such that sj/m € Z, while j/m & Z, then the set of triangular solutions of system (2) contains a family of non-trivial polynomial ones: for
k<l

o b¥(a) = ¢, P""P(a), where ¢, € C is an arbitrary constant and P’
I and k are such that (I — k)s/m € Z and (Il — k)/m & Z;

e b¥(a) = 0 otherwise.

=N is a non-zero polynomial of degree (I — k)%N given by (21), if

Proof. As explained in Section 2.2 for n > 0, in the case N = sN;, m = sm;, where Ny, m; are coprime, each differential ng)(a) has

s poles Py, ..., Ps € X;. In a local parameter t at each pole P, such that t(P,) = 0, the coordinate representation of Ql—(’), according to
(10), is of the form:

ve(1 = at™yvm . (1 — ayt™ yn/m

‘Qi(j) = tiN1+1(1 — g;t™) a with v = —my e
—a
Hence,

[o] . [o ] . o0

G vadt nm\, jn/my\ ke mING

20 = s ¥ (a3 (T et ey -
k=0 kn=0 q=0
Ve dt _ (jn/m in/m\ "

S wEST Y e q( ) (T ] e, (20)

r=0 kq+-+ky+q=r

where we use generalized binomial coefficients defined for any 8 € R and j € N by

B _BB-1)---(B-j+1) B\ _4
il J! ’ o/

Thus, due to Theorem 1, the integration of .Qi(l_k)(a), i=1,...,N, along a small loop y,_, encircling any pole P, gives

Ik
bf"(a) =C_k rPes .Q,.( )(a), ¢ € C.
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As follows from (20), the residue of .Q(l k)( ) equals zero if (I — k)nN; is not a multiple of m;, which is equivalent to [ — k not being a
multiple of m; because m; and Ny, as well as my and n, are coprlme Therefore, bk’( )=0if (I —k)/m; = —k)s/m & Z.
In the case (I — k)s/m is an integer, denoting d := (I — k) s, we have (I — k)nN1 Nydmy and

_ d/S d/S K K
2 a) = —1)! 1] 21
res 21 (a) -1 G P CORR (21)
k1+--+kny+q=N1d
up to an overall constant factor, that is bf."(a) is a polynomial of degree Nid = (I — k)%N . However, this polynomial is identically zero
if (I — k)/m € Z, since the differential .Qi“*k)(a) is exact in this case. This finishes the proof of the theorem. O

3.2, Rational solutions of the Schlesinger system

In this section we consider the case of n < 0, when the differentials QU)( ) have poles at the finite ramification points

(ay,0),...,(an,0) € . Contrary to the case of positive n, now the residues of .Q(’ (a) at their poles are non-zero only if j is a multiple
of m and we have the following statement on rational solutions of the Schlesmger system.

Theorem 4. Let the eigenvalues of each matrix BY, i = 1, ..., N, have the same rational difference: p — ,B{H =n/mj=1,...,p—1,
with n < 0, m > 0 coprime. If there is an integer j € {1, ..., p — 1} such that j/m € Z, then the set of triangular solutions of system (2)
contains a family of non-trivial rational ones: for k <l

° bf’(a) = C_k RE’_k)(a), if  and k are such that (I — k)/m € Z, where ¢, € C is an arbitrary constant and RE’_")
function given by (23) for i # v, and by (24) for i = v, with an arbitrary number v € {1, ..., N} initially chosen;
e b¥'(a) = 0 otherwise.

is a non-zero rational

Proof. We have the following parametrization of I, near each ramification point (a,, 0) by a local parameter t,:
N
z=a,+t', w=t, [] (@-a+tH" -0
h=1,h#v

whence the coordinate representation of .Q,.U) is of the form:
N

[T (@ —a+ey7mmar,. (22)

w_jln‘ m
Z—a dz = n=m+T L m
1 v (av —a+ ) ) h=1,h#v

o —

1

Hence, for i # v one has

N .
: m B tm -1 . tm —jinl/m
20 = phn@—a) (14 ) [T @—ay (1 ) T e, =
& D= G2 @ = an

md, (1) N (ni/m)
= tj\n\ —m+1 ZI: Z (av _ ai)kv“

kn rm

(a, — ap)kntilnl/m | v

’

=0 ki+-tky=r h=1.hzv
while
‘ m N , tm o\ —ilnl/m
Q0 = = ]_[ (ay — ah)_"”'/"'(l + — ) dt, =
& h=1,hv G =

mdt, ~— ( J‘Inl/m)
_ v N K S rm
T i+ Z[ Z H (a, — ap) khﬂ\n\/m]t“ ’
v r=0 kq+--+ky=r h=1h#v

where the summation index k, is missed in the above sum .
Like in the previous theorem, the integration of .Ql.(l*k)(a), i=1,...,N,along a small loop y,_ encircling any pole (a,, 0) gives

b¥(a) = 1 k ges, 2@, quec
As follows from the above coordinate representation, the residue of Q(l k)( ) equals zero if (I — k)n is not a multiple of m, which is

equivalent to [ — k not bemg a multiple of m. Therefore, b"’( y=0if (I—k)/m & Z.
In the case (I — k)/m is an integer, denoting d := (I — k)|n|/m, we have (I — k)|n|= dm and

Qb (-1 L (—d 1 i1 N i 93
Jes 2 )= Z @ — ) H @ gy =he L iFE, (23)

ky
kq4--4ky=d—1 h=1,h#v
up to an overall constant factor, and

(U=k)( oy 1
s @ (@)= Z H ( >a —ap )+ (24

ky+--+ky=d h=1,h£v
This finishes the proof of the theorem. O

10
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4. Application to Painlevé VI equations

As is well known, in the case p = 2, N = 3 (assuming (a;, a;, az) = (0, 1,x), x € C\ {0, 1}) the Schlesinger system for traceless
(2 x 2)-matrices BV(x), B?(x), B3(x),

1 3 1 2 3 2
dB _ [B®), B dB® _ [B®), B2 B 4 B2 4 p® — —Bs O (25)
dx X ’ dx x—1 "~ 0 B
(if B = 0, the last matrix sum is a Jordan cell), corresponds to the sixth Painlevé equation Py(«, 8, v, 3)
dy 1(1 1 1 dy\> (1 1 1 \d
&y _ (- + —+ Yy (- + + ed
dx2  2\y y—-1 y—x/)\dx x x—1 y—x/dx
yy =1y —x) X x—1 x(x—1)
- — 8 .
R R AT e
The parameters («, 8, y, 8) of Py are computed from the eigenvalues +8; of the matrices B®, i = 1, 2, 3, as follows:
(2Bss — 1)? 1
="t B=-28  y=282  §=- 2B
2 2
Namely, the function
Xbl
)= ———, 26
YO = 50— s (26)
where b; is a (1, 2)-entry of the matrix B, satisfies the Painlevé VI with the above parameters.
In our triangular case, solutions
i _ [ Bi bix) .
B _(0 —8 ) i=1,2,3, (27)

of the Schlesinger system (25) are hypergeometric. For example, as a consequence of the Schlesinger equations, the functions b; and
b, satisfy the following linear differential system:

by = 2 ((B1 + Bs)b1 + Biba) (28)
b, = 25 (Baby + (B2 + B3)b2)
and thus solve the hypergeometric linear differential equations of the form (see [5, Ch. 4, §3.3])
by GOH2B = DF =25 =28 —afaix  AuBrt Pk o) 29)
x(x — 1) x(x—1)
b+ (2B1+2B3)+(1 =281 — 28, —4B3)x b, + 4B3(B1 + B2 + Bs) by = 0. (30)
x(x—1) x(x—1)

while b3 = —b] — bz .

