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1 Introduction

The Halfin–Whitt heavy-traffic scaling for a multiserver queue with a large number of
servers was introduced in a seminal paper by Halfin and Whitt [4] in order to account
for the situation where the probability of a customer’s delay lies strictly between 0 and
1. It has since gained great popularity and the literature on the subject is enormous.
The bulk of the work done assumes that the service times are exponentially distributed.
There are few results concerning general service time distributions. Even when they
are available, the limit process is complex and the hypotheses introduced are often
heavily affected by the specific techniques used, see, e.g., Aghajani and Ramanan [1],
Gamarnik and Goldberg [3], Kaspi and Ramanan [5], Puhalskii and Reed [8]. Notably,
obtaining approximations for the distribution of the steady-state number of customers
has been problematic. This paper attempts to get a handle on the latter distribution
by establishing, first, a large deviation principle in the scaling of moderate deviations
for the transient distribution and, then, by evaluating a quasipotential which is related
to the asymptotics of the stationary distribution. Deviation functions for moderate
deviations being quadratic, the variational problem of evaluating the quasipotential
may be tractable. Furthermore, it is speculated below that the quasipotential may
furnish a candidate for the density of a stationary Halfin–Whitt limit, which, in turn,
would shed light on the stationary queue length distribution. Generally, the use of
asymptotics for producing approximations is discussed in Whitt [9].

2 Submission

The model is as follows. Assume as given a sequence of many-server queues indexed
by n, where n represents the number of servers. Service is performed on a first-come-
first-served basis. The service times of customers that are either in the queue at time
0 or arrive after time 0 have distribution function F(t) , for all n . It is assumed that
F(t) is continuous, F(0) = 0, and the mean μ−1 = ∫ ∞

0 (1 − F(s)) ds is finite. The
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residual service times of customers in service at time 0 have distribution function
F0(t) = μ

∫ t
0 (1 − F(s)) ds . The arrival process is a renewal process of rate λn . The

usual independence assumptions are made. For the n-th queue, let Qn(t) denote the
number of customers that are either in the queue or in service at time t , let An(t)
denote the number of arrivals by time t and let ρn = λn/(nμ) .

The statements below use the following definition. Given a sequence rn → ∞ ,
as n → ∞ , a sequence Pn of probability distributions on the Borel σ -algebra
of a metric space M and a [0,∞]-valued function I on M such that the sets
{m ∈ M : I (m) ≤ γ } are compact for all γ ≥ 0 , the sequence Pn is said to
obey a large deviation principle (LDP) for rate rn with deviation function I provided
limn→∞ 1/rn ln Pn(B) = − infm∈B I (m) , for every Borel set B such that the infima
of I over the interior of B and over the closure of B agree.

Conjecture 1 Let bn → ∞ and bn/
√
n → 0 , as n → ∞ . Let β ∈ R and z0 ∈ R .

Suppose that, as n → ∞,
√
n(1−ρn)/bn → β and the sequence of random variables√

n/bn (Qn(0)/n−1)obeys anLDP inR for rateb2n with deviation function Iz0(y) such
that Iz0(z0) = 0 and Iz0(y) = ∞ , for y �= z0 . Suppose that the sequence of processes(√

n/bn(An(t)/n−μρnt), t ≥ 0
)
obeys anLDP inD(R+,R) for rate b2n with deviation

function I A(a) such that I A(a) = 1/(2σ 2)
∫ ∞
0 a′(t)2 dt , provided a = (a(t) , t ≥ 0)

is an absolutely continuous nondecreasing function with a(0) = 0 , and I A(a) = ∞ ,
otherwise, where σ > 0 . Then the sequence (

√
n/bn (Qn(t)/n − 1) , t ≥ 0) obeys an

LDP in D(R+,R) for rate b2n with deviation function

I Q(z) = 1

2
inf{

∫ 1

0
v′(x)2 dx +

∫ ∞

0
w′(t)2 dt +

∫ ∞

0

∫ 1

0
k′(t, x)2 dx dt} ,

the inf being taken over v = (v(x) , x ∈ [0, 1]) ∈ D([0, 1],R), w = (w(t) , t ≥
0) ∈ D(R+,R) and k = ((k(t, x) , x ∈ [0, 1]) , t ≥ 0) ∈ D(R+,D([0, 1],R+))
such that v(0) = v(1) = 0 , w(0) = 0 , k(0, x) = k(t, 0) = k(t, 1) = 0 , v, w and
k are absolutely continuous with respect to Lebesgue measures on [0, 1] , R+ and
R+ × [0, 1] , respectively, and

z(t) = (1 − F(t))z+0 − (1 − F0(t))z
−
0 +

∫ t

0
z(t − s)+ dF(s) − βF0(t) + v(F0(t))

+
∫ t

0

(
1 − F(t − s)

)
σ w′(s) ds +

∫

R
2+
1{s+x≤t} k′(μs, F(x))μ ds dF(x) , (1)

where v′(x) , w′(t) and k′(t, x) represent the respective Radon–Nikodym derivatives
and superscripts + and − signify the positive and negative parts of a real number,
respectively. If v , w and k as indicated do not exist, then I Q(z) = ∞ .

A proof seems possible along the lines of the arguments in Puhalskii and Reed
[8] by capitalizing on the analogy between weak convergence and LDP. In order that
the LDP for

(√
n/bn(An(t)/n − μρnt), t ≥ 0

)
in the statement holds, it suffices that

E(nun) → 1/μ , Var(nun) → σ 2/μ3 and that either supn E(nun)2+ε < ∞ , for some
ε > 0 , and

√
ln n/bn → ∞ or supn E exp(α(nun)δ) < ∞ and nδ/2/b2−δ

n → ∞ , for
some α > 0 and δ ∈ (0, 1] , where un represents a generic interarrival time for the
n-th queue, cf. Puhalskii [6].
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The next conjecture concerns the stationary distribution of Qn(t) . If β > 0 , then
ρn < 1 , provided n is great enough, so that, in some generality, there exists a unique
stationary distribution of Qn(t) , see, e.g., Asmussen [2]. Also, the dynamical system
associated with (1)

z(t) = (1 − F(t))z+0 − (1 − F0(t))z
−
0 +

∫ t

0
z(t − s)+ dF(s) − βF0(t)

has a unique equilibrium z(t) = −β . For y ∈ R , let a quasipotential be defined as

V (y) = lim
t→∞ inf{I Q(z) : z(0) = −β , z(t) = y} .

Conjecture 2 Let the hypotheses of Conjecture 1 hold, β > 0 and the Qn(t) be
stationary in t . Then the sequence of the distributions of (Qn(t) − n)/(bn

√
n) obeys

an LDP in R for rate b2n with deviation function V (y) .

It seems as though a proof can be obtained by applying the results in Puhalskii [7].

3 Closing remarks

Calculations for the M/M/n queue, suggested by the referee, yield V (y) = β y +
(y−)2/2 . Comparisonwith Theorem 1 inHalfin andWhitt [4] shows that themoderate
deviation scaling (Qn(t) − n)/(bn

√
n) under the “moderate” heavy-traffic condition√

n/bn (1 − ρn) → β captures the exponent in the distribution density that arises
for the weak convergence scaling (Qn(t) − n)/

√
n under the heavy-traffic condition√

n (1− ρn) → β . The same pattern emerges in the setup of the GI/G/1 queue, see
Puhalskii [6]. Could the quasipotential be linked similarly to a stationary distribution
of a Halfin–Whitt heavy-traffic limit for the GI/G/n queue ?
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