This means that solutions of a triangular Schlesinger system (25) always lead to hypergeometric solutions of the corresponding
sixth Painlevé equation through (26). More precisely, from a general two-parameter family of solutions of (29) linearly parametrized
by constants cy, c;, one obtains b, using the first equation of (28), and then b3 = —b; — b,. A particular one-parameter family of
solutions of the corresponding sixth Painlevé equation parametrized by the ratio c;/c; is then obtained by (26).

In the case we consider, the eigenvalues in (27) are given by

n 3n
Bi=Br=pB3=-—, and Boo =—=—,
2m 2m
with any coprime integers n > 0, m > 1 or n < 0, m > 0. Applying Theorems 1 and 2 we obtain algebro-geometric expressions for a

one-parameter family of hypergeometric solutions y(x) of the sixth Painlevé equation PVI<%, —%, %, ’“jn:fz
Xb1
X)= ——, 31
YO = T —obs D)

w'dz w'dz w'dz w'dz
b] = +c s b3 = +c s c eC,
n < v % nt—X nt—X

where y1, y, are suitable closed contours on the Riemann surface X, of the curve
wh =2z(z—1)(z —x)

with the only variable branch point x € C \ {0, 1} (or, on the X, punctured at three points, the poles of the differentials w"dz/z,
w"dz/(z — x), w"dz/(z — 1), depending on which of the cases (a), (b), (c) of Theorem 1 holds).

11
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4.1. Rational solutions of Py,: a torus with three punctures

In this section we consider the case (b) of Theorem 1 in the context of Painlevé VI equations, that is, the case of n > 0, m > 1,p = 2
and s = (m, N) = (m, 3) = 3. Let us analyse the requirements of Theorem 3 in this case and see when we can apply this theorem to
obtain polynomial expressions for the b;’s.

As s = 3, the requirement s/m € Z of Theorem 3 implies that m = 3. Hence we deal with the Riemann surface X, of the curve

w=z(z - 1)z —x)

punctured at three points Py, P, P; at infinity. The genus of X, equals

g = %((m— DIN-1)—s+1)=1,
that is, this is a torus and there are four basic cycles on X, \ {P, P2, Ps}.

Computing the residues by(x), bo(x), b3(x) of the differentials w"dz/z, w"dz/(z — 1), w"dz/(z — X), say at the pole P;, we obtain
polynomial solutions (27) of the Schlesinger system (25), with 8y = B, = B3 = n/6 ¢ %Z and B, = —n/2. Namely, the
coordinate representation of the above differentials in a local parameter t such that t(P;) = 0, according to formula (10) with N = 3,
(ay, az,a3) = (0, 1,x) and m = 3, m; = N; = 1, is of the form

w'dz N dt w'dz dt
(1 /301 _ wry/3 13101 /3
e L L (R L (O L
w'dz n dt
(1 f\3(1 _ wpyi/3—1
e (1—=t)"2 (1 —xt) g

The first differential has therefore the following expansion near t = 0:

=, (n/3 R VAV
_Z(]’] >(_t)l Z(]z >( xtY m+1’

j1=0 J2=0

whence its residue b;(x) at t = 0 equals, up to a constant factor of (—1)"+1,
n

ba(x) = BE() = (”/.3> ( n/3 )xf
—\ j J\n—j

j
Similarly, for the residues b,(x), b3(x) of the other two differentials, up to the same factor of (—1)"*!, one has

= 5 ()2

j=0
b(x) — BECx) — . n/3—1><n/3)xi.
5(x) = B5(x) ;=20< Py [ Peay

The functions bll’ and bg are related to each other by system (28). They give degree n polynomial solutions to the hypergeometric
equations (29) and (30), respectively. Furthermore, the polynomials xb[{(x) and

p Pror_ P b 3D A 3\ 3\,
bi(x) + (1 — x)b5(x) = —b5(x) — xb3(x) = — - ]2:0: ( j )(n 1 _j>x’

give, via (31), a rational solution to the Painlevé VI equation with the parameters

2 2 2 2 2
(a,ﬂ,y,rS):((zﬂ“’_l),—2/812,2522»;—2;832):(("+1)’ n? n 9_n)’

2 2 18" 18" 18

and thus we obtain the following assertion.

Theorem 5. For every positive integer n not divisible by 3, the polynomials

n n+1
Ppi1(x) =x Z <n§3> <nn/—3j>xj and Quy1(x) = _@ Z <n§3) <n _Cf_j)xj

j=0 j=0
of degree n + 1 define the rational solution y,(x) = Py11(x)/Qu11(X) of the sixth Painlevé equation Pyi(«, B, v, §) with the parameters

(n+41)? p n? n? s 9 — n?
2 P77 YT 0T T
Note that none of the monodromy matrices My, Mz, M3 of the triangular Schlesinger isomonodromic family corresponding to the
above b!s, at the points z = 0, z = 1, z = x respectively, equals %I, since the eigenvalues e*?*#i = e*7in/3 of each M; do not equal £1.
Therefore, due to Lemma 3.3 from [31], the monodromy of this family is commutative. In fact, the commutativity of the monodromy
of a Schlesinger isomonodromic family is a general necessary condition for the corresponding solution of the sixth Painlevé equation
to be rational, see Remark 5.

12
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Fig. 2. Distribution of zeros for P, and Q9.

Example 1. Let us compute degree n polynomial solutions to the hypergeometric equations (29), (30), with g = 8, = 83 = n/6, and
a rational solution to the corresponding Painlevé VI equation in the case n = 1,n = 2, and n = 4.
1. For n = 1, we obtain the following linear functions:
x+1 X—2 —2x+1
bP(x) = : bP(x) = M B
1(%) 3 5(X) 3 3
where b‘l’ satisfies (29) and bg satisfies (30), with 8y = B, = B3 = 1/6. The corresponding rational solution of the sixth Painlevé

b

;o bi(x) =

equation Py(2, — 15, . 3) is given by
(x) = x(x+1)
M= —ox+ 2

2. For n = 2, we obtain the functions

bi(x) = —% (x* —4x+1);  bix)= —% (P+2x-2); b= —% (2% +2x+ 1),
leading to the following rational solution of the sixth Painlevé equation Py(3, —2, 2, =):
x(x* —4x+1)
Yl = s s a4z
3. For n = 4, we get the functions
bi(x) = 1 (5x* —16x° + 126 — 16x +5) ;  bh(x) = 1 (5x* — 4x® — 6x* + 20x — 10) ;

35 35
1
bi(x) = 5 (—10x* 4+ 20x> — 6x* — 4x +5) ,

leading to the following rational solution of the sixth Painlevé equation Py(%, -8, %, —I):

—_

_ x(5x* —16x° 4+ 12x* — 16x + 5)
T 10x5 — 25x% + 10x3 + 10x2 — 25x + 10

The polynomials b‘l’(x) = Pp1(x)/x and Q,1(x) are both reciprocal. Let us recall that a polynomial of degree n of the form Z}Lo a¥
is reciprocal if a; = a,_;, for all j = 0, ..., n. Thus, for n = 2k + 1 odd, the polynomial P,;(x) has zeros at 0, —1 and k pairs of zeros
Z, zj’], while the polynomial Q4 1(x) has k+1 pairs of zeros wj, w]ﬂ. For n = 2k even, the polynomial P,{(x) has a zero at 0 and k pairs
of zeros z;, zj’l, while the polynomial Qu41(x) has a zero at —1 and k pairs of zeros wj, wj’l. Since the polynomials have all coefficients
real, this implies that the roots of each polynomial are situated symmetrically with respect to the real axis and all roots different from
0 are placed symmetrically with respect to the unit circle in the sense of inversion. Figs. 1 and 2 show the distribution of zeros of P
and Q with n = 25 and n = 28. These intriguing patterns are explained by results of A.Kuijlaars, A. Martinez-Filkenshtein [32] as was
pointed out to us by a referee; we detail this now.

Let us recall that the hypergeometric equation

ya(x)

x(1—=x)b] +[c—(a+b+ 1)x]b] —abb; =0, (32)
13
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Fig. 3. Contours I, 5 and Iy 5 U {0} where the zeros of Q41 and P,y; accumulate in the limit n — oo.

possesses a solution in the form of a hypergeometric series:

F(a,b,c,x) = Z (@) (t.‘)j o,

& (O

where (0); =60(0+1)...(0+j—1),(0)o = 1,for any 6 € C. For a = —n, with n € N, the above series truncates and we get polynomials:

F(—n,b,c,x):i(( b)’x’ Z

j=0 b

It is easy to check that the polynomials P, 1, Qn+1 obtained in Theorem 5 are given by
3 3
Poas(x) = <"/ )xF(—n, —n/3,1-2n/3,%),  Quii(x) = 2("/ )F(—n —1,—n/3, —2n/3, %),
n n

which agrees with the fact that the polynomial bﬂ’(x) = P,11(X)/x is a solution of the hypergeometric equation (32) with

=21+ B2+ p)=—n  b=-28=-n/3, c=1-2p+p)=1-2n/3 (33)

(that is, a solution of (29) with 8y = , = 3 =n/6 > 0 and ¢ 5 17).
On the other hand, Jacobi polynomials P(a 2 (t) can be deflned as (see e.g. [33, Sect. 6.3], [34, Sect. 4.21]):

1—t
PlA)t) = <":“>F(—n,n+a+ﬂ+1,a+1,T)~ (34)
Thus we get

Lemma 1. The polynomials P,.1(x) and Q,11(x) from Theorem 5 can be expressed through Jacobi polynomials (34) as follows:

« 3n+1) (&5.1.3
Prpa(X) = xP (1 =20, Qua(¥) = —=—— plnitPrin)(q _ ox),
where
2n 2n R 2n+1 A 2n+1
an__a, ,an—?—h Onp = — 3 Bn=— 3 (35)
From (35) we have
2 B 2
A=1ima— llm%=—7, B=1 m'B— lim&=—f.
n—oo n n—oo n 3 n—oo N n—oo N 3

The study of asymptotics of zeros of Jacobi polynomials P,(f‘”’ﬁ”) with =1 <A< 0,—-1 <B < 0,and -2 < A+ B < —1 was done
in [32]. More precisely, one can apply Theorem 2.3 from [32] and get the following

Proposition 1. As n — oo the zeros of polynomials Q,1(x) accumulate on a contour I'y g, with A = B = —2/3, as presented in Fig. 3 left,
while the zeros of polynomials P,.1(x) accumulate on the same contour I'y g with the point {0} added to it, see Fig. 3 right.

An explicit analytical description of the contour I'y g follows from Section 2.1 of [32]. In particular, it is formed by three analytic
arcs intersecting at two points £+ = 1/2 =& iv/3/2. The leftmost arc is a part of the unit circle centred at the origin, the central and
right arcs are placed symmetrically with respect to this circle in the sense of inversion. One can compare Figs. 1, 2, and 3 with Figures
2 and 3 from [32] noting that our contours are related to those from [32] by an affine transformation 1 — 2x.

It is known that rational solutions of Painlevé equations can typically be expressed in terms of logarithmic derivatives of special
polynomials that are defined through second order recursion relations, and that these solutions possess a determinant structure and
their zeros have a highly symmetric and regular behaviour. For the Painlevé equations II-V, see P.Clarkson’s expositions [35,36]
explaining these issues and references therein. We would mention G.Almgqyvist’s contribution [37] as an example of research done
in this direction for Painlevé VI. Proposition 1 and the following proposition indicate the possibilities of including our rational solutions
in this context.

14
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Proposition 2. The solutions y,(x) from Theorem 5 can be rewritten in terms of the Jacobi polynomials (34) with o, = —2n/3 as follows:

(an—1,0n—1)
1 n P, (1 —2x)
@ Yl =5~ : (36)
" 2 6(n+1) plnten=D(q _ )

b)) = & — n Aplan 21 — 2x)
" 2 2n+1)(n+6) plntenlq_ox)

(37)

Proof. The proof follows from Theorem 5, Lemma 1, and the following known identities for Jacobi polynomials (see e.g.
[33, Sect. 6.4], [34, Sect. 4.5]):

. 2+t p+2 .
(n+ o+ VPP — (n+ DY) = = ———(1 = 0P x);
d . nto+p+1
dxpé ﬁ)(x) — > Pna_tl,ﬁJrﬂ(X). 0

Remark 5. All Painlevé VI equations which have non-degenerate rational solutions were classified by M. Mazzocco [38]. We will refer
to a more recent arXiv version [31], where some instances of [38] were formulated differently. M. Mazzocco proved that they occur if
and only if for the corresponding Schlesinger system (25) there holds

Boo + €181 + 282 + €383 € Z,

for some choice of ¢ € {*£1} and at least one §; € %Z. The monodromy of the corresponding Schlesinger isomonodromic
family is necessarily commutative. As stated in [31], all such rational solutions are equivalent, via Okamoto’s birational canonical
transformations [39] and up to symmetries, to the following solutions:

X 1

Y(X)=(]+2/33)+(1+2,32)X, Pt Bit Pt ps=0. pi=c: (38)

_ 2(Bs+ Bax)* — B3 — oX’
T (2B 4+ 2B — 1)(Bs + Box)

As an illustration, we see that the solution obtained in Example 1 for n = 1 is equivalent to (39) with 8y = —1, 8, = 83 = 1/6,
Boo = 2/3 by the symmetry x — 1/x,y +— 1/y, Boo <> 1+ 1/2.

It also turns out, as we will see in the next section, that particular Painlevé VI equations possess one-parameter families of rational
solutions, not only isolated ones. In our understanding, the emergence of such one-parameter families is not clarified in [31]: on one
hand, they occur under the action of particular birational canonical transformations on the degenerate solutions; on the other hand,
solutions (38), (39) are included in one-parameter rational families for particular values of the parameters §;'s. This delicate issue is
discussed in Section 4.3, which, however, is not of direct relevance to applications of our main study, where we explain in more detail
Okamoto’s birational canonical transformations and their action on the degenerate solutions of Painlevé VI equations.

y(x) o Bt Bi+patB3=0 pr=-1 (39)

4.2. Families of rational solutions of Py;: a sphere with three punctures

Now we consider the case (c) of Theorem 1, that is, the case of n < 0, m > 0 continuing to illustrate this theorem with rational
solutions of Painlevé VI equations. To obtain rational expressions for the b;’s by Theorem 4 in this case, one requires 1/m € Z, that is,
m = 1. Hence we deal with the Riemann surface X, = CP' of the curve

w=2z(z—-1)(z—%)

punctured at the three points (0, 0), (1, 0), (x, 0). There are two basic cycles on X, \ {(0, 0), (1, 0), (x, 0)} and the integration of the triple
w'dz/z, w"dz/(z — 1), w"dz/(z — x) along these very cycles, due to Theorem 2, gives us two basic elements (b‘}(x), bg(x), bg(x)) and
(b%(x), b8(x), b3(x)) in the two-dimensional space of triangular solutions (27) of the Schlesinger system (25), with

n 3n
ﬁ1252=ﬂ3=5<0, o =7
The§e basic solutions are rational according to Theorem 4, their explicit expressions are presented below. In turn, the pairs b¥, E‘} and
bzR, b§ are basic solutions of the corresponding hypergeometric equations (29) and (30), which are thus solvable in rational functions.
Let us take two basic cycles on X, \ {(0, 0), (1, 0), (x, 0)} encircling, for example, the points (a;, 0) = (0, 0) and (a3, 0) = (1, 0) and
compute the corresponding residues of the differentials w"dz/z, w"dz/(z — 1), w"dz/(z — x). The coordinate representation of these
differentials in a local parameter t; near the point (a;, 0), according to formula (22) with N = 3, (aq, a;, a3) = (0, 1, x) and m = 1, is of
the form
"dz dt "dz dt
P oy My e B o () T )

z tl“‘“ ’ z—1 tl”‘ ’

15
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w'dz
Z—X

dt;

— (1 — ¢, )l [n]—1

— (1=t M e ) S
1

The first differential has therefore the following expansion near t; = 0:

In| < [—In| dt
5 () £ (e

j1=0 J2=0

whence its residue bR(x) at t; = 0 equals, up to a constant factor of (—1)",

0= 2 () ("

Similarly, for the residues bR(x), b‘;(x) of the two remaining differentials, up to the same factor of (—1)", one has

oo = ‘i‘ ~In |— )
_xm\l Inj—1—j)"°
= |n| =1
bix _x2|”‘ In|—1—j

In an analogous way, the local representation of the three above differentials near the point (a,, 0) in the local parameter t, has the
form

"dz dt: "dz dt

U )M —xg )M E2 B g gyl —x g gy) =
z ti”‘ z—1 té”'*
"dz dt

T — (1) (1 xS

zZ—X t

2
hence their residues at this point are, respectively,

iRy L L e A YA I R

1) = ﬁiQaWTE:( j )Qm—l—) —
In|

B0 = ]_XMZ< ("=

. 1 &) |

R

b0 = (1—x2‘"lz< ><|n|—1 )“”‘Y

Again, for any n < 0, according to (31) the functions cb¥(x) + b¥(x) and cb¥(x) 4 b¥(x), ¢ € C, give a rational solution to the Painlevé
VI equation with parameters

2B — 1) 1 3n+12 n* n* 1-n?
(a, B,y,8) = (%’_2,‘31{ 2/322’ 5_2/3%) _ (%,_1’ TL’ 2” )5

and thus we obtain the following theorem.

Theorem 6. For every negative integer n, the functions

X(c bi(x) + b} (x))
y(x) = = - , c eC,
c bR(x) + bR(x) + (1 — x)(c b3(x) + b3(x))

give a one-parameter family of rational solutions of the sixth Painlevé equation Pyi(«, B, v, 8) with the parameters

_ @Bn+1y g n? on 1-n?
T2 Ty VT 0T

Like in the previous section, the monodromy of the triangular Schlesinger isomonodromic family corresponding to the above b}”s is
commutative, since the eigenvalues e*27i#i = ¢*71" of each monodromy matrix M; coincide (and all M;’s may be chosen triangular).

) )

Example 2. Let us compute two basic rational solutions to the hypergeometric equations (29), (30) with 81 = 8, = 83 =n/2 < 0 and

the corresponding family of rational solutions to the Painlevé VI equation in the case n = —1,n = —2, and n = —3.
1. For n = —1, we obtain
1+x ~ 1
Moy =-——3~.  Bw=—.

16
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1 - -2

o=, Bw=gom
1 - 1

b§(><) = X7 ) bg(") = m ,

where b® and bR satisfy (29) and b}, bR satisfy (30) with ; = B, = B3 = —1/2. The corresponding family of rational solutions
of the sixth Painlevé equation Py(2, —3, 3, 0) is given by

1(1—cX+c
y(x):fu, ceC.
2 (1—ckx+c
2. For n = —2, we obtain
3+ 4x + 3x° - —5 4 3x
BRx)= ———— | BRx) = ——— |
l() X4 1() (1—X)3
2+ 3x - 10 — 10x + 3x2
Riyy Ry
by(x) = — PER by(x) = (1= x) )
34 2x - —54+2x
bRX = — N bRX = —,
R) a §0=

where b® and BY satisfy (29) and bR, bY satisfy (30) with f; = B, = 3 = —1. The corresponding family of rational solutions of
the sixth Painlevé equation Py;(%2, —2,2, —2) is given by

2
1(1—cx*(3x—5)+c(3—5x%)

X)=— , ceC.
Y = S T o —2) T o1 = 2x)
3. For n = —3, we obtain
10 + 18x + 18x% + 10x3 - 28 — 32x + 10x%
i) = 5 c =
X (1—x)
() = 6 + 12x + 10x? Bx) = =56+ 84x — 48x* + 10X’
x° ’ (1 —x)8 ’
10 + 12x + 6x2 - 28 — 24x + 6x>
bR X)= —F-—7" , bR X)=m ———— s
R = Rx) T

where b® and bR satisfy (29) and b}, bX satisfy (30) with ; = B, = B3 = —3/2. The corresponding family of rational solutions

of the sixth Painlevé equation Py(32, —3, 3, —4) is given by

) 1(1 —c)x®(14 — 16x + 5x2) + c(5 — 16x + 14x?)
yx 4 (1 —cX5(7—Tx+2x2)+c(2 — 7x + 7x2)
We note that, in the previous section and in the current one, we obtained two essentially different sets of rational solutions of
Painlevé VI equations as particular cases of our algebro-geometric solutions corresponding to two different Riemann surfaces. Namely,
in Section 4.1, the obtained rational solutions are isolated, whereas the solutions obtained in the current section form a one-parameter
family (for a fixed equation).

Concluding these two sections we observe that, outside of the framework of the algebro-geometric approach, one could construct
rational solutions of Painlevé VI equations for a much larger set of parameters «, 3, y, § than the above discrete sets of the illustrative
Theorems 5, 6. As one may guess, a general hint for this is to search for those values of the parameters a, b, ¢ for which one or even
two basic solutions of the corresponding hypergeometric equation (32) are expressed via truncated hypergeometric power series and
thus reduced to rational functions. We do not detail this general approach here, since it is not related directly to our main study. Just
to compare with formulae (36), (37) of Proposition 2, we formulate the following

, ceC.

Proposition 3. For every positive integer n and rather generic values of complex parameters b, c, the sixth Painlevé equation Py («, B, ¥, §)
with the parameters
(n+ 1) _ (1+b—cy _(1-n—c¢y 8_1—b2
2 N 2 N 2 T2
possesses a rational solution y,(x) = ya(b, ¢, x) that is expressed via Jacobi polynomials as follows:
b—c+1 (n+c—1) c—b—1) PP _2x)

@ T T T ) P 2y

- ) 3 ) ’

b—c+1 (n+c—1) c—b—1) LP2P (1 - 2)

b+n (b—2)b+n)(n+1) pe 2P —2x)

4.3. Around Okamoto’s birational transformations and classification of Py, rational solutions

Birational canonical transformations (of the first kind) of Painlevé VI equations, as they were defined by K. Okamoto [39], act on the
pair, the initial unknown y and its conjugated momentum p, with respect to which the sixth Painlevé equation Py(«, 8, v, 8) can be

17



V. Dragovic, R. Gontsov and V. Shramchenko Physica D 424 (2021) 132947

rewritten as a first order system:

r_— Yy=1)y—x) 231 2p1 28
y = X(x—1) <2p_ y—=x  y jﬁ)

P =~ (139 = 200+ 1y 007 + 12— 4By — 48 — 45+ (40)

281 4285 — 1+ (281 + 2B )XIp + x),

where »x = (81 + B2 + B3 — Boo)(B1 + B2 + B3 + Poo — 1).
Introducing new parameters

by = g1 + B2, by = B1 — B, bz = B3+ Boo — 1, by = B3 — Boo,

Okamoto defines the following affine transformations on their space C*:

wy : (b1, by, b3, bg) = (b, by, b3, byg),
w; @ (by, by, b3, bg) > (b1, b3, by, byg),
ws : (by, by, b3, bg) > (b1, by, by, bs3),
wy : (b1, by, b3, by) = (=ba, —by, b3, by),

and wy : (bq, by, b3, bg) — (bq, by, —bs — 1, —bs — 1). It turns out that each transformation w is induced by a birational transformation
¥, p) — (Yu, Dw) of the Painlevé system (40) via the formula

y _ Yw
Fbl ( yy—1p ) + &lb] = Flw(b)] ( Yo(Yw — Dpw ) + glwb)l, 4D
where b = (bq, by, b3, bs) and
_( —h+o5[b] —bs — by _ —10,[b]
Fib] = ( o{blh = o}b]  —h + bsby ) glbl = ( —1o[blh + Loy bl ) (42)

In the above formulae, oy [b] denotes the elementary symmetric polynomial of degree k in four variables by, b, bs, bs, and o;[b] denotes
the elementary symmetric polynomial of degree k in three variables by, bs, by. The polynomial h = h(y, p) is given by the formula

h = —y(y — 1)p* + (2b1y — (b; + bz))p — b3

Remark 6. Originally, the transformation w4 was defined by Okamoto in the form
wy : (by, by, b3, by) > (b1, by, —bg, —b3).

Note that there is a misprint in the image of this w4, where the last two coordinates are —bs, —by in [39]. Another misprint in [39] is
the absence of the factor 1/2 in the second coordinate of the vector g[b] in (42).

As can be easily seen, the birational transformation associated with ws; does not change y nor p, since Flw(b)] = F[b] and
glw(b)] = g[b] in this case. The birational transformations associated with w1, wy4, and wo do not change y but change p (they correspond
to the change of sign B, <> — B2, B1 < —pB1, and B3 < — B3, respectively).

Birational transformations associated with w, or with those containing w, as a factor, change both y and p, and they are of a
particular interest for us. We will study the action of wiw,w; on the degenerate solutions of the sixth Painlevé equation Py,(«, 8, y, §).
The latter are:

(i) y(x) = oo for & = 0 (that is, for o, = 1/2);
(ii) y(x) = 0 for 8 = O (that is, for 8; = 0);
(iii) y(x) = 1 for y = 0 (that is, for 8, = 0);
(iv) y(x) = x for § = 1/2 (that is, for B3 = 0).

This set is invariant under the action of the symmetries (birational transformations of the second kind, as they change the independent
variable x)

1 1 1
@Qx—>1=x, y=>1-y, B« B (b)XH;, yr—>;, /300<—>l31+5;

y—x
— YT f1efs

x—1 1—x

Note that for any solution y(x) different from (i)-(iv), its conjugated momentum p(x) is uniquely determined by the first equation of the
Painlevé system (40), in particular, p is rational if y is. On the other hand, for each of the solutions (i)-(iv), its conjugated momentum is
a one-parameter family of solutions of the corresponding Riccati equation coming from the second equation of (40). Therefore for such
a pair (y, p), the image y,, of y under the birational transformation associated with

w = wiwyws : (b1, by, bz, by) = (b3, by, by, by),

() x+—~

can also be a one-parameter family of solutions of the corresponding sixth Painlevé equation. Let us explain this in more detail in the
case of the sixth Painlevé equation Py («, 0, y, §) possessing the degenerate solution y = 0.
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For 81 = 0, one has b; = —b, and the polynomial h is equal to
h = —y(y — 1)p* 4 2byyp — b3.

Taking into consideration the equalities g[w(b)] = g[b] and o;[w(b)] = o;[b] for w = w;w,w1, one obtains from (41) the formula

Y _ 1 h+bi bs—b, y
Yow—=Dpw /" h4p2\ 0O h+ b3 yy—1)p

(see Example 2.1 on p. 356 in [39]), which implies

(b3 —by)y—1) _ (y = 1)(=y(y — 1)p* + 2byyp — b] 4 b3) 1
—(y—1)p+2b;’ N —(y = 1)p + 2b; Yuw —1)

The above formulae give explicitly the action of the birational canonical transformation associated with w = w;w, w1 on the Painlevé
system (40) with 8y = by + b, = 0. Note that det Flw(b)] = 0 for y = 0 since in this case h + b% = 0, but the final expressions for y,,,

pw are defined also for y = 0. We thus have a prolongation of the birational canonical transformation to the degenerate solution y = 0
Of PV[(O{, 0, Y, 8)

Yw =Y+

b;—b bi+b 2b
(. )'_)( 1 3’_(1+ 3)(p+ 1)), (43)
p+2b; p+by+bs
where p is the general solution of the Riccati equation
—x(x — 1)p’ = xp? + (2b1x + b3 + by)p 4 (by + bs)(by + by). (44)

Therefore, if the parameters in Eq. (44) were such that its general solution was a rational function, we would obtain the transformation
of the degenerate solution y = 0 of Py («, 0, v, 8) to a one-parameter family of rational solutions of the transformed Painlevé VI equation,
under the action provided by (43). We give the following example.

Example 3. Consider the set of parameters b = (bq, by, b3, by) = (—1, 1, 0, 1) and, consequently,
by + by b; — by b3 +bs+1 by —bs+1
= —-—— 0’ = - —‘l, = - = -
B1 5 B2 5 B3 5 5

The corresponding sixth Painlevé equation PVI(%, 0,2, —%) possesses the degenerate solution y = 0, whose conjugated momentum p
is the general solution of the Riccati equation (44)

—x(x — 1)p’ = xp* + (=2x + 1)p,
that is,

0.

17 oo

_2x(x— 1)

X) = , cecC.
Px) x> +c

Since wqwpw1(b) = (0, 1, —1, 1), under the action of the associated birational transformation the solution y = 0 of Py(3,0,2, —3) is
mapped, according to (43), to the one-parameter family of rational solutions

-1 _1x2+c

21 _ o T 2 x+c
x2+c

Yu(x) = (45)

1
T
Concluding this section we note that it would also be natural to call such one-parameter families of rational solutions of Painlevé

VI equations degenerate, as they are obtained from the degenerate solutions. They do not participate in Mazzocco’s classification of
rational solutions. On the other hand, Mazzocco’s basic rational solutions (38), (39) themselves, for some values of the parameters S;’s,
can belong to one-parameter families of rational solutions of the corresponding Painlevé VI equations. For example, when 8; = 1/2,

B2 = —1/2, B3 = 1/2, Bs = —1/2, solution (38) of Py;(2, —1, 1, 0) is y(x) = x/2, which belongs to the family (45) and thus can be

of the corresponding sixth Painlevé equation Py, (2, —% O). This family has been already obtained in Example 2.

obtained from the degenerate solution y = 0 of PVI(%, 0,2, —%) via a birational transformation. Similarly, when 8y = 8, = 3 = —1,
Boo = 3. solution (39) of Py (£, —2,2, —3) is y(x) = é% which belongs to the second rational family of Example 2 (formally, it

corresponds to the value ¢ = oo of the family parameter).

The reasoning above raises the following questions: (i) For which values of the parameters g;’s the corresponding basic rational
solution (38) or (39) is isolated and for which values it belongs to a one-parameter rational family, thus being the candidate for being
birationally equivalent to a degenerate solution? (ii) Are there other one-parameter rational families beside degenerate ones? This
shows, in our understanding, that the problem of the classification of rational solutions is not completely closed.

Remark 7. We also mention the paper [40] with the classification of rational solutions of Painlevé VI equations. However, it was
observed in [41] that Theorem 4.2. from [40] states that y(x) is a non-constant rational solution of the sixth Painlevé equation
Pvi(e, B, v, 8) if and only if its conjugated momentum p = 0, that is, if and only if y(x) solves the corresponding Riccati equation
(the first equation of the Painlevé system (40) with p = 0). This is not always the case, as we could see in Example 3: the rational
solution y,,(x) given by (45) of the sixth Painlevé equation Py, (2, —%, % 0) solves the algebraic first order ODE of the third degree in y
rather than the Riccati equation, since the conjugated momentum p,,(x) of y,,(x), according to (43), is
p(x)—2 2x(x — 1)
pw(X)—p(X)_1 #0,  px)= e
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5. Application to Garnier systems

Here we consider Garnier systems Gy(6) (a multidimensional generalization of Painlevé VI equations) depending on M + 3

complex parameters 61, ..., Oyi2, 0. These are completely integrable PDEs systems of second order [42,43]. They can be written
in a Hamiltonian form obtained by K. Okamoto [44],
ou;  9H; v; oH;
e ij=1,....M, (46)
aaj 8v,- aaj Bu,
for the unknown functions (u, v) = (u4, ..., UM, v1, ..., vm) of the variable a = (as, ..., ay), where the Hamiltonians H; = Hj(a, u, v, 6)
are rational functions of their arguments (see also [45] and Example 4).
Let us recall how the Garnier system is determined by the Schlesinger system for M+2 traceless (2 x 2)-matrices B')(a), . .., BM+2)(q)

depending on the variable a (here ay; = 0, ay,, = 1 are fixed) which belongs to a disc D of the space (C\ {0, 1})" \ Ui#j{a,- = aj}.
Let £8; be the eigenvalues of the matrix B(a) = (b{(a)),_, ,.,, i=1.....M +2, and

M+2

ZB“ ) = diag(—Boo, Boo)-

Since ZM“ b!?(a) = 0, the numerator of the fraction

M+2

> L‘ i

P zZ—a;
is a polynomial of degree M in z. If one denotes its zeros by uq(a), ..., uy(a) and defines

M+2
bl'(a) + B

vi(a) = - ji=1,...,M, 47

() ;uj(a)_ai i (47)
then the pair (u, v) = (uy, ..., Uy, v1, ..., vy) satisfies the Garnier system (46) with parameters

(01, .-, 012, 000) = 2B, - -, 2Bm12, 2B — 1)

(see proof of Prop. 3.1 in [44] or [45, Cor. 6.2.2]). Since the functions uq(a), ..., uy(a) depend on the blz’s algebraically, for M > 1
they are, in general, not meromorphic on the universal cover Z of the space ((C \ {0, 1M\ U {a; = a;}. However, some information
concerning the elementary symmetric polynomials in the coordinates uy, ..., uy can be obtamedl in this context (see, for example [46]).

As we have seen in Section 4, solutions of the Schlesinger system for trlangular traceless (2 x 2)-matrices depending on M = 1
variable always lead to solutions of the corresponding sixth Painlevé equation that are expressed rationally via a logarithmic derivative
of solutions of a hypergeometric linear ODE. This fact admits a generalization for the multivariable case of triangular traceless (2 x 2)-
matrices depending on M > 1 variables that solve the Schlesinger system: they lead to solutions of the corresponding Garnier system
that are expressed algebraically via logarithmic derivatives of solutions of a Lauricella hypergeometric PDE. Before exposing this in
more detail, let us recall that the latter is a system of linear PDEs of the second order of the form

3%u )
1—a) JZa]aaaj (x —(x+1)a ——MIZaJ——a,u,u_O i=1,...,M,
@—a) % M o i1 m
i j da;00; Hvtaaj H]aai =0, =1 ..., M,
for the unknown function u of M variables ay, ..., ay, where «, 1, ..., upy, 2 are complex parameters. Its solution space is (M +
1)-dimensional, as follows from the proof of Prop. 9.1.4 in [45]. Now, in the triangular case, a solution
M+2
iy~ [ Bi bi(a) .
B (a)_( 0 g ) i=l..M+2, ZB ) = diag(—Boos Boo): (48)
of the Schlesinger system determines the polynomial
M+2
bi(a)
Py(z,a)=(z—ay)...(z—a
m(z,a)=(z —ay)...( MH);Z_ai
of degree M in z with zeros uq(a), ..., uy(a). Then due to (47), the pair
(W, v) = (ug, ..., um, vy, ..., vy), (49)

where

+
‘l . .
vi(a) =) ﬂ, with & =(e1, ..., ems2) € (£ 1IMH2,
— uf(a) —a

satisfies the Garnier system (46) with parameters

(01, .., 042, 00) = (281B1, - - -, 28M42BM425 2P0 — 1). (50)
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Then, introducing new independent variables t = (ty, ..., ty) with
ai
and functions
o) = a _ﬁg S N 2
510 — ap)
one has the following expressions for the latter:
_ HE-1) <—2,3i -I—lg)
2B —1\t; =1 foat;)’
where f is a solution of the Lauricella hypergeometric equation with parameters

ti = i=1,...,M,

qi(t)

M+1
(e, a1, - s %) = (14 2Bz, =2B1, .-, =2, =2 ) By)
j=1
(see [45, Th. 9.2.1]).
After mentioning these general relations between triangular Schlesinger (2 x 2)-systems and Lauricella hypergeometric equations,
we pass to the particular case we consider, when the eigenvalues in (48) are given by
n (M +2)n
Br=r=Bu=o5— fo=—r —
2m 2m
with any coprime integers n > 0, m > 1 or n < 0, m > 0. Applying Theorems 1 and 2 we obtain algebro-geometric expressions for an
(M + 1)-parameter family of solutions of the corresponding triangular Schlesinger (2 x 2)-system (and thus, for an (M + 1)-parameter
family of the coefficients of the polynomial Py(z, a)):

)

w'dz whdz .
bi(a) = ¢ + - 4 v , i=1,...,M+2, (51)
<4 i £ i
where y1, ..., ym+1 are suitable closed contours on the Riemann surface X, of the curve
wh=2z(z—1)(z—ay)...(z—ay)
(or, on the X; with punctures at the poles of the differentials w"dz/z, w"dz/(z — 1), w"dz/(z — a1), ..., w"dz/(z — ay), depending on

which of the cases (a), (b), (c) of Theorem 1 holds). These expressions lead to an M-parameter families of algebro-geometric solutions

(49) of the Garnier systems with parameters (50):
n n (M4+2)n
B1, - . Oyran, Oo) = (j:—, [ R L i 1),

m m m

the signs being independent.
Like for the Painlevé VI equations, let us study in more detail the cases when Theorems 3 and 4 can be applied to obtain polynomial
and rational expressions for b;’s and, as a consequence, algebraic solutions of particular Garnier systems.

5.1. Algebraic solutions of Garnier systems: a surface of positive genus with m punctures

In this section we consider the case of n > 0, m > 1. The requirement s/m € Z of Theorem 3 for s = (m, M + 2) implies that s = m
and m is a divisor of the integer M + 2. Hence we deal with the Riemann surface X, of the curve

wh=2z(z—1)z—ay)...(z—ay)

punctured at m points Py, ..., P, at infinity. The genus of X, equals
1 1
g = 5((m—l)(1v1+1)—m+1) = E(m— 1M,

thus there are (m — 1)(M + 1) basic cycles on X, \ {Pq, ..., Pn}.
Further, formula (21), where d = n, s = m, M; = (M + 2)/m and the role of N being played by M + 2, gives us the following
polynomial solutions (48) of the Schlesinger (2 x 2)-system in the case 81 = - -+ = fy12 =n/2m > 0:

n/m n/m\ (n/m
kit +kng+knr2+g=Mqn 1 M M+2
(recall that ay41 = 0, ay42 = 1). Hence, the coefficients of the corresponding polynomial Py(z, a) are also polynomials (in ay, ..., ay)

in this case, and thus we come to the following assertion concerning algebraic solutions of Garnier systems.

Theorem 7. For any coprime integers n > 0, m > 1 such that m is a divisor of the integer M + 2, the Garnier system Gy (0) with parameters

n n (M+2)n
(Ors - Oz, ) = (i—,...,j:—, _Aren 1)
m m m

(the signs are independent) possesses an algebraic solution, which can be computed explicitly.
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Example 4. Consider some examples of bivariate Garnier systems in the variables a1, a,. The system G,(61, 02, 03, 04, 0 ) has the form

ouq oHq ouq dH, ouy oHq du;  dH,

9, v da  dvi da ov’ day 0wy
3U1 8H1 31)1 8H2 avz 8H1 avz 3H2
da; w0 ow da  oup  da  oup

with the Hamiltonians

== T/(a1)Z j—a

-1 0 0 6 x
[vf—(1 +2_+ 24+ =2 )vj+ }

1

He = T/(az) Z j — az uj) |:v]2 a (uj6—1a1 * liz— alz * %j * u-ej 1)vj * uj(uj%— 1)] '
where x = ;((61 4 62 + 65 + 6, — 1)* — 62),
AX) = —u)x—uz),  T(x)=x(x—1)(x —ar)x — a).
The polynomial Py(z, a) = P,(z, a;, a;) equals
Py(z, a1, ay) = (bs + a1by + a2b2)2* + (a102(bs + ba) + a1(by + b3) + az(by + bs))z — ayazbs
in this case. As M + 2 = 4, there are two divisors of M +2: m =2 and m = 4.
1. Let m =2 and n = 1. Then My = (M + 2)/m = 2 and, due to (52),

2 2\ [(1/2
blena)= 2 (_”q<1k/1 )(1152 ><k/4 )aﬁﬁqagz -

kq+ky+ka+q=2

= 3a§ —2a1ay — a% —2aq +2a, — 1,

172\ (1/2\ (1/2
bz(ala az) = Z - ( k )( ) )(I al_;lal;z+q =

ky-+ko +hg+q=2 “ 2 4
1 2+kq+q=

= 3@ — 2aa; — @ +2a; — 2a; — 1,

3 (1/2) (1/2) (1/2) gl

kq+ky+kg=2 kl k2 k4

= —a? +2a1a; — @& + 2a; + 2a, — 1,

172\ (1/2\ (1/2
byar, ) = ) ( )(k )(k d'ay =
kq+ky+ka+q=2 2 4
= —ad +2a1a; — a3 — 2a; — 2a; + 3

bs(ay, az)

(up to a common constant factor of 1/8). The corresponding polynomial P,(z, a;, a;) defines an algebraic function, two branches
uy(ay, az), uz(ay, ay) of which give us the algebraic solution

1+ &1 1+ 6 1+e¢3 1+ &4
+ + +
Uj—a;  Uj—da h u—1

), g € {£1),

(u1,uz,v§,v§), (Ch,az) 4<

of the Garnier system G(5, 2, 2, %2, -3).

2. letm=4and n= 1. Then M; = (M + 2)/m = 1 and, due to (52),

bi(a;, ax) = Z (1/4) (1I</24> (1/4) gt kz =-3a;+a;+1,

k4
k1+ky+kg+q=1

by(ai, @) = Z (1/4> (1k/24> (1/4) d'd? = ay — 30, + 1,

k4
ky+ky+kg+q=1

1/4\ (1/4\ [1/4
bs(ay, ap) = Z <k/1><k/2)<k/4>kl kz—al-l—az—i-l

k1+ky+ka=1

bs(ay, ay) = Z <1/4> (1I</24>< >a1 a =a;+a; —3

k1+ky+kg+q=1

(up to a common constant factor of —1/4). Now the corresponding polynomial P,(z, a;, a;) similarly determines the algebraic
solutions of the Garnier systems G,(+5, £, £, +1, -2).
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5.2. Families of algebraic solutions of Garnier systems: a sphere with M + 2 punctures

In this section we consider the case of n < 0, m > 0 continuing to study algebraic solutions of Garnier systems. The requirement
1/m € Z of Theorem 4 implies that m = 1 and we deal with the Riemann surface X, = CP! of the curve
w=z(z—-1)z—a1)...(z—ay)

punctured at the points (aq, 0), ..., (ay, 0), (0, 0), (1, 0).
There are M + 1 basic cycles on X, \ {(ai, 0), ..., (au, 0), (0, 0), (1, 0)} and the integration of the vector

( w'dz w'dz w'dz w”dZ)
z—a; T z—ay z z—-1
along these very cycles, due to Theorem 2, gives us M + 1 basic elements in the (M + 1)-dimensional space of triangular solutions (48)

of the Schlesinger (2 x 2)-system in the case 81 = --- = By12 = 1n/2 < 0. These basic solutions are rational, with explicit expressions
given by Theorem 4, which implies the existence of an M-parameter family of algebraic solutions of the corresponding Garnier system.

Theorem 8. For any integer n < 0, the Garnier system Gy(6) with parameters

(61, ..., 0M12,000) = (En, ..., £n, —(M +2)n — 1)
(the signs are independent) possesses an M-parameter family of algebraic solutions, which can be computed explicitly by using Theorem 4.
Example 5. Let us illustrate the above theorem by computing two-parameter families of algebraic solutions of bivariate Garnier systems

Go(£1, £1, £1, £1, 3) (the case of M =2, n = —1).
Calculating the residues at the three poles (ay, 0), (az, 0), (as, 0) = (0, 0) of the differentials
dz dz dz dz
D= =, B=—, Q= ———
w(z —ay) w(z — ay) wz
we have three linear independent vector functions, respectively,
(6tar. a2), B(ar, az), (ar. @), b(ar. @), j=1.2.3,

where b?) = res(q;,0)$2i. Using the explicit formula (23) leads to the following expressions:
1

D ) 1 (1 _ 1

P - nPal@ -1 7 (m—a)da -1 ! (@ - a)ay(a — 1)
b(]]) _ _b(21) _ b(31) _ bEl]);
2 _ 1 p? 1 @ _ 1

V(- aPal -1 7 (m—ade—1) (6 —anaye — 17

@) _ 1@ @ .
bz - _bl - b3 - b4 ’

1 1 aa; +a;+a
b = . b = — O 2; 20 b= )
aja; asa, asas a1a;

Then, like in Example 4, we consider the polynomial
Py(z, a1, a;) = (bs + arby + 02b2)22 + (a1a2(b3 + bs) + a1(by + b3) + ay(by + bs))z — arazbs,
with b; = ¢; bgl) +c bgz) + b§3), which contains two free parameters ci, c; € C and thus defines a two-parameter family of algebraic
functions, two branches uq(ay, az, 1, ¢2), Uz(ay, az, 1, ¢3) of which give us the two-parameter family of algebraic solutions
1(—1 + &1 n -1+ & -1+ &3 —1+¢&4

(ur, uz, vy, v3),  vi(ar, @, €1, ) = - + + ), g € {£1},
2\ Uy —ay uj —a u; uj—1

of the Garnier system G, (&1, &2, €3, €4, 3).

Remark 8. Classical solutions of Garnier systems were studied and partially described in [47] and in [48], mainly in terms of the
monodromy of a Fuchsian family (3) that is governed by the corresponding Schlesinger (2 x 2)-system (though, there is no full
classification of classical solutions here yet, in contrast to sixth Painlevé equations, whose classical non-algebraic solutions were
classified by H. Watanabe [49] whereas the problem of the classification of their algebraic solutions has been finally closed by O. Lisovyy
and Yu.Tykhyy [50]). In particular, if the monodromy of the Fuchsian family is triangular, the corresponding Garnier system Gy (6)
possesses an M-parameter family of classical solutions expressed via Lauricella hypergeometric functions (Theorem 6 in [48]). Our case,
that of a triangular Schlesinger system, is certainly included in that context of triangular monodromy, however, Theorem 7 provides us
with an explicit form of algebraic solutions to particular Garnier systems and, moreover, Theorem 8 presents some cases when algebraic
solutions of a Garnier system form an M-parameter family.

In conclusion of this section let us note that the problem of classification of algebraic solutions to Garnier systems itself is obviously
more recent than the analogous one for Painlevé VI equations and is still open. Due to G.Cousin [51], algebraic solutions correspond
to finite braid group orbits on the character variety of the (M + 3)-punctured Riemann sphere (i. e., on the moduli space of its rank
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two linear monodromy representations). With respect to this correspondence, in the case of a non-degenerate linear monodromy (that
is, neither finite, nor dihedral, nor triangular), algebraic solutions were partially classified in [52] for an arbitrary M and in [53] for
M = 2. For a non-abelian triangular linear monodromy, the classification of Schlesinger isomonodromic (2 x 2)-families leading to
algebraic solutions of Garnier systems, was done in [54]. Note that the monodromy of the triangular Schlesinger isomonodromic families
corresponding to algebraic solutions from Theorems 7, 8 is abelian, similarly to the linear monodromy of the rational solutions to the
Painlevé VI equations from Theorems 5, 6. For a dihedral linear monodromy, there are families of algebraic solutions obtained in [55],
for M = 2 and in [56] for an arbitrary even M. Earlier, algebraic solutions of some particular Garnier systems were also proposed
in [57], by applying birational canonical transformations to a fixed algebraic solution, without appealing to Schlesinger isomonodromic
deformations though.
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